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INTRODUCTION. 


$1 A LGEBRA is the Science of inveſtigation, it 
| proceeds by operations and rules ſimilar to thoſe 
in common arithmetic, but more general and extenſive ; 
it is grounded on the ſame principles as Geometry, and 
therefore no lels clear and. convincing, tho* not ſo na- 
tural. For in Geometry quantities are repreſented by 
their figures or images, whereas in Algebra, by ſym- 
boles ar letters. | 
$ 2. As quantity is conſidered to have parts and may 
be greater or leſs; it is increaſed by addition and de- 
crealed by ſubtraction, which are then the two primary 
operations relating to quantity. As addition and ſub- 
traction cannot he actually performed in algebra, they 
are repreſented by ſigns; + plus is the mark of addi- 
tion, and — minys that of ſubtraftion : Thus if two 
quantities à and & are to be added, we write a+6, 
when b is to be ſubtracted from a, a—b, and when ſe- 
veral quantities are connected together by theſe ſigng, 
as a+b—c-+4d, they ſerve to ſhew which are to be 
added, or ſubtracted; thus if à is 63; 6, 83 c, 7; and 
d, 5; then will a+b—c-+4, be 6+8—7+5 or 12; 
becauſe 6, 8, 5 are to be added. and 7 ſubtracted from 
their ſum 19. ; | 
The ſign + or —, always belongs to the quantity 
it proceeds; thus in.a+6, or a—b6, the ſigns belong 
to b, and when a quantity has no ſign, as a, in a+6, 
a—b, it is ſuppoſed to have the ſign +, thus a, 9, 
or + a, + 6, means the ſame thing. 


F. 3. If a quantity a+6 is equal to d, we write 


a@+4&=4d; if @ be greater than c, ac, or if à he leſs 
than c, c; the greateſt always ſtands at the open- 
ing of an angle. | | — 
§. 4. Quantities preceded by the ſign + are ſaid to 
be poſitive, and negative when preceded by the ſign —; 
thus a or a, is a poſitive quantity, and —þ a negative 
one; they are both real, only oppoſite in their affections, 
the one increaſing and the other diminiſhing the quan- 
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tity they are joined to. Tho' +4, —a, are equal, as 
to quantity, yet as they are not in their affection, we 
do not ſuppoſe +4=—4, but a—a=o; becauſe to 
infer equality, they muſt not only be equal in quantity, 
but alſo in affeftion. e UL Hh 

$. 5. Equal quantities are always expreſſed by the 
ſame letter, and inequal ones by different letters. The 
number of times that a quantity is taken mult be joĩn- 
ed to it; as 3a, 56, means that the quantity à is to be 
taken 3 times, and 6, 5 times: thus if @ be 20 pounds, 
and 6 10 yards; then 3 times 20 is 60 pounds, and 5 
times 10, 30 yards. Theſe numbers 3 and 5, which 
are joined to quantities, are called Coefficients, 
$. 6. When ſeveral numbers, repreſented by letters, 
are to be multipled together, they are joined as in a 
word, thus to multiply @ by &, we write ab, and to myl- 
tiply a, b, c, abe; ſometimes the ſign of multiplicati- 
on, X is uſed, eſpecially when ſeveral quantities con- 
nected together by the ſigns + and —, are to be mul- 
tiplied ; as when a+6 is to be multiplied by c+4, we 
write a+bxc+d, with a ſtroke over the factors. 
_ Obſerve, that one quantity cannot be multiplied by 
another, nor by itſelf, as it often has erroneouſly been 
attempted. For it would be ridiculous, to ſay mohey 
multiplied by money, or one debt multiplied by ano- 
ther: ſince multiplication is no more than a compendi- 
ous way of adding quantities together. 
$. 7. When a number is multiplied by itſelf, and the 
3 by that number, the letter expreſſing the num- 
r is ſet down, with the number of factors above it, 
as aa, aaa, aaaa, is wrote a*, a, a*, and theſe num- 
bers 2, 3, 4, are called indices, or exponents : beſides aa 
or a*, is called the ſquare, al the cube, and a+ the fourth 
power of the number 2. | - | 
F. 8. A quantity is ſaid to conſiſt of as many terms, 
as there ate parts joined together by the ſign + or — 3 
thus, at, conſiſts of two terms, and is called a bino- 
mial, a+b+c of three, and called a trinomial. A ſin- 
gle quantity is that which has but one term, as ab or! 
ae. A4 S. 9. Quan- 


| 
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ſigns or numeral coefficients; as +46 and ; or as 
abc and Gabe. Theſe are the prineipal definitions neceſ - 
— in algebra, the reſt will be explained when uſed. 


ene 

In the application of algebra to geometry, aa expreſ- 
ſes a ſquare, and a a cube, whoſe fide is a ab a rec- 
tangle, and abc a ſolid, whoſe ſides are, a, , o; but we 
are not to conclude from thence, as we do in algebra, 
that the products of theſe: ſides expreſs their contents; 
it is from geometry we are to know their meaning: The 
ſigns + and , not only expreſs addition and ſubtrac- 
tion in geometry, but likewiſe oppoſite aſſections of 
quantities, ſuch as lines drawn from a point to the 
right and left, in a circle, the parts of a diameter taken 
on either ſide of the center, the fines above and below; 
in motion, contrary directions; in arithmetical queſti- 


ons, the fign — ſhews whether any miſtakes have been 


made in ſtating of them ; for when the anſwer comes 

out negative, it ſhews that ſome error has been com- 
mitted. We make this remark, to obviate the ob- 
jections of vnſkilful authgrs, againſt ſome uſes of 
the negative ſign, whereby they > endeavour to render 
algebraic computations uncertain and obſcure. 


 ADDIT I O. N. 


1 10. Is performed by connecting the ſeueral quantities 
together with their proper ſigns. F 


To +8 +34 24a+3c 
Add +36 . 8 WM +44 
Sum 4+3þ 34-=3c 2 | 
To aged. ar b 
Add 2bc+4ad+dd | 
a-, 3ac + 2bc + 4ad + dd. 


This is evident from the notation and explanation of 


ſigns, F 
8 There 


8. 9. Quantities are ſaid to be lil, when they are 
expreſſed by the ſame letters, without conſidering their 


ie 
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There are two caſes in which addition may be ſhort- 
a | 


4 11. en and haue like ſigns, 


their coefficients tagetber, and prefix. the Janie: one On the. 

quantities with its gn. | | 
To +44 3 7 b 445 Nn 
Add +34 — 34 3. ' 


— 


add 


Sum +74 '—10h 4a-+6b. _ 
This rule is evident, fince' 44 and 34 makes 74. 


ith 


——7ab and — 3ab makes — in genetal, whatever 
the coefficients of like quantities, with like ſigns, may 
be; their ſum will — expreſs the ne of bas 
that the quantity is to be taken. 
To pab——gd + 3a —4ad — Me 
Add aa g- , a | 


Sum gab—1 20d +8061 112d. 


CAS E II. 

o 12. If like quantities have contrary ſigns, ſubtra8. 
the leaſt coefficient from the greateſt, and prefix the difference 
to one of the quantities with the ſign of the greateſt, 

To +6 —73 —eb +44—3b _ 
Add —22 ' +36 + 3ab —2a+ 4h, 


Sum +48 —4b +246 +2a+b.. 
This is evident, for, the leaſt quantity being taken 


from the greateſt, the difference ought to have the "gn 
of the greateſt, 


To 4ab—5:d+6bacr—7ad. 
Add d zab+brd—gac+ 12ad. 


Sum 700 +cd—3ac + cad. | 
When ſeveral ſums of like quantities are to be added 
together, with different ſigns, add all the poſitive 
terms, and all the negative ones, and then add theſe 
two ſums together as before. . 


+58 * 


4 
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e e 1656) 10 hhyee7d +6ab—7:44+ 8846 


—34+45 '' —qab—bid+ 766" 
—2a4+3b, —gab—ca—8bb 


| +44a—5b © +44b+12cd—3bb 
Sum of the poſitive +9ga+75 +1 45 I 1 +1 575 
Sum of the negative —2—125 —9 2 b—14cd—1 104 


Total 44—5b ab—2cd+46b06- 


Obſerve that all like terms are to be added together, 
whether they ſtand under each other or not: for it is 
indifferent how they are placed, but for the ſake of or- 
der, like terms are generally wrote under each other. 


SUBTRACTION. 


3 $. 13. 1s performed by changing the figns of the quan 


tities to be fubtratied, then adding them as before. 
From +54 -—5a -—+bac+3cd—gab 
Subt. — 32 ＋ 3s“ TZ -d +24b 


Sum +8 — 85 zac +4td—7ab 
For to ſubtract a negative quantity, is the ſame as to 
add its poſitive value; thus to ſubtract — 3a, is the 
ſame thing as to add -+3a; to ſubtract A gab, as to 


add —3ab; and to ſubtract + 3ac—cd+2ab, as to add 


—3ac +id—22b. 


Subtraction is proved by addition as in common a- 


rithmetic : Thus +82 added to —3a, gives ＋ ga; 
ab added to + 3adb, gives — gab. 


From 3aa—5ac+bab g5cd—4bb + a 
Subt. 3aa—bac+3ab 3cd—6bb ++ 4ad 
Rem. o +ac+ 2ab 2cd + 26b + 3ad. 


Here 3aa ſubtracted from 3aa, leaves nothing, ſince 
3aa— 34a g. ö | 
From 13xx—1 5x ac 4ab + 3cd zac 
Subt. 12xx+ & + gab+5cad 
Rem. xx—16ex+7ac—d., ab—2cd+ 3ac. 
MULTIPLICATION; 


F. 14. Is performed, by multiplying all the parts of one 


fatter, by all the parts of the other; and if. the figns of 


the 
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the terms are like, thtir produf# muſt be poſitive and - 
jive, if the figns are unlike. | 
Mult, +a © uf — als: 
1 +6, 22 —. 


Prod. Tb 65 — 24 .. N 

The operations of the ſigns is proved thus; when a 

ſitive quantity a is multiplied by a poſitive number a; 
It is plain that the quantity à, is to be repeated as of- 
cen as # contains units, and their product mult be Tus. 

If a negative quantity — a, be multiplied by a po- 
ſive number n; then that quantity is to be taken aa 
often as n contains units, and the product muſt be —na, 
ſince a negative quantity, repeated ever ſo much, re- 
mains ſtill negative; to multiply a poſitive quantity a 
by a negative number —#, it is plain that @ is to be 
taken ſo many times negatively, as 1 contains units 5 
ſo that the product mult be ua. 

But if a negative quantity —a be multiplied by a 
negative number —, then à is to be taken as many 
times. with a contrary ſign, as contains units; and to 
ſubtract a negative quantity, is the ſame thing as to add 
its poſitive. value, Conſequently, — 4 ape by 
nx, gives +14. 

S. 15. Hence the rule, that when the fons of the fac- | 
tors are 30 + or both —, the produtt muſt be paſitive, 
but when the fign of one fattor i is +, and that of the other 
, the produti muſt be negative, 

As to the coefficients, the product of à by h is ab, 
(by §. 6) that of :& by 5, muſt be 246, ſince the fac- 
tor 24 is double the factor, az the product of 24 by 36, 
muſt be Gab, beeauſe the factor 3b is triple the factor 5, 
and for the ſame reaſon, the product of 4a by 6x, muſt . 
be 24ax, that is 4 times the product bax, of à by 6x. 

$. 16. Hence, whatever numbers the coefficients of 
the fact rs may be, their produt? will be the coefficient 
of the product of the factors. 

It is not material in what order che letters of a pro- 
duct ſtand 3 for if the marks in the line AB denote the 
units 


10 N 
* 
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units of one factor, and the marks 4 
in the line AC, the units of the r 


other; it is plain, that all the units 00 " 0 
in the factor AC, repe ated as often 0 5380 0 
as there are units in hs factor AB, 9 8˙8 b 0 
gives the ſame product as all the & 00000 
units in the factor AB, taken as S 
often as there are units in the fac 


tor AC. 


Hence, 4 K or ba, and hs or 620, is the ſame 
thing, as well as abc, ach, or cad, for abxc, or baxc 
and caxd is all the ſame. 

$. 17. The produtl of any two numbers AB and AC, is 
equal to the ſum of all the produtts of any one of theſe num- 
bers AC, and the parts CE, EF and FD of the other, di- 
vided any bow. This is plain by the ſcheme above; that ws | 
a multiplied by b +c +4 gives ab+ia+ad. © 

To pretend that a nagative quantity is leſs than no- 
thing, is a great abſurdity, ſince there can be no ſuch 
quantity in nature; and to ſay that a negative quanti- 
ty is impoſſible in any reſpect, is equally abſurd, for a 
quantity is {aid to be impoſſible, when it cannot be ad- | 
ded to or ſubtracted from any other quantity; whereas 
it is plain, that -—a may be added to, or ſubtracted from 
another quantity, as well as +8; beſides it is not the 
application that is here conſidered, but the operations. 


Mult. 44—5c nab—gcd+ac 
by 32 Ac 
1240 —1 5c 28abc—3 Geed + 4ace. 

This may be proved as follows; the product of 4a 
by 36 is 1245, but as 4a is greater than 44—5c, by ge, 
and therefore che product 120 is greater than that of 
3bX44—5c, by 1 He, which conſequently muſt be ſub- 
tracted from 1246, to get the required one. 

N. B. In algebra, we always begin multiplication at 
the left, and go to the right, contrary to what is prac- 


tiſed in arithmetic; although 4 it is indifferent which way 
it is done. 


Mult. 


— 


3 
vw 


6 OI 11 I 


=. > 


INT. ebnen e 
— Mult. 4 h a 


Prod, a | 4a 4,246 +bp Cr i 
For ab multi plied by a, ives ca+0b. and a+b 


multiplied by 5, 15 ab), therefore the fam of rheſe 
two produgts, wilt be the required one's again, 2 
multiplied by a, gives aa——ab, and 2 = multiplied᷑ b 
—b, —eb+0b, by F.15 whence the ſum is a 
4h If ab, b g. then 63x Ng 
+9586 EIN : 


Mon. . e bh ien 
by a—+_ TRY Gb. Þ 5 
een c 8 r 
MR s of ST 
Prod: « 84+ 0—bb „ oe. i 
For in the firſt eee og i in the ſecond 
aab—aab=o, and ab ν . b+s 1/204 


Mult. 8 
ga- 260 


Mc. ttt. _— —C— OO vnn 1 , * 
* FT1Y7” 


WT r 7 
. node; L 
T dal = AO + 64b—gaad + 8bc + L 26d, 


* . N — 


= 


8. 18. When different powers of the ſame quantity 
are to be multiplie together, the-indet of the pro- 
duct is equal to the ſum of the indices of the factors. 
For aa , aaxaa =4*xa* a, in general a 

When a compound quantity is to be raiſed to a power, 
a line is drawn over it with the index at the end; thus 


the ſquare of ag is marked 4 T9 che cabe « a Th, 


| and the mth power a-+0%. 


Hence 
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Hence 2 Y multiplied by a+6, gives A. 


2 T multiplied by a+d0', gives FUN and 22 mul- 
 tiplied by aT gives 2 


YT F 1 5 1 0 N. 


19. I performed by BE the number of times th 
35295 by contained in the dividend ; if both have 145 
fame fign, the quotient muſt be poſitive and negative, if they 
not the ſame. 

Thus +ab divided by +5, gives a; —34⁰ divided 
by + 3b, gives —2ab;, —4abx vided by — Aa, gives 
" ++bx and +2 [dah divided by —7a, gives -— ab, The 
proof of diviſion is multiplication, as in arithmetic. 

If the diviſor is not exactly contained ih the dividend z 
divide the part which is diviſible, and ſet down the remain- 
der with a line between them, as follows. | 


divid. 6cd * 1 14 4aab 


by 3232 —2td Tac 
quot. 2c 4 + ac 2aab . 
oP 2d 7 2 


For 2 multiplied by ö, gives or zca, becauſe 


a quantity multiplied and divided by the ſame number, 
is neither increaſed or decreaſed; — 27 multiplied by 


cadres + 2 Zor 7abc, and 1225 multiplied 


cd 
by 2cd, gives 4aab. 


If the quantitities are 83 ſu the diviſor to 


the left of the dividend, with a firoke between them, and | 


divide one part after another, as in ariibmatic. 


Pirie 24) 6ab+10ac(3b+ 5c quotient: 


6ab IOac 


6 | For 


1 
tk 
0 
0 
» 
.< 
] 


wo 


7 of. Van 


; 
1* 


ſe 


L 


Ir 


For 6ab divided by 24, 
35 multiplied by the diviſor 24, gives 646, Which 
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gives 36 for the g nts 


ubtracted, leaves oc; this divided by 2a, gives 56 
for the ſecond part of the quotient, and the product of 
5c by 2a ſubtracted, leaves o. For the quotient 36 . 
5c, multiplied by the diviſor 24, gives the —— | 
Gab toac. -D, 
Diviſ. dhe ite Quotient. 
aa tne? 


ab +bb. 0 
s N 


— 


'20" 0.5 | 

For aa divided by a, gives a for the quotient, and a 
multiplied by the diviſor a, gives aa+ab, which 
taken from the dividend, leaves ab+bb ; the firſt term 
ab divided by a, gives '+b for the ſecond term of. che 
quotient, and 5 multiplied by the diviſor 2 ＋5, gives 
ab bb, this produ& being taken from the remainder 
ab bb, leaves nothing. For the diviſor a C, multi- 

plied by the quotient a+6, * the dividend 44 * 
2ab+bb. | 

Diviſ. a—d) 4205 +5þ (a + Quotient. 

aa—a 


0 © 

If any part of the product of the diviſor, multi plied 
by the quotient, cannot be actually ſubtracted, it is ſet 
down as a 74 of the remainder, with a contrary ſign. ä 


Diviſ. a—b) aa—bb (a ＋ 5 . 


aa—ab 
[ + ab—bb 
+ab—bb . 
6 


. 
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As the term uh of the product cannot be ſubtrict- 
ed, it is ſet down as a part of the remainder with the 


Ggn . The term of the dividend ſhould always ſtand 


according to the powers of the quantity moſt regularly 
| reprated an and which is is in the frſt place of the diviſor 
20—2) 1 20—1 — ++ panx—3"(Gag—gak *r 
124ʃ. b Ny 


Wo) + * 5 
0 —baas + gr 1 
3 + 3 \.. 


1 


ba 0 3 
2 


4 * * 4 
— — 2  ® * „ 


1. both the vir and dividend are muliplied * 


R quantity, ſtrike it out and divide as uſual. 
hus to divide hci o abe gb by abc—bcx, 
ſtrike out bc in both, then the operation will ſtand W 
4 —zgx)a.— IO + 3%(ag + 3ax—xx 

| a gaa | 


0 +34ax—Ioaxx 1 e OI 
r 


* 
* „ 
. 


o —axx+3T 


3 


When the diviſor does not divide the dividend ex- 


actly, rhe remainder muſt be ſer down with the diviſor 
under it as a part or the quotient; thus aa+ab +866 divid- 


ed by a+6, gives a and there remains bb; and the quo- 


tient is a+ 7 


In ſome caſes it is neceſſary to carry on the diviſion 


farther, and then the quotient becomes an infinite le- 


ries, as in the annexed — 
a „„ , 


— . Ax» az 8& = 
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| 2 N 2 x* 2 I 44 | Yo 


a a3 
aa +ax | 
m—JX— XX | , - 
o +2xx 

+2Xx +23 

a 
O —2X3 
a 
—21* — 2K . 

66 468 
O +2x* 


- ad do \ 

The continuation of this ſeries is ſo plain that it 
heed not be carried on any farther ; but x muſt be leſs 
than a, otherwiſe the ſeries diverges inſtead of approach- 
ing to the value ſought. 

When the diviſor and dividend are the ſame quantity 
raiſed to different powers, then the difference between 
the indices of the dividend and diviſor, will be the 
index of the quotient. 8 * 

Thus à divided by a, gives 43-1 or 41; at divi- 
ded by 4, gives 2 -; or a; in general ax divided by 2 
gives a and a+x" divided by , gives a3 

The index of unity is o; for & divided by a, gives 
- =; and unity divided by &, gives a=; in the 
ſame manner unity divided by a+ xl", gives 42 ＋ 2. | 

Of the SQUARE and CuBE Roor. 


$. 20. aa is the ſquare, and a the cube of a, aa 
24x +xx the ſquare, and a3 +3aax + 3axx#+x? the cube 
of a+x. Hence, the ſquare ' of any number divided 
into two parts a, x, is equal to the ſum of the ſquares 


of the parts, and to twice their product; and the cube, 
ä a co 


n 
i | | b 
xviii ILNTRODUCT IGN. 
to the ſum of the cubes of the parts, and to 3 times 
their product multiplied by their ſum; fince aa 
Zaxx gaxxa x. : 3 
But che ſquare root is ſuch, as when multiplied by 
itſelf, produces the ſquare, and the cube root, when 
its ſquare multiplied by that number, produces the cube. 
To extract the ſquare root of aa+2ab+bb, find 
the root of the firſt term aa, which is a, whoſe ſquare 


being ſubtracted, leaves 2ab+6bb ; to find the ſecond 
term of the root, divide 2aþ by twice 24, the part 
already found, which gives +5, for that term; this 
added to the diviſor 24, and the ſum multiplied by 
that term, gives 230 , which ſubtracted from the 
remainder 246-+b6b, leaves nothing; hence a+b is the 


root required ; for a+bxa+b gives the ſquare. 
Operation 42+ 246 +bb (a+ root. 


aa 


2 
2a) 2b +bb 
2a b +bb 


O © 


If the ſquare, whoſe root is ſought, be aa —24 +bb; 
it will be found in the ſame manner, to be a—+, for 
that number multiplied by itſelf, gives the ſquare. If 
a remainder be left, you continue in the ſame manner 
to divide always by twice the number already found, 
adding the laſt irguire of the quotient to the diviſor, and 
multiplying the ſum by that laſt figure, till you get the 
ſquare root exactly, if the ſquare is compleat ; thus if 

aa+2ab+bb+2ac+2bc+cc, be the ſquare, after hav- 

ing found the root a-+b, of the part aa+2ab +66, di- 
vide the remainder 2ac+2bc+cc, by twice the root 
ab; which gives c for the quotient; and 24+ c, 
multiplied by c, gives 2acÞ2bc+cc, which taken from 
the remainder, leaves nothing. 7 | 

When the ſquare is incompleat, the operation muſt 
be continued as before, till the root is found nearly. 


Thus, 
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Thus, to find the ſquare root of 1==xx, the operations 
are as follows. perth n 
I- (I-10 en pat arr} fcc, 


2—=x*) — x 
mth + out? 


r — 


a— ) Tin 


| J 
Obſerve when the product cannot be ſubtracted, to 
place it to the remainder with a contrary ſign, as in 


WWW 


diviſion; after the two firſt terms of the root have been 


found, no more of the diviſor has been ſet down, than 
was ſufficient to find five terms of the root only; this is 
ſufficient to diſcover the law of continuation. For the 
numeral numerators, are 1, 1, 1, 3, 5, 7, 9, &c. and the 
denominators, are found, if the numerator of the laſt 
coefficient, be multiplied by the number of the next, 
and its denominator, by the correſponding number of 


b; the ſeries, 1, 2, 4, 6, 8, 10, 12, Thus the coefficient 
or z of the third term, multiplied by 3, and divided by 
If 6, gives x for the coefficient of the next; this multi- 
er plied by 5, and divided by 8, give viz, and ſo on. 

d, The ſquare root of any number, is found after the 


E ſame manner; but the ſquares or cubes of the firſt 10 
figures, muſt be previouſly known, for which we ſhall 
if ſet them down here. 1 | 225 


LV- 

5 BBD 
4 9 |'6| 25 
1] 8 | 27 | 64 |125 


As the ſquare of i the leaſt figure is one figure, of the 
greateſt 9 two; of the two leaſt 10 three, of the two 
greateſt 99 four ; of the three leaſt 100 five ; of the three 
greateſt ſix, and ſo on; if the figures of a ſquare number 


a 2 are 


_ — 


— —— 
———— - — 


. 


- —_ — 
3. 


— — — x « Tr ¶ ms ee — 
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are divided two by two, from the right to the left ; the root 


 <will conſiſt of as many figures as there are diviſions. 


The ſquare root of 321489 is 


| 3.14.8966 
found by ſeparating them two by two 32.14 9867 


0 8 — . 
as in the margin; now the neareſt 15)714 


ſquare. leſs than 32 is 25, ſet its 636 
root 5 to the quotient, and ſubtract 112)7889 
25 from 32; to the remainder 7, join 2882. 
the figures 14 of the next diviſion, ue 


divide 71 by 10, twice the firſt figure 5, which gives 
6 for the ſecond figure of the root or quotient, multi- 
ply that figure 6, and the diviſor 10, har is, 106 by 
that figure 6, and ſubtract the product 636, from 7 14, 
which leaves 78, to this join the two next figures 89 z 
divide 788 by 112, twice the quotient 56, which gives 
7 for the third figure of the root ; multiply that figure 
7, and the diviſor 112, that is, 1127 by 7, and ſubtract 
the product 7889, from the laſt remainder 7889, which 


leaves o; hence 567 is the root required. For this num- 


ber multiplied by itſelf, gives the ſquare propoſedg 
If the root cannot be tound exactly, annex twice as 


many cyphers to the remainder, as you want deGmals 


in the root and prodced as before. 


To find the ſquare root of 12 to three decimals, an- 
nex ſix cyphers, as here in the 


margin; then the neareit ſquare 0 
leſs than 12 is 9, ſet the root 3 7. 

in the quotient, and ſubtract 256 

the ſquare 9, from 12; to the 68)4400 
remainder 3 join ꝙo; divide 30 4116 

by 6 twice 3, which gives 4 for 692)28400 

the ſecond figure of the quoti- _ 27696 


ent, multiply this figure, and 


product 256 from 300, which leaves 44 ; to this join 
the two next figures oo; divide 440 by 68, twice the 
quotient 34, which gives 6 for the third figure of the 
quotient ; multiply this figure and the diviſor 68, or 
686 by 6, and ſubtract the product 4116 from the di- 
vidend 4400, which leaves 284; to theſe join the two 


laſt 


| — + 704 remainder 
the diviſor 6, or 64 by that figure 4, and ſubkract the 


a Coane as. obs et. 200 


ider 
the 


oin 
the 
the 
or 
di- 
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laſt figures oo, divide by 692, twice the quotient 346, 
which gives 4 for the laſt figure of the quotient : mul- 
tiply this figure and the diviſor, or 6924 by 4, and ſub- 
tract the product 27696 from the dividend 28400, 
which leaves 704. Hence 3.464 is the root required; 
for that number ſquared, and the remainder 704 added, - 
gives the ſquare propoſed. 5 

If the root be required to many places; find half the 
vumber as uſual, and divide balf the remainder by the part 
of the root already found, and you will get as many more. 

If the ſquare root of 126 be required to thirteen 
places, find the. firſt ſeven, 11.22497 as uſual, and di- 
vide 2424955, half the remainder, by 11.22497, which 
gives 216032, and this added to the former part, gives 
0224974 16032 for the root required true in all its 

aces. IN | 
l $. 21. The method of extracting the cube root, is 
derived from this general form, a + 3aab + 3abb +83, 
or cube of ar, for à is the root of the firſt term a, 
and its cube taken from the expreſſion, leaves 3aab+ 
gabb+h3 ; here it is plain, that if we divide gab, by 
3 times the ſquare of the firſt part a, we get the fecond 
, and þ multiplied by the diviſor 3aa, gives + 3aab ;z 
and if to 3a, three times the firſt, we add the fecond 5, 
and the fum za r be multiplied by b the ſquare of the 
ſecond, we get 3abb+63, this added to the product 
3aab, and the ſum ſubtracted from the remainder leaves 
nothing. The operation ſtands thus, 

Cube a) +3 aab+ ab T (a+b root. 

a + 38axb +.3a+bxbb 

If the root conſiſts of more than two parts ox places, 
the ſame operation which ferves to find the fecond, 
ſerves. alſo to find any other; that is, three times the 
ſquare of the part found already, gives the diviſor ; the 
quotient multiplied by the diviſor, the firſt prodult ; then 3 


times the firſt figures, added to the laſt, multiplied by the 

ſquare of the laſt, the ſecond; and their ſum ſubtracted 

from the remainder, leaves nothing if the cube be complete. 

Before this rule is applied to numbers, obſerve, N 
3 W 
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the cube of the leaſt number is one figure; of the great · 
eſt 9 three, of the two leaſt 10 four, of the two greateſt 
99 lix, of the three leaſt ſeven, of the three greateſt 
nine; if therefore tþe figures of the cube be — 
tbree by three from the right to the left, the root will con- 
i of as many figures as there are diviſions. 

The cube 42875, being divided ah 875 (35 Root, 
two parts as in the margin; 
then the neareſt cube leſs than 42 N 
is 27, whoſe root 3 is the firſtpartof 3 
the root, and 27 ſubtracted, 1 — M4. th 
15-875 : divide, 158 by 27 three 15875 
times the ſquare of 3, which gives 
5 for the ſecond part, and 5 times the diviſor 27 gives 
135, ſet this ar under the dividend 158; then g 
three times the firſt figure 3, joined to the laſt, and 95 
multiplied by 25 the ſa uare of the laſt 5, gives 2375, 
which place ſo as te laſt figure be under the laſt of 
the remainder ;z then add theſe two products, and ſub- 
tract their ſum 15875 from the remainder, which leave 
ing nothing, ſhews that 35 is the root required. 

N. B. The laſt figure 5, is always joined to thres 
times 9 of the firſt, becauſe the firſt ſtands in the place 
of tens in reſpect to the laſt; and therefore is the ſame 
as adding 5 to 90: the fame thing is true in regard 
to the two products of 135 which in reality is 13500, 
the cyphers are omitted, and 2 375: 


The cube 2460375 being #2-460-375(135 root. 
divided into three parts 


then the neareſt cube leſs than uf 

2 is unity, which ſubtracted 0 . 3 
from 2 leaves 1, to which 297 e- 
join the next diviſion 460, e 297 
and. divide 14 BY 2 2009: | wwon_ +: : * 
times the ſquare of the firſt $507)263.375 395 
part 1 of the root, which gives #53 : - 
3 for the ſecond, and the __?*75_ ans 
product of the diviſor 3 mul- 263 375 790 
tiplied by the quotient 3. — 
gives 9; then 3 three time 975 


4 


= r 3 
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| the firſt figwe joined to the ſecond 


diviſion 375% then 4 times the ſquare af 1 3 the figures 


| places, the four firſt 2.714 being found as before, 
then one third part of the remainder 9229656, divided 
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un che ſum 33 
multiplied by 9 the ſquare of the „ gives 297, _ 
which added as obſerved above, and the fam "197 h 
ſubtracted from 1460 leaves 263 5 to this join the 1 


already tound, gives 507, for the divifor, which is 
contained 5 times in 2633, the product of the diviſor 
509, and this figure 5, gives 2535 : then three times 
the firſt figures 1g joined to the laſt 5, and the ſum 396 
multiplied by 25 the ſquare of the laft gives 9875, 
theſe two products added as obferved above, and 15 
lum taken from the remainder 263376 leaves nothing. 
Hence 135 is the root required. Vt, "294 4 
la the {ame manner the root of any number 
may be found; bur if it be required to a great many 
places, Find balf the number as before and divide ane 
third of the remainder by the ſquare of the root found, and 
you will get as many more places. 20 
Thus if the cube root of 20 be required to eight 


by 736596 the re of 2.714, gives 4176 more, and 
hence 2.744415 ©. will be the root to eight places. Jr)! 


. CEE | 

General Method for proving Arithmetical Operations. 

$. 22. Any number ſtanding in any place, being 
divided by 9, leaves always a remainder equal to itſelf; 
for 20, 300, 50000, divided by 9, l&@ve 2, 3, 53 
therefore any number 86754, divided by g, leaves the 
ſame Temainder, as would be left, by taking as many 
9's as can be done from their ſingle values, for 
8 $647+5+4530 or 3, the ſame as 86754, di- 


y 9. 

Hence Zr oh 4-6, repreſent any two-numbers, 
and r, 5, the remainders leſs than 9, it is plain that the 
remainders T, or r—s, of their ſum or difference, 
is the ſame, provided 9 is taken from 7-8, if greater 
than , as the ſum or difference of the remainders, ta- 
ken from theſe numbers ſeparately. "S 

a 4 
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In the product 814b+9gar-+9d5-+r5 z of theſe num 
bers; the remainder rs is equal to the product of the 
remainders of the factors. If 814h+gar+9bs+rs, be 
divided by gar, the product rs of the remainders 
of the diviſor and quotient, its equal to the remainder 
of the dividend. 

If ga be the root of any power, the remainder r 
raiſed to that power, is equal to the remainder of that 
power, if leſs than 9, or it greater, its difference. 

If the diviſion or root, is not exact; the remainder 
left after the diviſion or root, mult be ſubtracted from 
the dividend or power, before the remainders are taken. 
Thus 456 divided by 12 gives 37 and leaves 123 
which 12 taken from the dividend 456; the difference 
444, gives 3 for the remainder, and the remainders 
3, 1, of the diviſor 12 and quotient 37, gives hke- 
wiſe 3 for the remainder. ' 

The ſquare root of 3136 is 36 exactly, whoſe re · 
mainder 2 being ſquared gives the ſame remainder 4, 
as that of the * And the cube root of 2744 is 
14 exactly, whoſe remainder 5 raiſed to the cube gives 
125 or 8 the ſame as the remainder of the cube. The 
ſquare root of 20 is 4.47 and leaves 191, which ſub- 
trated from the ſquare 200, leaves 9 for the remainder, 
and the ſquare of the remainder & of the root 4.47, is36 
or 9 as that before, 

This method has been objected againſt, becauſe if 
by miſtake ag is wrote for a o, it does not diſcover the 
error; Which is no more than way happen in all other 
operations, where one error may counterballance an- 
other. Beſides the proof in the ſquare and cube root 
containing a great number of places, is more trouble- 
ſome in che common way and more liable to errors, 


than finding the root itſelf ; whereas this method may 
be uſed without a pen. | | 


VurGaAR FRACTIONS. 


| &. 24. A fraction conſiſts of two parts, the one being 
| —_ 


42 3 0 0 7 
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placed over the other with a ſtroke between them, as 


. -, or <2, ROY” 
The under one ſhews in how many equal parts the 
quantity is divided and is called the Denominator, and 
the upper, how many of theſe parts the fraction con- 
tains and is called the Numerator. Thus in the frac- 
tion 3, the denominator 4 ſhews that the quantity is 
divided into 4 and the numerator 3, that this fraction 
contains 3 of theſe parts. If + is a fraction of a pound 
or 20 ſhillings it will be 15 ſhillings, becauſe the 
fourth part of 20 is 5, and 3 times 5 is 15. " 
When the numerator is greater than the denomina- 
tor, as in $ or 2, the fraction is ſaid to be improper, 
hence any whole number may be ſaid to be an impro- 
r fraction whoſe denominator is unity: +4 of a fathom 
or 6 feet is 8 feet; becauſe one third of 6 is 2, and 
twice 4 is 8: Again, J of a pound or 20 ſhillings is 28 
ſhillings, for the fifth part of 20 is 4, and 4 times 7 is 28. 


Jo reduce a FRACTION to its loweſt Denomination. 


6. 24. Divide, if poſſible, both numerator and denomi- 
nator, by their greateſt common diviſor, and the quotients 
will be the fraction required; but if they have no common 
diviſor, the fraction cannot be reduced. 


The fraftion £ divided by 6, gives £3 £2 divided 


ac 
by a gives 2, divided by 8 gives 2 HE; i- 
| c 8 0 | 


240 ac 
vided by à gives 2H 


This rule js evident, becauſe à quantity multiplied 
and divided by the ſame number, neither increaſes nor 

228228 | 6 
diminiſhes its value: for 1 - 70 2 - Ma 
Fractions ſhould always be reduced to their loweſt 
denomination before any other operation is performed, 
becauſe they become more eaſy and leſs perplexing z 
which may be done in many caſes as follows. 
| | §. 25. All 
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$. 25, All numbers ending with à 5 or o, are di- 
viſible by 5; all numbers whoſe ſums make any num- 
ber of 9's exactly, when their ſingle values are -only 
conſidered, are diviſible by 9; all numbers whoſe ſums 
make any number of 6's are diviſible by 6, when they 
end with even numbers, otherwiſe by EO 
The fraction 347 being diviſible by 5 gives 74; the 
fraction $5} being diviſible by 9 gives 71 and by g 
again gives Z; the fraction +35 being diviſible by 6 
gives 37, and the fraction 443, by 3 only gives 135+. 
§. 26. To find the greateſt common diviſor of any two 
numbers, | 
Divide the greateſt by the leaſt ;, divide the leaſt by the 
remainder, continue always to divide the laſt ts. by the 
. {aſt remainder, till you find a number that divides exafily, 
which will be the diviſor ſought. 
To find the greateſt common diviſor of 2 346 and 
89046 ; divide the laſt by the firſt; the diviſor 2346 
1 by the remainder 2244, and this laſt by the remainder 
| 102, Which leaving o, will be the diviſor ſought. For 
| 2346 divided by 102, gives 23, and 89046 by 102 
gives 873. | a 
The greateſt common diviſor of algebraic expreſſions 
is found in the ſame Manner, only obſerving, always 
| zo divide the expreſſions by their ſimple diviſors if they 
| have any, and then proceed as before. | 
| Thus in ac+cx, and aax+2axx +x*, divide the firſt 
by c, and the ſecond by x; then a+x, and aa+2ax+xx, * 
by a+x, which dividing exactly will be the diviſor 
ought. | ; 
If both expreſſions have a ſimple common diviſor, 
divide them by it; and if they have alſo a compound 
common diviſor ;; then the produd# of theſe tb common 
diviſors will be the required one. | 
Thus aax—x3 and aax—2axx +x* being divided by 
kx, and the quotients ag—xx, 44—24x+xXx, by a—#, 
which dividing exactly gives x- or ax for the 
diviſor required. St 
To prove this rule, let m and z be any two _ 
85 


INTRODUCTION, wit 


bers, whoſe common diviſor is required; if m divided 


by n quotes à and leaves p; u divided by p quotes þ 
and leaves 4; and p divided by otes c without a 
remainder : then as the product of the quotient mul- 
tiplied by the diviſor, added to the remainder is equal 
to the dividend, we have M p, n=pb+q, p=cqz 
and as q divides p exactly, by ſuppoſition, it will alſo 
divide its multiple pb, and itſelf; and as 4 divides 
pb+q it will divide its equal u, or any multiple na of 


n, it will then divide na or its equal m; and there- 


fore q divides m and n exactly, and ſince q is the firft 
common diviſor found, it muſt be the greateſt thas 
theſe numbers can have. | Ws 
When the ratio of two numbers cannot be redyced 
by a common diviſor, it is often uſeful to do it by 
approximation, as follows. | 2 
If the remainder p be neglected, then m gan, or the 
ratio of m to # is that of @ to unity; if the remainder 
q be neglected, then , and this value of u wrote 
into m=na+p gives m=abp+p, and m is to n as 
abp p, to bp as abi to-b+0: If the remainder in 
the next diviſion be neglected; then p=cq ; this value 
of p wrote into Ip, gives »=bcq+9, and theſe 
of xz and p into M na, gives m=abcyg+agqt+cyH, : 
Hence m is to » as abcq+aq+cq, to big+g, or as 
abc Tac to bc+1, The approximation may be con- 
tinued by this XI 


GENERAL RULE, 


$. 27. Set down the ratio of unity to o, and under it 
that of the firſt quotient to unity; then to find the ſucceed- 
ing ones, multiply always the laſt ratio by the next quotient, 
and add to it the next ratio, antecedent to antecedent, and 
conſequent to conſequent. | 3 
N. B. The firſt, third, fifth, ſeventh ratios, are al- 
ways greater, and the ſecond, fourth, ſixth, Sc. always 
leſs than the true one. | | al 
Example. The diameter of a circle being unity, 
the circumference will be 3.14 159, this laſt ee 
vide 


* 
A 


— — - — 
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vided by 1, gives 3, and there remains .14159, with 
this divide unity or 1.00000, which gives 7, and the re- 
mainder is 887, with this divide 14159, and the quo- 
tient will be 15, and dividing the laſt diviſor by the laſt 


remainder, we get unity for the quotient. Now ſince 
3, 7, 15, 1, are the quotients we get < I :0 
y 


the rule. Therefore the ratio of > 3 21 
the diameter to its circumference is <<- 22 
greater than that of 7 to 22, leſs than > 2333 : 106 


that of 106 to 333, and greater than << 355 : 113 
that of 113 to 355. 3 


To find the leaft number divifile iy any number of 


gures. 


$. 28. Divide all the numbers that can be by the ſame 
diviſor, ſet down the quotients and the remaining numbers, 
which divide likewiſe by ſame common diviſor ; continue ſo 
till there remains no numbers thit have a common diviſor ; 
then the product of all the diviſors, and the laſt remaining 
numbers, will be the required one. | 
Let a, 3a, b, 25, 3c, d: expreſs the given numbers. 
Then a) 1, 3, 6, 25, 3c, d, 
9) 34-24 -3o' 3» 36 
3) 1, I, 1, 2, c, d, | | 
Hence 2x3 c, or 6abcd, is the number ſought. 
For 6 is diviſible by 2 and 3, and abed, by a, þ, c, d. 
It is plain that this number is the leaſt diviſible by the 
given number, | | 


To reduce FRACTIONS under the ſame Ne- 
nomination, _ 
§. 29. Multiply the ſeveral numerators ſeparately, by 
all the denominators, excepting its own; then the produfs 
will be the numerators, and the product of all the denomi- 
nators, the common denominator. | 
The fractions 3, 5, are reduced under the ſame deno- 
mination, if we multiply the numerator 2, by the de- 
nominator 7, and the numerator 5, by the denomina- 
tor 3, which gives 14, 15 for the numerators, and the 
pro- 
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product 21 of the denominators 3, 7 the common de- 
nominator, Hence t and 5=#4. | 


The fractions 75 = 75 are reſpectively equal to 
adf bf bde 


baf” bdf* bd * 

This rule is evident, fince we do no more than to 
multiply the numerator and denominator by the ſame 
number, which neither increaſes nor diminiſhes its va- 
lue. To reduce the fractions z, 3, 3, under the ſame 
denomination, multiply the firſt numerator 1 by 3x4 3 
the ſecond 2, by 2X4, and the laſt 3, by 2x3, which 
gives 12, 16, 18, for the numerators, and 2X3X4, of 
24 for the common denominator. Hence 1E, E, 
and 1 E. | g 

The operation may be ſhortened when ſome of the 
denominators have a common diviſor, by finding the 
leaſt number diviſible by all the denominators; for that 
number divided by the denominator of each fraction, and 
the quotient multiplied by the numerator, the product will 
be the numerator, and the firſt number the denominator. 

In the fraction 1, 4, , , where 16 is the leaſt num- 


ber diviſible by all the denominators, we get 1 g, 4= 


15, 4=15 and : If the fractions are 3, 2, 5, 1, where 
60 is the leaſt number diviſible by all the denomina- 


I > 4 © 


tors, we get 8, 3=33, 48, and 2 8. 
To add and ſubtraf FRACTIONS. 


30. Reduce them under the ſame denomination, 
then the ſum or difference of the numerators divided by the 
common denominator, will be the fraction required. C 

For 5+4 gives 4% +# ==; 4—1 gives T—II=? 5; 

1 +3—2, gives $+4+;—3=}. Obſerve that the deno- 
minator of any whole number is always unity. | 
This rule is evident, ſince like parts may be added 
or ſubtracted in the ſame manner as whole numbers; 
that is, thirds to thirds, fourths to fourths, We, is 
0 


— 
* 
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To multiply or divide FRACTIONS, 
F. 31. In multiplication, the produt# of all the uu. 


merators, divided by the produli of all the denominators, 
gives the product: In diviſion, invert the frattion of the. 
* diviſor, then the diviſion becomes a mulliplication. « 5, 


Thus +4 multiplied by 4, gives 3; 20 multiplied by 3, 
gives ; @ multiplied by = gives -, and © mul- 


22 E 5 
tiplied by— Sies 7 divided by 7 gives 1x2 
or 7:5 divided by 3 gives 3 x Bor 25: @ divided by 


gives 0X 2 or ad 
7 8 c c 


To prove this rule, let n then un will 


- x £ ; now as the diviſor multiplied by 
c 

the quotient, is equal to the dividend, we have Y gam, 

and d gn; but ſince equals multiplied by equals, pro- 

duce equals, þ4=acmn; and as equals divided by equals, 


gives equal quotients if we divide by ac, we get 2 =mn. 


be equal to 


If any numerators are diviſible by the ſame number, 


as the denominators, divide as many in the one as in the 


other, and multiply the quotients as before. 
Thus z = K =z 3 xzX3X3Xs gives IX INA: 


x 1 x b a C . abc 


the common rule, and © when reduced. 


The ſquare or cube root of any fraction, is found 
by extracting the root of both the numerator and denomina- 
tor ſeparately : thus the ſquare root of +5 is 5, the cube 
root of 141 is 5. 

To reduce a quantity into a fraction of a higher de- 


nom ination; 


- 
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nomination; divide the quantity by the number of times, 

that the lower denomination is contained in the bigher. 
Pence are reduced into a fraction of a ſhilling or 


xxxi 


pound, if are divided by 12 or 240, the number 
of pence I ſhilling or pound; ſhillings into a frac- 
tion of a pound, if divided by 20; inches are reduced 
into a fraction of a foot or yard, if they are divided 
by 12 or 36, the number of inches in a foot or yard; 
thus 3 pence gives 2 or 2 of a ſhilling, or s of a 
ound. | 
- To reduce fractions into whole numbers of a lower 
denomination ; multiply the numerator by the number of 
times that its denomination is contained in the bigher. 

The traction 4 of a pound, multiplied by 20, gives 
2+ ſhillings and , or 4 multiplied by 12, gives 
2 +3 pence ; the fraction; of a pound, multiplied by 
20, gives 16 ſhillings; 3 of a foot multiplied by 12, 
gives 10 inches. | 

To reduce a fraction into decimals, annex as many cy- 
phers to the numerator as you want decimals, and divide by 
the denominator. 

Thus & is reduced into decimals, by annexing three 
cyphers to the numerator 7, and divide 7000 by 8, 
which gives . 875; xs by joining 5 cyphers, and di- 
viding by 32; gives. 03125; Tx gives. 4166, and there 
remains 3. | 

Decimals are added and ſubtracted like whole num- 
bers, obſerving only zo place the points, which ſeparate the 
wholes from the decimals, under each other. They are mul- 
tiplied and divided as integers, by obſerving to make as 
many figures decimals in the product, as are in both fac- 
tors; and in the quotient, as there are more in the di- 
vidend than in the diviſor. : 

Thus .125 multiplied by 6.4, gives .8000, or .8 on- 
ly: . 025 multiplied by .3, gives .0075 . 465 divided 
by .5, gives. 93; and. 378 divided by 63, gives. 006. 

Decimals are reduced into common fractions, if di- 
vided by unity, with as many typhers added to it, as there 

; are 


wel 


{ 
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are decimals; the fraction t.5 gives 18 or 4, the fraction 
875 gives 1%, Of 4 when reduced. 4 


: 
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The value of 4 decimal fraction is found if multiplied 
by the number of times, that the lower denomination it 


contained in the higher, and pointing off as many decimals 
4s there were before. | 


The decimals .875 of a pound, multiplied by 20, 
gives 17.500, and . go0, or .5 multiplied by 12 
gives 6 pence: .03125 of a pound, multiplied by 20, 
gives .625, of a ſhilling ; this multiplied by 12 gives 
7.5 pence, and 5 multiplied by 4 gives 2 farthings. The 
fraction of a fraction is found, by multiplying them as 
aſual: 7 of 4 of 20 ſhillings, is 2Xxi3x20= 7? or 10 

illings; and + of + of 3 of 48 ſhillings is 1X3X:iXc48 = 
2 ſhillings, for one fourth of 48 is 12, one third of 12 is 
4, and one half of 4 is 2. 


The RULE of THREE or PROPORTION. 


§. 32. Quantities of the ſame kind may be com- 
pared together two ways; that is, by exceſs or contents, 
the 1 is called Arithmetical, and the ſecond Geome- 
trical. ä Þ 

The firſt term of the compariſon is called the Aute- 
cedent, and the ſecond the Conſequent. 

F. 33. An arithmetical progreſſion, is a ſeries of terms, 
which exceed each other by the ſame difference, as 
2, 4, 6, 8, or a, a+x, a+2x, a+3x, a+4x; and 
hence the ſum 2a+4x of the firſt a, and laſt a+4x, is 
always equal to the ſum of any two equidiſtant ones, as 
a+x, a+3x, or double the middle term, when they 
are an uneven number. 

$. 34. The ſum of all the terms of an arithmetical 
progreſſion, is equal to the ſum of the firſt and laſt mul- 
tiplied by half their numbers. 

The ſum of the firſt and laſt, being always equal to 
the ſum of any two equidiſtant ones, the total ſum is 
equal to the ſum of the firſt and laſt multiplied by half 
their number. Thus if à be the firſt, 5 the laſt, and x 


their number, then n will be the ſum, 


Ex. 


a 
4 5 % 


a * 
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. The ſum of 2 terms of the natural anden 
1 2:4 5 c, is equal tg H K %% 

of 41 terms of the ſeries 3, 6, 5. 9, Os 

is 3 to erin ee bites; + of 

8.38. e ha apaieatc the firſt 
and ſecond, be to the quotient, of the third and 
fourth, thoſe quantities are ſaid to he in a geometrical. 
proportion, ſuch are the numbers 2, 4, 6. 123 or 4% ra, 
5, rb, the geometrical proportion is wrote thus, 4: 
rate 6: rb; which means, that à is to ra as & is 2. 
Hence if four quantities à, 4, 6, 12, or a, ra, & „rb. 
are proportional, be product of the exiremes is equal 40 
that of the means. For 2X12=4X6: 0r-4Xth =raxb . 
and on the contraty, if four quantities are. ſuch, that 
the product of the means is eqn to *. of the a 
tremes, they are proportional. 

$. 36. If the two middle terms of a proportion are 
equal as in a: ar: : ar: arr, the proportion is ſaid b 
continued, or in 4: 6:: 6:9. Hence, 

1, To find a fourth proportional to * — 4. 
numbers a, ar, b, or 4, 6, 8 : multiply the ſecond by the 
third, and divide by the firſt,” then the quotient vr oy 12 


Fr: 


will be the number required. Since a: ar :: 6: or, or 


4: 6228125 8,35. 

29. To find a third continued oraportional to two 
given numbers, a, ar, or 4. 6, divide the ſquare of the. 
ſecond by the firſt, and the rot arr or g will be the 
number ſought : Since 4: ar :: ar; arr: ot 4: 6:69. 

30. To find a mean proportional, between two given 
numbers, 4, arr, or 4, 9. The ſquare 7904 of the roduft 
of theſe 1xwo numbers, gives the mean ar, or 6, ſought. 

$. 37. If ſeveral quantities are in 1 continued | 
2 as a, ar, arr, ar, or 2, 4, 8, 16. Then 15. 


The ſquare of the firſt is to the ſquare of the ſecond, as the 


firſt is io ibe third: For aa: aarr: :,4: arr, or 4: 3 


2:8. 
2% The cube of the firſt is to the cube of the 711 gs the 
fiſt 150 16. the J'S; Ms al: a: ar': #74 11 


1 1 
- +4 7 «a + { S% x * 
hs 2 
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are decimals ; the fraction 1.5 gives 18 or 4, the fraction 
+875 gives 15%0, or j when reduced. 1 

The value of a decimal fraction is found if multiplied 
by the number of times, that the lower denomination is 
contained in the higher, and pointing off as many decimals 
as there were before. 

The decimals .875 of a pound, manltiphed by 20, 
gives 17.500, and .,500, or .5 multiplied by 12 
gives 6 pence: .03125 of a pound, multiplied by 20, 
gives .625, of a ſhilling ; this multiplied by 12 gives 
7.5 pence, and 5 multiplied by 4 gives 2 farthings. The 
fraction of a fraction is found, by multiplying them as 
uſual : 7 of 4 of 20 ſhillings, is 2Xix20= F or 10 

illings; and + of ; of ; of 48 ſhillings is 13X53X5X48 = 
2 ſhillings, for one fourth of 48 is 12, one third of 12 is 
4, and one half of 4 is 2. 


The RULE of THREE or PROPORTION. 


§. 32. Quantities of the ſame kind may be com- 
pared together two ways; that is, by exceſs or contents, 
the firſt is called Aritbhmetical, and the ſecond Geome- 
trical. ä * 

The firſt term of the compariſon is called the Ante- 
cedent, and the ſecond the Conſequent. | 

$. 33. An arithmetical progreſſion, is a ſeries of terms, 
which exceed each other by the ſame difference, as 
2, 4, 6, 8, or a, a+x, a+2x, a+3x, a+4x; and 
hence the ſum 24+4x of the firſt a, and laſt a+4x, is 
always equal to the ſum of any two equidiſtant ones, as 
a rx, a+3x, or double the middle term, when they 
are an uneven number. 

$. 34. The ſum of all the terms of an arithmetical 
progreſſion, is equal to the ſum of the firſt and laſt mul- 
tiplied by balf their numbers. | | 

The ſum of the firſt and laſt, being always equal to 
the ſum of any two equidiſtant ones, the total ſum is 
equal to the ſum of the firſt and laſt multiplied by half 
their number. Thus if à be the firſt, & the laſt, and z 


their number, then a+0X'n will be the ſum, 


| Ex. 
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_ Ex. The ſum of 20, terms of the natural numbers 
1, 2, 3» 4, Fc. is equal to.1+20X:2022107%,, 4. 


The ſum of 41 terms of the ſeries 3, 5» 7, 9, 10, Me. 
is 3+83X:41=1703. . Toki: 197 ES od ES wh 
9. 35 · If of four quantities, the quotient of the firſt. 

and ſecond, be equal to the quotient of the third and 
fourth, thoſe quantities are ſaid to be in a geometrical 
proportion, ſuch are the numbers 2, 4, 6, 123 or 4, ra, 
b, rb, the geometrical proportion is wrote thus, 4: 
ra: : 6: rb: which means, that à is to va as & is to rb. 

Hence if four quantities 2, 4, 6, 12, or a, ra, b, rh, 
are proportional, be product of the extremes is equal to 
that of the means. For 212 ==4X6,: or ae =raxdb : 
and on the contrary, if four quantities are ſuch, that 
the product of the means is equal to that of the ex- 
tremes, they are proportional. etna rs 

F. 36. If the two middle terms of a proportion are 
equal as in a: ar: : ar: arr, the proportion is ſaid to be 
continued, or in 4:6::6:9. Hence, | 

1%. To find a fourth proportional to three given 
numbers a, ar, &, or 4, 6, 8: multiply the ſecond by the 
third, and divide by the firſt, then the quotient br or 12 
will be the number required. Since a: ar:: 6: br, or 
4: 0.32-8:1124 38. | 


* 


2. To find a third continued proportional to two 
given numbers, a, ar, or 4. 6, divide the ſquare of the 
ſecond by the firſt, and the quotient arr or g will be the 
number ſought : Since a: ar: : ar: arr: or 4:6::6: 9. 

3*.. To find a mean proportional, between two given 
numbers, 4, arr, or 4, 9. The ſquare root of the 7 
of theſe two numbers, gives the mean ar, or 6, ſought. 

$. 37. If ſeveral quantities are in a continued pro- 

portion, as a, ar, arr, ar, or 2, 4, 8, 16. Then 19. 
The ſquare of the firſt is to the ſquare of the ſecond, as the 
M4 to the third: For aa: aarr: : a: arr, or 4: 16:;: 

2%. The cube of the firſt is to the cube of the ſecond as the 
firſt is ” the fourth. Since a: a: :; a: ar: or 8: b4:: 

2: 16. | 
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© Evamp. If 36 men perform 86 yards of work, how 
yards will ioo men perform at the fame time 0 
Thel 36 786 2 41007-21835 yards. 
Examp. If 200 men perform 300 yards in 10 ne 
how many yards will 120 men petform in 180 days? 
Say 200 men is to 120, as 3300 yards is to 300 yards, 
performed i in the ſame time: and 10 days is to 180 days 
- 300 yards is ILY n 8 120 men in 180 
ays. 8 
Ar the number to be found i is es or r leſs than the 
given one of the ſame name; place the leaſt or greateſt of 
the other 1wo in be firſt place. Thus if 46 men gained a 
. 100 pounds, how many men will gain 350 pounds ? As 
350 is greater than 100, the number of men ſought 
muſt be greater than 46. Say 100 pounds is to 5/50, as 
46 men is to 253 the number ſought. Again, if 2 
yards of cloth coſt 15 ſhillings, how much will eoſt 60 
yards ? As two yards” is leſs than 603 1 5 ſhillings muſt 
be leſs than the number ſought : Say 2 yards is to 60, 
45 15 ſhillings is to 450 the number of ſhillings wantdd. 


Of EQUATIONS and their Reduction. 


8. 38. The: equality between two quantities conſiſt. 
ing of one or more terms is called an Equation, as 
a Tx bb, or ab cx; the value of an unknown quan- 
tity is ſaid to be found, when it is on one ſide of the 
equation, and all the known ones on the other 

The known quantities are expreſſed by the initial 
letters a, b, c, d of the alphabet, and the unknown or 
ſought ones, by the final u, x, y, 2. The ſeverat opera · 


tions whereby the value of the unkriown' , is 
found, are called Redufions. ß 


* — 


r by ADDITION and SUBTRACTION. 


39: If a known quantity is on the ſame ſide with 
th : un nown one; take it away and place it on the other 
ſide with a contrary fign. Thus if #—4=6, we get 
* 6 ＋4 or 10; or if x—a=6b, then x Tb. | 
For to take away a quantity from one ſide, and place 

it 


I. N T RODUCTA'DM.! 
it on the other with a comrary S 
to add . 


XK 
Sign, is no mõre than 

-©quals to or from equals ; which 
does not deſtroy the equality. If che unknown quantity 
be negative, it * be ra poſed to the other fide; , 
thus 1 6+ F=4 th en GSANx, . 57 


or if aral, then, a bx, or amb |. bn. wing 
REbYcFion 


* by" Mosler oN 220 Dis“ 
xd 3 200865824 «agent, JVITEL 10 100 
11 2451 baoost * l 11 


8. 40. 11 the unknown quantity be malcjplied. or 


divided by a known one, take it el e, er 


Lee 
7 cation. 
to Tale! away a 1 or e from one ces 


and x=4. | ATE 55 and Gl RE PIGS 2 
ing by 4X6, we get ö $194—44, 97 AN 805 
and x= 110.4. LETT 


1 : . Ar 


es, *RedvcrioN by th the Roots er Powers.” ip © 


. 44, The ſquare. rot of a 2 quantity..as. a+d, is. 
denoted by Va +9 thus if V- Arc, then ce, 
by ſquaring both ſides, or a—cc=x, if Hax 5 * 
then the ſquare gives 4x F5=25, ör 4#=20, and x=5. 


If xx + 24x =bc;:; by. adding the, ſquare aa of half 
the coefficient. of x to both des, the firſt xx +2ax +48 


will be a perfect {quare, whole root (+: 20) i is a ER 
v bc ag. : 

Hence 1. If the fag term 24 1 negative, then 
x—a=y/br+aa, or - r e an, according as S * 
is greater or leſs chan a, which is always Wanner the 
nature of the queſtion. | 
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2% 


— — 


ö 


0 
7 
ö 
| 
A 
10 
11 
* 


a en 
n 


Ni INTRO DU CHT ION.“ 

a. If a is greater than x, the ſecond ſide ic muſt be 
negative, and leſs than the ſquare 4a of half the co- 
efficient of *; for ſince a- Sera gives a= 
Acta: and as the root of he Laa id greater 
than a, When be is poſitive, the value of would be ne- 


gative: And hen ve is negative, and greater than da, . 
the root of b7+as will be impoſſible z, ſince the ſquare 
' root of a negative quantity cannot be extracted. 


 \-2®, If the ſecond term 24x is wanting, then xx =b:, 


ves N, or -M fot either of theſe roots 
e e ene 
4. Every ſquare has two robts, either both poſſible, 
or both impoſſible for the equation xx+24ax=bc, 
r * A NA or - Taa, for. the 
quare of either gives the ſame equation; and when bc 
is negative and greater than aa, both roots are impoſ- 
ſible : the negative roots are only uſeful in geometry. 
When the higheſt power of the unknown quantity is 
the ſquare, as in the equation above, it is called Quadra- 
tic. Hence all quadratic equations may be reduced to 
this form xx +2ax=bc. . For if the ſquare xx has any 
coefficient, it may be freed from it by §. 40.3 and if 
any term be repeated more than once, its coefficients 
may be added together. ay tu ee, e 
This is as much algebra as a military gentleman 
requires to underſtand all my works: thoſe who are 
deſirous to know more of it, may conſult other authors; 
ſuch as Mac Laurin, Saunderſon, and Tho. Simpſon. 
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ay DEFINITION S. 


XY 3 EO MET RL is chat part of uma 
G i] tics, which compares ſuch Manecke toge- 
ther as have extention. 
KEN 2. Extenſion is diſtinguiſhed into band 
breadth; and thickneſs, which are called Dimenſions. 
A Term, or Bound, is the extreme of any thing. » 
3. A Line has only length, as AB, CD. EF 
4. The terms or bounds of a line, are called Sinks, 
s and have no dimenſions. 
Xt 5. A Surface has length and breadth: only, as ME 
| The bounds of a ſurface are lines. 5 
6. A Solid has length, breadth, and hickoeks, . 
8 The bounds of a lid are. — 12 
7. A Right Line lies evenly. between its __ or is 
the ſhorteſt « diſtance from one point to another, as AB. 
And a Curveline, an which lies 0 between 
8 its * as C D. 
B 7 The 
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2 ELEMENTS 9 Book 1. 


8. The opening A of two right lines BC and DC, 
which meet in a point C, is called an Angle, and is 
generally expreſſed by three letters B C D, with that 
placed at the angular point in the middle, 

N. B. This definition only regards the difference between 
the angles and not their meaſures; thus'the angle ECD 
is ſatd to be leſs than the angle E C B, becanſe the opening 
ECD, is leſs than ECB. Fig. 1. | 

9. If a right line CD meets another AB, and 
the angles CD A, CD B, on both ſides are equal, that 
ling Ob) is ſaid to be perpendicular ro = 5 AB. 

10. And the equal angles, are called Right Angles. 

11. But if a right line E D meets obliquely another 
AB; then the greateſt angle ADE, is called an Ob- 
tuſe Angle, and the leaſt E D B, an Acute Angle. 

There ate therefore three different angles; the right, 
the obtuſe greater, and the acute, leſs than the right 
one. 

12. If two right lines A E, BD, meet another right 
line A C, fo as to make the angles EAC, DBC on 
the ſame ſide equal, theſe lines, are ſaid to be parallel. 

Quantity, is whatever is capable of being eſtimat- 
ed, numbered or meaſured; and magnitude a con- 
tinued quantity, conſiſting in lines, angles, ſurfaces or 


ſolids. | i. 
ln. 


1. Quantities, which are equal to one and the ſame 
quantity, are equal to each other. | 3 

2. If equals are added to, or taken from equals, the 
wholes or remainders will be equll. LL 

3. If equals are added to, or taken from unequals, 
the wholes or remainders will be unequal, and that which 
was the greateſt will remain the greateſt. 
4. Magnitudes which coincide with one another, or 
exactly fill the ſame ſpace, are equal. 
 AllreQilineal figures, whoſe ſides and angles being 
reſpectively equal, are then equal. 
g. The whole is equal to all its parts taken boy 
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6. The doubles, halves, or any ke parts, Nase 
are equal. 


7. All Wed 6s ingles are equal is one another. 


f 


1. Grant, that a right line may ** drawn from 6 de 
given point to another. 


2. That 4 given right line may be produced at plea- 
ſure. _ 
3 That froth 4 3 e e 5+: Ap 
drawn, either parall to ande, or 10 as to mn c a 
given angle, with any other right life. 

N. B. We ſhall not refer to theſe demands in this 
work; becauſe the reader will eaſily ſee, where they are 


uſed, And for brevity, we ſhall hereafter call a * 
line, a line only. 5 


T HE OR E NM I. 


ht 1. F a line E D meets anolber lint A B, 131 Au- 


on % EDA, E DB, at the ſame fide of it, will together 
1. be equal to two right any ges. Fig 


at- If ED be per Pehdiculat to Ti each of the lagles 
on- EDA, EDB, will be a (dy. g right an e ad if 
or the line E D be oblique to AB lat CD be perpendi- 
| cular to AB: then the greateſt angle A D E, exceeds. 
the right angle A D C, by the hu. CDE, or by as 
much as the leaſt angle E DB wants of it; it is evident 
that theſe angles, are together . to two right __ 


S in 


1 Ne 1 40 lines meet Scher line. AB in 
the 17 point D; all the angles, on the ſame ſide of 


that 4 are equal to two right angles; ſince the whole 
is equal to (ax. 5.) all its parts taken together. 


er e ee 
3. If two lines AB, CD, crofe each ober, e po- 


being 
fre angles a, c, are equal." Fig. 2. 
ther. Becauſe the line D E mdets'A B in E, the 
The b, are equal to two right (art. 1.) angles; and fins B 2 


2 B 2 meets 


4 ELEMENTS of: Book. r. 
meets CD in E, the angles ö, a, are alſo equal to two 
' Tight angles; the angles c, b, (ax. 1.) are therefore equal 
to the angles b, a, and by taking away che angle b, which 
is common to both, the, angle c will be (ax. 2.) equal to 
the oppoſite angle 2. 8 
R o ann oh Hed 17 
4. Hence it is manifeſt, that if ever ſo many lines 
crofs each other in the ſame point, all the angles at that 
point will be equal to four right angles; ſince all 
thoſe on one ſide of a line ara equal to two right an- 
gles, (art. 2.) as well as all thoſe on the other.. 


T H E OR E M III. 


5. If two parallel lines AB, CD, are croſſed by 


any olber line E F; the alternate angles A G F, DH E, 
are equal. Fig. 3. e ies e 
The oppoſite angles a, c, are (art. 3.) equal, as well 
as the angles h, c, on the ſame ſide (def. 12.) by ſuppoſi- 
tion; ſince both the angles à and 6, are equal to the ſame 
angle c, they are therefore equal (ax. 1.) to each other; 
and it is proved in the ſame manner, that the alternate 
angles BG F, and C HE, are equal, 804 
N 5 3. 6.06 5 FP (111 f 
6. Hence, if two lines are interſected by another line, 
and the alternate angles are equal; theſe lines are pa- 
rallel to each other; for ſince the angle à is equal (art. 3.) 
to its oppoſite one c, and to the alternate one h, by ſup- 
poſition, the angles c and 6, at the ſame fide being 
equal to the ſame angle a, are (ax. i.) equal to each o- 
| — the lines AB, C D, are (def. 12.) therefore pa- 
rallel. | 74 45 OP IP 


1 

7. It appears alſo, that if a line E F be perpendicu- 
lar to a line C D, it will be fo to all parallels to that 
line; for ſince ô is a right angle by ſuppoſition, its 
equal c will be (def. 12.) a right angle likewiſe; conſe- 
28 E F is perpendicular to both lines A B, and 
joy SECT. 
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3 BE EINIT IGN. 
* A Pute is" a "ſpace contained. between, one or 
more terms. 


14. A plane figute'is that which lies evenly between 
its terms, ox agrees with a right, Ine applet oh it ac- 
cording to any direction. a 

15. A plane figure, terminated by three. lines, is 
called a Triangle. 

16. When the three ſides are N. N it bw 
Equilateral Triangle. \ 25 

17. When two des are only equal, an late Tri-: 
angle J 21399 1193%3 247 

fr 5 5 one angle is a right one, a Right eG 
Triangle, / 7 13A 
19, Any fide of a triangle may be called the Baſe; 
then the angle Huſt to it, is called the Vertex. 

20. The ſide oppoſite to a right angle, is called Hy- 


pothenuſe. s zg 03 
There are therefore three particular ſorts of triangles, 
ao Feed, the lſoſceles, and the Right: angled. 
. H E .O R = Ny M 8 
8. 15 amy fide A C of 4 triangle ABC, be pr 
diieed, the external angle BCD, 22 be 7 10 1055 20 
internal oppoſite ones A and B. Fig. Enn 
Let the Five CE. be parallel to « + ade A BY cell the 
angles A and a at the ſame ſide are (def. 12 equal; and 
becauſe the line B C meets two Paal lines A. : E, 
the alternate angles B and 2 are (rt. 5 equal. "Phi ere 
fore the internal angles A and B ate- ecv ik 6s the two 
ar 4 and h; that is, to the external ant gle B S. 
8 HUVEC: 0 R. 0 I. ö Sn 
9. Hence, the external angle B C D. ie always 
wins than either of the two internal oppoſite auen, 
& or B, ſince it is equal to both, 
B 3 
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c ORO IE 
10. Therefore, parallel lines can never meet, tho' 
produced ever ſo much; for while the lines AB, CB 
meet, the external angle BC D will always be greater 
than the internal oppolite one A, which. is contrary to 
the definition of parallel lines. 
* | | C O 1 R. III. | . 
11. It appears alſo, that if the two internal oppoſite 
angles A and B, are equal; the external angle BCD, 
is double, either of theſe angles A or B 


„HN AR A M Bai! vos 
12. The three angles of any triangle, are together equal 
to two: right angles. OST; 
The external angle B C D is equal (art. 8.) to the two 
internal oppoſite ones A and B; to theſe equals, add the 
angle AC B; then the angles BCD, BCA, will be 
equal to the three angles A, B, C, of the triangle, as 
well as to two (art. 1.)right angles; therefore the three 
angles of any triangle are together equal (ax. 1.) to 
two right angles. rt 
"O&M 19 277% een. OB 


13. Fig. 5, 6. Hence, if two triangles A B C, 
DEF, have two angles A, B, in the one, equal to two 
angles D, E, in the other; the third C, in the one, will 
be equal to the third E in the other; as being each the 
difference between two right angles (art. 12.) and two 


pee 6 3.03 llama 20 Aan | 

N. B. Ic does not readily appear from the definition 
Arnet nes, that when two lines E H, E D, Fig. 3. 
are differently inclined to two parallel lines A.B, CD. 
1 Baa ie each the angles at the ſame. ſide equal; but 
if the angles b, c, at the ſame. ſide of the one, are equal: 
then the triangles EGB, E H D, having the angles b, 
c, equal, and the angle E common; the third E B G in er: 
the one will, be equal to the third ED H in the t 
(Art. 13.) other. 170 1 

ä 12 C O R. — 
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1 ee 
14. ft appears alſo, that if one ang gle. a a ttiangle 
be either equal to, or greater than à ti thr atigle, Eithet 
of the other angles ill be leſs that a oa angle ; ſince 
24. are Watts md to, or 109 than * 12. #1 a "ou 


15: T Wo parka 4 ond 1 ng equal docks to 
each, as well as the adjacent ſides, are equal in all refpetTs , 
that is;. the ibird fide in the one is equal to the third ſide in 
the other; and tht angles oppaſite the equal des are _ 
Fig. 5, 6. 

It the angle A be oy Pu the angle D, the fd de 
a to the fide DE 4 * AC to D, imagine the 

triangle DEF placed on the triangle ABC, fo as 
the fide DE” ares with its equal A B; then the an- 

angle D wil : 188 with its equal A, and the fide DF 
with its equal A C; mg. ſince the points E and F, co- 
incide widh the points and C; the ſide E F, will alſo 
eincide with 2 ſide BC; theſe triangles are there- 
fore (ax. 4.) equal i in all dccbecte; that is, the third ſide 
EF is equal to the third fide B — the angle E to the 
angle B, and the angle F to che angle 8 * to 
A ſides. 1041 1; 
T H E 0 R. 'E. N IV. 


16. In an iſeſceles triangle A B C. the angles C, A, op- 


poſite to che equal fides B A, BC, are egual. Fig 7. 60 
Let the line BD biſect the angle B; 3 then the trian- 
gles BD A, BDC, having hes equal ſides BA, BC, 
the ſide BD common to Both; and the angles At B, 
meluded by eheſe equal ſides; equal by conſtruction; 
are (art. 15.) equal in all' reſpects; the angles O A, 
oppoſite to ene common ſole B D. ares e 
1 Aas | [ 
none 0 R: „ ate 
. 7 ig. 8 8. Hence, the ire angles of an 1 it 
tea ABC are equal. For the ſides A B bei 15 
equal, the oppofite angles C, B, are equal ; and t 
B 4 ſides 
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fides A B, B C, being equal, che angles C and A are 


equal: therefore the three angles A, B, C, of an * 
N e . I. A are . 5 K 

158. Fig 7 It is ndl that the line B D, which bi 
ſects the angle B, contained by two equal ſides B A, BC, 
biſects likewiſe the oppoſite ſide A C at fight angles. 
For the triangles B DA. B DC, being e wal; the an- 
gles at D oppoſite tothe equal ſides B „ B A, are 
equal, they are therefore (def. g.) right angles, and the 


ſides A D. D C, oppoſne to the equal * it B, are 
_ 


* . 
* - ry - „ . . 


TY 
: « 


n 0 n 


72 Tho iſolceles triangles, which hay one 8 at 
the baſe or at the vertex equal, are equiangular. If it 


be the angles at the vertex ; the remaining two or their 


halves in the one, (art. 12.) will be equal to the remain: 


ing two, or their (art. 16.) halves in the other: and if 
it be an angle at the baſe, the others at the baſe are 
alſo equal, and conſequently, the third in the one 
(art. 13.) is ate to the third in the other. 


C3 on IA 112 | | 
20. Laſtly, 2 of the angles at the baſe of an iſo- 
ſceles triangle, will always be leſs than a-right angle, 


(art. 12.) and conſequently, its external angle, greater 
than a Fight angle. | 


T7 EY ER v. 


| ar "Tu wo right angled triangles. BDA, B DC, Fl 
ing the hypotbenuſes.B A,-BC, equal, and any of the o- 
ther” Ades BD, are equal in all reſpes. 

For the ſides BA and BC being equal, the op- 
polite angles C and A (art. 16.) are equal, and the an- 
gles at D being right angles by ſuppoſition, the angles 
at B (art. 13.) are equal. , Conſequently, the ſides BA. 
B C, and B P, includin theſe equal angles, being equal, 
che triangles are 9 5 in (art. 15.) all re . 6 
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i Td pat 8 or O R. ho eil, on 


1 no more that 0 a line B el 
from the ſamꝶ., point! By; — on A. * lame line 
AC, 


AR aa, VI. +£ 


25 eee ry 
Teal Fa 
fr I ge; 
1 01 gr: 270 og. 18 4 Ae leg 


1 5 lige 1 wit 5 5 5 : ” 


De Dia 90015 0 by end ion Sang! 

oy AB ), ar 50. l t the 1051 
ADB a 297 Y * Js greater (% 
the ipteipal 15 lite one C, and; its, equal, 4 BY 
than the! gle AB 3 ; the angle, A 809 oppoſite; 5 
greateſt Og, is conſequently, greater than Ihe abgle © 
01 i 8. Fe bn AB. 21 13 6 2 2¹¹ 10 

he cantrary 13 likewiſe. Ce or r if the | 
be greater thai the an 18 5 angle * C molt. . 
greater than th h 0 * D, gr, ne 
would be equal to it; Is contrary fs ö 
therefore he fide BC all without 92 8 7 
and the ſide A C oppoſite to the greate 0 ABC, 


is greater. ogy E Foe AD or its a B 8005 
to a lefs e 1 3 L 4250 A 2b 


© A N. 


23. Hence the Win of aby two ſides of a triangle 
AB D, is always greater, and the differenceleſs. chan 
the third ide ; produce any fide AD, ſo as D 
be equal to D B, and join B C- Becauſe. C.igequalto 
DB, the angle D B C is, equal 59 (art. r6.)D/C1Bz/end as 
the angle A B 89 greater than, D B 5 is alſo greater 
than D CB; and ſince the greateſt A triangle is 
oppoſite ta the (art. 22) greatelt. angle, AG, ox che ſides 
AD and B D, arę together greater than the ſide A 
A. ve take, D B from A B. aud its equal from Ac 


| FMS, 3 
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the difference between the ſides AB and BD is leſs 
(ax. 3.) than the other ſide . 


HE OR E M vn. 


224. F two triangles: bave two ſides equal each to 
\ each, that which has the greateſt angle between theſe ides, 
will have the greateſt baſe, and the greateſt baſe will be op- 
Pofite to the greats angle. Fi 5 10, 11 
In the triangles D E F, ABC, let the fide DF. be 
qual ro/the. tide A B. the fide E F ro the fide, B C, 
7 the angle DE F 1 1 chan the angle ABC. 
1 the ſide D reater than E F, placed 
op its equal R B, and let B repteſent E F, GE AH 
the bafe DF, 1225 8 H. The lides 57 B H wir 


BC ids the We A A H GW ie than its Zac B 7 
the an ole A C His greater chan the angle HC; thers- 


re A Horitsequal D F, is (art. 22.) 


nſequently, the greateſt baſe DF 
greateſt angle E. 


The contrary is alſo evident; for if AH is greater 
than A C, the angle ACH, oppoſite to the greateſt 
fide A H is greater (art. 22. F has the N AH C. 
Therefore the line B H, falls without the triangle 
ABC, ant ſo the angle A B H, oppoſite to the greateſt 
fide A H, is greater than the angle ABC. 


1 H E OA E. N VIII. 


D equiangular ' triangles, which bave one 


2 _ and oppoſit n 2 n angles, are equal i in all rer 
L Fig: 72, 


i de . & de egal to che lde D Fg the ang 
A to che angle D; the angle B to the angle E, and the 
angle C tothe angle F; imagine the triangle DEF, 
placed on the triangle AB S, fo that the fide D'F 
agrees with- its equal AC, then the angle D being 
equal tothe angle A, the ſide D E wilt agree with on 

ide 


eater than AC; 
s oppoſite to the 


Sli, are 
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ide A B, and fince the angle P is equal to the angle C, 
the ſide F E will alſo 4088 Gilt the ſide C B, . $5. 
fore the angle E will ec with its equal B. Con- 
ſequently the ſide D E will be 1 to he ide AB, and 
the ſide F E; xo the fide C B. 


T R E OR E & * 


angles. C and A of @ triangle. ABC 
L. e B A, AC, oppofite nN „ e 

g · 

Let B D be — o A C3 chen the right 

angled 22 BD A, BD C, having, beſides the 
right angles at D, the angles A and CS equal by ſuppo - 
ftion, apd the ſide B D common: to bath they ara 
equi angular and (arc. 2 5; ),equal-in.alt'refpegts;; the ſides 
AB, I # _— Sik A 
ly my OA 2 | | 

co R. 


„ Fig 8. Hence, if the [nt angles is; Fl — ate 
455 t 8 ſides, : rr 5 equal, For the angles A 
and C, being eq val, che oppoſite ſides RC, BA, are 
equ al; and the angles A and 4 being equal. the .Opp0> 
12 ſides, BC, A. aſe. equal Therefore, when. the 
three angles of a triangle are equal, the three ſides are 
alſo equal. 


T H EORVYE M X. 


28. If tbe three: fides' of ung triangle ars au 10 
the three fades of: another, reſpectively TY rm ry 
alſo eguiangular. Fig. 12, 1 

If the ſide A be equal to the ſide DiB, ths: Ade 
A Co DF, andiB C to E F, then the angle A will be 
equal to the angle D, the angle B to the- angle E, and 
C to F. For if the angle B be either greàter or Jeſs 
than the angle E; the adjacent ſides to-theſs angles be 
ing equal by ſuppoſition; the baſe A C, oppoſite to the 
angle B, will alſo be (art. 24.) greater or leſs than the baſe 
D E, which is contrary to ſuppoſition. Since therefore 
the angle B can neither be greater nor leſs than the an- 


gle 
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E, it myſt. Nagel to it}... Theſe triangles are con- 

gs vently ( art. 15.) equal in F | repens 1 that is, the 
29 15 equal rg te angle D, and the angle C to the 


e Fe oba 113 C31 4 E t 2 * TELL 4 (| * . 1 
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29. If 70 triangles "have two Ades . equal, 
and one angle to one angle; and if the perpentitulars drawn 
40. the-other ſides," fall both , either within dr" without the 
triangles; they will be equal in all reſpetts. Fig 141. 
If the? ſide AB be equal to the Be E, BC 
to EF and the angle A to the angle D; draw 
BG, E H, perpendicular to A C and D; then the 
right angled triangles A G B, D H E, having, beſides 
the ane angles, the angles A, D, equal, us well as the 
the ſides A B, D E, by ſuppoſition; are equiangular and 
(art. 25) equal in all ee that is, AG equal to 
D H, n by 

And the ri aged. 81 es BGC E HE, "On 
ing the nee BG. equal as well as: the bypothe- 
poten BC, EF; bf 5 0] are' (art. 35 Fat 
in al reſpedts ; ; that 1s, Gt s equal to E F, the angle 
C to the angle F, and thetMfore AC (as. 2) equal to 
DF, and he angle ABC n 13. ) equal to the angle 


DEF.” W977 ON 6942 


R E IMI A R X. 


It appears 4 Gap the articles 15, 25, 28 and 29; 
chat if two ttiangles have one angle, and the adjacent 
ſides to theſe angles equal, or two angles and one ſide; 
the three ſides, or two ſides and one angle, reſpectively 
equal; theſe, triangles are equal in all reſpects 3 only it 
muſt, he-known,: in the qaſt caſe, that the perpendicular 
drawn to the other ſides, fall either both within or with- 
out the triangles, or alle wy caſe i is; ande, aner. 


N 9 Noche 10 Py BD Ae ' e it N 4 pa 
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Yb 
DEFINITIONS. 


Plane figure of four ſides, is in | generel, called 
A a Quadrilateral. 


2 A parallelogram is a ain whoſe, oppoſite 
ſides are parallel. 


3- A rectangle is a parallelogram, whoſe four angles 
are equal. 


4. A ſquare is a parallelogram, whole four ſides are 
equal, as well as the four angles. 

5. All other uadrilaterals, are called Trapeziums. 

6. A diagonal, is the line which Joins the oppoſite 
angular points of a quadtilateral. 

7. If two lines parallel to the ſides of a patdllelogram) 
interſect each other in the diagonal, they form two pa- 
rallelograms within the firſt on each ſige of the dingo- 
nal, which are called Complements. *© 

8. The altitude of a parallelogram, is the perpendi- 
cular diſtance between two oppoſite ſides. = 

9. Either of the ſides to which the altitude i is per- 
pendicular, is called the Baſe. 

10. The altitude of a triangle, is the perpendicular 
drawn from the vertex to the baſe ; and the parts of the 
baſe terminated by the perpendicular, are called Seg- 
ments. Therefore two triangles, whoſe baſes are in the 
ſame right line, and which have the ſame vertex, have 


the ſame altitude, as being expreſſed by the ſame e per. 
pendicular. 


THEOREM 1. 


. The: oppaſite fades of a parall elogram are equal, 
as alſo the oppoſite angles, aud the diagonal biſeũs ubs pa- 
2 Plate II. Fig. 1. ; = 
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The oppoſite ſides A D, B C, as well as A B, Dc, 
are parallel by definition; and hence the alternate angle 
ADB, DB C, are (art. 53.) equal, as well as the alter. 
nate ones ABD, BDC. Therefore, the triangles 
ADB, DBC, having the common fide BD, and the 
adjacent angles equal, are (art 25.) equal in all reſpects; 
that is, the ſide A D is equal to the ſideB C, oppoſite 
to equal angles, and the fide A B to DC. The angles 
A, 2 oppoſite to the common fide BD are equal, az 
well as the angles ABC, ADC, as being the ſum of 
equal ones. F 34 LAIRD 9. £5 ? * | | 
Co, = bh 


31. Hence it is manifeſt, that the lines A B, DC, 
which join the extremities of two equal and parallel 
lines AD, and B C, on the ſame fide, are likewite equal 
and parallel. a 2. | 
2 SET Fo OE. 1 


32. Since the three angles of a triangle are equal to 
(art. 12.) two right angles, and the four angles of a qua- 
drilateral, equal to the angles of two triangles; the 
four angles of a quadrilateral are (ax. 1.) equal to four 


right angles. M 8 


33. As che four angles of a quadrilateral, are equal 
to four right angles, and the angles of a ſquare or rec- 
tangle, equal by definition ; the angles of a ſquare 
or rectangle, are right ones. fe 27 ets = 

34. Since the oppoſite ſides of a reAangle are equal 
and perpendicular to the other oppoſite ones which are 


parallel: it follows, that parallelograms, which are be- baſe 
tween the ſame parallels, have the ſame altitude. 


C O R. = : as B 
33. It is manifeſt, that any triangle AD B, is al- N and 
ways half the parallelogram A C, of the ſame: baſe I fide 
AD, and the ſame altitude. \ 


nn een 8 the: 
COR. 
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36. Conſ equently, triangles, Which a are between the 
ſame varallels, have equal altitudes ; ſince they are the 
ame as thoſe of: mr re ey. are . the 


ſame parallels. b— 


SOR EM th, 

37- The diagonals AC, 'DB, of a Te bis 
ſet each other. Fig. 2 

Let E be their interſcction Y chen the Kids AD, BC, 
being equal, and parallel, (art. 30) and the alternate an- 
gles EAD, ECB, are alſo equal as well as'the oppoſite 
ad at E; the triangles AED, BEC, are (art. 25) 
equal in all reſpects ; *onſequently the ſides AE, EC, 


and BE, ED, oppoſite to equal angles, are equal. | 


THEOREM. III. 


38. The N AL IC, of a paraltlagram AC; 
are equal. Fig. 3 

Becauſe the diagonal BD, divides the parallelograms 
AC, FG, EH, each into two (art. 30) equal triangles ; 
by taking the triangles BFI, IED, from the triangle 
BAD; j = their equals, BGI, IHD, from the tri- 
angle BCD, equal to BAD; we ſhall have the com- 
plement Al equal (ax. 2.) to the complement ICC. 


THEOREM, IV. 


39. Parallelograms, which have the ſame or equal baſes, 
and the ſame > or are between the ſame parallels, 
are equal. Fig. +4 

Firſt, Ler the parallelograms DB, AF, have the ſame 
bale AD, parallel to BF; then BC and EF being both 
equal to AD (art. 3o) are equal to each other, as well 
as BE and CF (ax. 2); and ſince AB, DC are parallel 
and equal (art. 30) the angles ABE, DCF on the fame 
ſide are equal (def. 12). Hence the triangles ABE, 
DCF, having the angles at B and C equal as well as 
the adjacent lides, are (art. 15) equal in all reſpects: 

Whence, 


5 


—— — — 


| 
| 
| 
| 
| 
| 
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Whence, if the triangle ABE be taken from the trape- 
zium ABFD we ſhalt have ths parallelo; oy AF, and 
if the triangle DCE be taken from the zium 
we ſhall have the parallelegram DE. The e the 
parallelograms AF, DB are equal by ar. 2. 


16 


1 5 Fig. 5. If the baſe AD be equal to the baſe 


EH, and BG parallel to AH, draw AF and DG, 
then as the ſide EH is equal to its oppoſite FG, and 
to AD by Suppoſitian, . AD is equal and parallel to 
FG, therefore AG is a parallellogram (art. 31) and e- 
qual to both parallelograms DB, and EG, by the firſt 
cafe ; conſequently, the 3”; tow AC. is (ax. 1) e- 


8 n parallelogram EG 


COR, I. 
* are the halves (art. 35) of paral- 


ef 


ame baſe and altitude, and as all pa- 


40. Since trian 
lelograms of the 


rallelograms of equal baſes and altitudes are equal; it 


i wanifeſt, that all triangles which have equal baſes and 
altizudes, or are between che ſame parallels, are likewiſe 


£ by ar. 6. 
an COR. II. 


| Hence fig. 6. if AG be a rectangle, it is ma- 
nifeſt chat any parliclogr gram FC, is always equal to 
a rectangle of the fame baſe ue > and ſince a 
— is half the parallelogram of the fame baſe 
and altitude; a triangle is therefore alſo half the rec- 
tangle of the ſame baſe and altitude, 


COR or. THEOREM V. 


42, If from the point D a line DE be drawn 
perpendicular ta AC, the right angled triangles 
ABC, and DEC, having the angle at C common 
vo both, are (art. 13) equiangular; and as the pa- 
rallelogram FC is equal to the rectangle AG (art. 41) 
as well as to the rectangle of the ſame baſe DF and 
the fame altitude DE; the rectangle AG is equal 
to the rectangle made of DF and DE (ax. 1); 


that 


Sect. 


that is 
FAO 
to the 
of the 
the fat 


43 
AE, 
to the 

In 
the p: 
rallel 
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that is the rectangle made by the hypothenuſe DC or 
F A of the one, and the ſide A B of the other, is equal 
to the rectangle made by the hypothenuſe FD or AC 
of the other, and the ſide DE in the firſt oppoſite to 
the ſame angle C. YO K. (SAL 
FGO RT 

. Tf a line AD be divided into any two parts, 
AE, E D, the ſquare B D of the whole line, will be equal. 
10 the ſquares and two rectangles of the parts. Fig. 7. 

In AB, the ſide of the {quare, take A G, equal to 
the part AE, draw GH parallel to AD, and EF pa- 
rallel ro AB; then as A G is equal to AE by conſtruc- 
tion, and all the angles of the figure- right angles by 
ſuppolition, E G is the ſquare of AE; and ſince AD 
is equal to AB, and AE to AG, GB or HC, is 
(ax. 2.) equal to E D or FC; therefore F H is the ſquare 
of ED; GF and E H, rectangles made by the parts 
AE and ED. The ſquare B D of the whole line, is 
conſequently equal to the ſquares E G, H FE, and to 


the two rectangles G F, E H, of the parts A E, ED. 


T H EU NEN FL 42 * 

44. The difference between any two ſquares ABCD, 
ILCK, is equal to the reflang-e made by the ſum and dif- 
ference of their ſides. Fig. 8, 9. | ; 
In AD produced, take D G equal to the fide IK or 
ED of the ſquare K L; produce I K, and draw GF 
perpendicular to AG: Then D G being equal to D E, 
by conſtruction, A G will be equal to the ſum of the 
ſides; and as H F is parallel to AG, AH will be 
equal to the difference. Whence the rectangle AH FG, 
is made by the ſum and difference of the ſides. But 
DG being equal to D E, by conſtruction, the rectangle 
DF is equal to the rectangle DI or its complement 
IB. Therefore, the difference HD and HL, between 
the ſquares AB CD, andI LCK, is equal to the rect- 
ge AGF H, made by the ſum and difference of the 
es. Mas 

| C COR. 
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e The 

45. Hence it is manifeſt, that if a line E G be equal. ACB 
ly divided in D, and inequally in A, the rectangle rectang 
AHF G, made by the inequal parts A E, A G, will I dhe 5 
be equal to the difference between the ſquares D B, thereIc 


K L, made by half that line and the part AD. For I *. . 


ſince ED or LC is equal to DG by ſuppoſition, as is 
AE to AH, by conſtruction; the rectangle DF is 
equal to the rectangle K E or HI. + Conſequently, the 
rectangle A H F G is equal to the difference D H and 
HL, between the ſquares DB and K L. 


TN EO REM VOL 

46. The Refiangle AC, made by any two lines A D and 
AB, is equal to the ſum of all the rectangles, made by 
one of theſe lines A B, and the parts of the other AD 
divided any bow. Fig. 10. | | 

Let the line A D be divided into any parts A E, EG, 
G D; and thro* theſe diviſions, draw E F, G H, pa- 
rallel to AB; then becauſe BC being parallel to A, 
the lines E F, GH are each equal to AB; therefore 


the rectangles AF, EH, GC, are made by the line = 


AB and the parts AE, EG, GD, of the line AD, EN 


and equal (ax. 5.) to the rectangle AC. 5 
THEOREM 1X. a 


49. In any right angled triangle AC B, the ſquare — 
ABE D, of the bypothenuſe A B, is equal to the ſquares Y tl 
CH, CF, of the two other fides AC, CB. Fig. 11. POR 

Thro' the right angle C, draw G L perpendicular to 
AB; then the right angled triangles, ACB, A LC, {qua 
having the angle A common to both are (art. 13.) equi- oþ / 
angular, and ſo the angle ACL is equal to the angle Fa 
ABC; therefore the rectangle LD, made by the hy- to 
pothenuſe AB or APD, and the fide A L, is equal to 
(art, 42.) the rectangle or ſquare C H, made by the the 
hypothenuſe AC and the ſide A C, oppoſite to the 
angle B equal to the angle ACL. 


The 
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The triangle C BL being equiangular to the triangle 
ACB; it may be proved in the ſame manner, that the 
rectangle L E, is equal to the ſquare C F of CB. But 
the rectangles LD, LE, are equal to the ſquare A B; 


therefore the ſquare of the hypothenuſe is equal to 
(ax. 1.) the ſquares of the two other ſides. . 


e Nn 


48. Hence, in any right angled triangle, the differ- 
ence between the ſquares of the hypothenuſe and of any 
fide, is equal to the ſquare of the other ſide. | 


gone | 
49. It is manifeſt, that if a line A B, be divided into 
any two parts A L, LB; the ſquare AE of that line, 
is equal to the rectangles LD, LC, made of that line, 
and the parts into which it has been divided. 


THEE OY MX. 
50. In any triangle ABC, where a perpendicular 
BD ts drawn taythe baſe AC; the redtangle made by the 


- 


ſum and difference of the ſides AB, B C, is equal to the 
| reflangle made by the on and difference of the ſegments 


AD, CD of the baſe. Fig. 12, 13. 

In the right angled triangles BD'A, BDC, the dif- 
ference between the ſquares of A B and AD is (art. 48.) 
equal to the ſquare of B D, and this ſquare is alſo equal 
to the difference between the ſquares of BC and DC; 
therefore the difference between the ſquares of A B and 
and A D (ax. 2.) is equal to the difference between the 
ſquares of BC and D C; to theſe equals add the ſquare 
of A D, and ſubſtract the ſquare of B C; then the differ- 
ence between the ſquares of A B, and BC, wull be equal 
to the difference between the ſquares of A D and D C. 
But the difference between two ſquares is equal to (art. 44.) 
the rectangle made by the ſum and difference of their 
ſides; conſequently, the rectangle, made by the ſum 
and difference of the ſides A B and B C, is equal to the 

C 2 rectangle, 


— - i — . = — — — — a 
* 
4+ 


. ͤ . —.. — .... ee 


20 ELEMENTS of Mii = 


rectangle, made by the ſum and difference of the ſeg 
ments AD and DC. 


THEORE M + Cf 
51. Any trapezium, which bas two fades A D, BC 


parallel, is equal to a retangle of the ſame altitude, Fa 


whoſe baſe is balf the ſum of the parallel fides. Fig. 1 

If EF be parallel to A B, and biſects DC in 85 
meeting B C produced in F; the triangles G ED, 
GF C, having the alternate angles D, C, (art. 5.) equal, ag 
well as the oppoſite ones at G, and the ſide D G equi 
to the fide G C, by conſtruction; are (art 25) equal | in 
all reſpects; therefore the trapezium ABCD is (ax. 2.) 
equal to the parallelogram AB FE. But AE is half 
the ſum of the parallel ſides A D, BC, and the paral. 
lelogram A F is equal. to a rectangle ofthe (art. 40.) ſame 
baſe and altitude; therefore the trap-zium is equal to: 
rectangle of the ſame altitude, and wet bale is half 
the ſum of the parallel ſides. 


PROPORTIONS. 


This ſection is divided into two parts, the firſt con- 


_ tains the definitions and general Theorems, which 


comprehend chiefly what is ſaid in the firſt book of Ei. 
clid : The ſecond, the application of proportions to lines 
and ſurfaces, ſuch as in his ſixth book, 


P 5 
D. E F I N I r 10 N S. 


1. A Leſs magnitude is ſaid to be a part of a greater 


magnitude, when the leſs meaſures the greater 
exactly, 


2. A magnitude | is ſaid to be parts of a magnitude, 
when it is meaſured by the lame part as that magn irude, 
3. Equi 


ax. 2.) 
is half 
paral- 
) ſame 
ial to a 
is half 


* 
E 


ſt con- 
which 


of Eu- 
to lines 


© 


IJ. 


greater 
| greatci 


rnitude, 
n irude, 


Equal 
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3. Equal parts of two or more magnitudes, are the 
ſame number of equal parts, taken of them all. 

Thus u A, #B, are ſaid to be equal paits of the 
magnitude A and B, when # expreſſes any common 
fraction. Therefore, when the numerator is leſs, equal 
to or greater than the denominator; the equal parts 
n A, 1 B, are leſs, equal to or greater than the mag - 
nitudes A and B. | 

Thus the equal parts of 20 and 30, are 6 and , or 
16 and 24: becauſe 6 and 9 are the three tenths of 
20 and 30, and 16, 24, the four fifths. | 
4. Ratio, is the relation between two magnitudes of 
the ſame kind, in reſpect to quantity. 7 

ln the comparing two magnitudes A and B, the firſt 
A is called Antecedent, and the ſecond B Conſequent. 

In commenſurable magnitudes tbe ratio is found by divid- 
ing the antecedent by the conſequent. As for example, the 
ratio of 20A, and 5A, is 4 3 and in general the ratio of 
nA and mA is n divided by m. | . 

5. Four magnitudes A, B, C, D, are ſaid to be in the 
ſame ratio or proportion, the firſt A to the ſecond B, and 
the third C to the fourth D; when any equal parts what- 
ſoever nA, C of the antecedents compared with their 
conſequents B, D, reſpectively, are either both together, 
leſs, equal to, or greater than their reſpective conſe- 
quents. S LEES or oh 2 L {-\ | | 

6. Magnitudes which have the ſame ratio are called 
Proportionals, and are marked thus, A:B::C:D, 
which ſignifies that A is to B as C is to DD). 

7. Magnitudes are ſaid to be in a continued propor- 
tion, when the conſequent of any ratio is always equal 
to the antecedent of the ſucceeding ratio: As here A: 
B:: B: C:: C: D: the continued proportion is alſo 
marked thus :. A: B: C: D. a 

8. If magnitudes are in a continued proporign as == 
A: B: C: D, the ratio of the firit A to the third C is 
ſaid to be Duplicate, and the ratio of the firſt A to the 
fourth D Triplicate, to that of the firſt A and ſecond B. 
en eee 83 


| 
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On the contrary, the ratio of the firſt A to the fe- 
cond B, is ſaid to be ſubduplicate to the ratio of the 


firſt A and third C, and ſubtriplicate to that of the firſt 


A and fourth D. 


If there be any number of magnitudes of the ſame 
| kind A, B, C, D, &c. the ratio of the firſt A to the laſt 
is ſaid to be compounded of the firſt A to the ſecond B, 
of the ſecond B to the third C, of the chird C to che 
fourth D, and ſo on to the laſt. 

10. Equal magnitudes, are in the ratio of equality, 
ineqyal magnitudes in the ratio of inequality ; the great- 
er to the leſs in the ratio of the greater inequality, and 
the leſs to the greater in the ratio of the leaſt inequality. 

Thus if 20A be compared to 10A, then the ratio of 
20A to 10A, is that of the greateſt inequality, and the 
ratio of 10A to 20A, that of the leaſt inequality. 

I1. Inverſe Ratio, is when the conſequent is taken 
as antecedent, and the antecedent as conſequent ; thus 
if A: B:: C: D, then B: A:: D: C, is inverſely. 

12. Alternate Ratio, is when the antetedem of one 
ratio is compared to the antecedent of another, and the 
conſequent to the conſequent; as if A: B:: C: D, then 
A: C:: B: D, is alternately. But this compariſon 


can only be made when the four magnitudes are of the 
ſame kind. 


8 of ABBREVIATION. 


A=B, fignifies, that A is equal to B. 

A+B, the ſum of A and B. 

A-, their difference. 

AxB or A B, a rectangle whoſe fides are denoted 
by A and B. 


A* or A A, the {quare whoſe ſide is denoted by A, 


N. B. 7. bough letters are uſed to expreſs magnitudes, the 
reader is not to imagine, that we intend to demonſtrate the 
doctrine of proportion by algebraic computations; As it is 
neceſſary to fix upon ſome ſymbol or other to repreſent magni- 
* in order to alſiſt the mind, in diſtinguiſhing one from _ 

ther 


dect. 4. 


ther, letters appear to be more eaſy than lines, as Euclid 
expreſſes them. But the reader may, if be pleaſes, mark 
lines over each letter. Sa | oo 
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$40 B0.L' LD TMR 
It is proper to obſerve, that there are three ſigns in 
the 5th definition of proportion, by which n 
lity is diſcovered, becauſe the compariſon of magnitudes 
may be diſtinguiſhed into three caſes z for they may be 
always commenſurable or incommenſurable, or may be 


ſometimes commenſurable, and at others incommenſura- 
ble, as in plain figures. 


— 


When magnitudes are commenſurable, if any equal 
parts of the antecedents are equal to their reſpective con- 
ſequents, that ſign only is ſufficient to prove the propor- 
tionality: Since, if any other equal parts of the antece- 
dents are taken, they muſt neceſſarily be both together 
greater or leſs than the conſequents. $54; 

And when magnitudes are incommenſurable, as the 
radius to the circumference, it is ſufficient to prove, 
that any equal parts of the antecedents, when compared 
with the reſpective conſequents, are both together always 
greater or leſs than the conſequents. For were it poſſi- 
ble, that any parts what ſoever of one antecedent could 
be equal to its conſequent, the ſame parts of the other 
antecedent would likewiſe be equal to its conſequent; 
ſince it is manifeſt, that they can neither be greater nor 
leſs, unleſs the others are alſo greater or leſs. 

But when magnitudes may either be commenſurable 
or incommenſurable, it is plain, that the three figns 
mult be proved. | | 1 

Hence it is evident, that our definition comprehends 
all poſſible caſes that can happen in the compariſon of 


all kinds of magnitudes whatſoever. 


P R T In n 
Grant that any magnitude may be, or conceived to be 
divided into any number of equal parts whatſoever. 
This is proved hereafter. | 
4 C4 


1. If 
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AXIOM Ss. 


1. If equal parts of magnitudes are equal, the mag- 
nitudes themſelves are equal ; and the contrary. 

2. If equal parts of magnitudes are unequal, the 
magnitudes are unequal ; and that whoſe parts are 
greater will be greater; and the contrary. 

3. Unequal magnitudes, compared with the ſame 
magnitude, have unequal ratios. 


4. The halves are in the ſame ratio as the wholes. 


TRA ORE M4 


52. Two magnitudes A, B, which bave the ſame ratio 
10 a third C, are equal. F A: C:: B: C, I/, A is 
equal to B. 

If poſſible let A be unequal to B; then becauſe 
unequal magnitudes cannot have the ſame ratio, 
when compared with the ſame magnitude, the ratio of 
A to C is not equal to the ratio of B to C, which is 
contrary to ſuppoſition ; ſince therefore A can neither 


be greater nor leſs than B, they muſt conſequently be 
equal, 


THEOREM HI. 


53. Two ratios which are equal to a third, are equal to 
each other. If A: B:: E: F, and C: D:: E: F; I ſay 
A: Hein. | 

By taking any equal parts 2A, E, C, of the antece- 
dents; then if zA=B, zE will be F, and CD, 
by defin. 5; if A is greater than B, E is greater 
than F, and C is allo greater than D; and if nA is 
leſs than B, zE is leſs than F, and C leſs than D. 
Therefore ſince the equal parts nA, C, of the antece 
dents, in A:B::C:D, when compared with the con- 
ſequents, are both together, leſs, equal to, or greater 


than their reſpective conſequents, theſe magnitudes are 
proportional by defin. 5, 


T HE- 
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54. Two magnitudes A, B, are in the ſame ratio as any 
of their equal parts. I ſay rA: B:: AB. | 
By taking any equal parts ar A, uA, of the antece- 
dents; then if xrA=rB, it is evident (ax. 1.) that 
„AgB; and if uA, is either greater or leſs than 1B: 
nA will alſo (ax. 2.) be greater or leſs than B. Con- 
ſequently theſe magnitudes are proportional, by defin, s. 


; KG O R. 1 
55. Hence, if A: B:: C: D; then becauſe A: 


„B:: A: B, and C: D:: C: D, e have nA: uB: : 


C: mD, by (art. 53.) equality. 


1. HE GRE M We 


56. When four magnitudes, A, B, C, D, are proportional ; 
I ſay, if the antecedents A, C, are equal, ibe conſequents 
B, D, are equal; or if the firſt antecedent A be either 
greater or leſs than the ſecond, its conſequent B will alſo 
be greater or leſs than the conſequent D. | 
Becauſe A: B:: C: D; if A=C, then will (art. 52.) 
B alſo be =D; and if A be greater than C, it is evident 
that B can neither be equal nor leſs than D; ſince if 
B=D, then A muſt be (art. 32.) equal to C; but A 
is ſuppoſed greater than C, therefore B cannot be equal 
to D, nor leſs; it muſt conſequently be greater: BY 
> 


- the ſame argument, if A is leſs than C, Bis alſo le 


than D. | 
THE OE EM 5 
57. If four magnitudes, A, B, C, D, are proportional. 
31 2 alternately be ſo. If A: B:: C: D; I/ A: 
1878 | 3 
By taking any equal parts aA, »B, of the antecedents; 
then becauſe (art. 55) A: AB:: C: D; and it has 


been (art. 56.) proved, that when the antecedents A, 
C, are equal, the conſequents 2B, D, are equal; or if 
the firſt antecedent A be either greater or je than the 
ſecond C, its conſequent aB will be alſo greater or oye 
than 
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than the conſequent D. Since therefore the four quan- 
tities A, C, B, D, are ſuch, that any equal parts 2A, 
nB, of the firſt and third, when compared with the 
ſecond and fourth, are leſs, equal to, or greater than 
the ſecond and fourth reſpectively, they are proportion- 
al by definition 5. * 2 * 

431 OK. 

38. Hence if A: B:: C: D, then alternately A: 
C:: B: D, and A: C:: A: C; or A: C:: B: D, 
by (art. 53.) equality; or alternately A: B: : CC: D. 
By the ſame argument, A: B:: C: D, and by equa- 
lity A: mB:: C: 1 | 


TH ES RE MO NE 
. * 69. If four magnitudes, A, B, C, D, are proportional, 
they will inverſely be ſo, If A: B:: C: D. I /ayB: 
A: Die. eee | 
Becauſe (art. 58.) A: B:: C: D; if we con- 
fider nA, C, as any equal parts of the antecedents, 
when'nuA =mB, then (def. 5.) C= mD; and when nA 
is greater or leſs than nB. C is alſo greater or leſs 
than D; and therefore when mB is greater, equal to, 
or leſs than A, D is likewiſe greater, equal to, or 
leſs than C. | 
| Now if we conſider mB, MD, as any equal parts of 
the antecedents in B: A:: D: C, or in B: A:: D: 
n C; then, becauſe it has been proved, that when B 
is greater, equal to, or leſs than » A, mm D was likewiſe 
greater, equal to, or leſs than C; it is evident that 
(def. 5.) theſe magnitudes are proportional. Conſequent- 


ly, if four magnitudes are proportional, they will in- 
verſely be ſo. ' 


„ Q-.E. MX 
60. F four magnitudes A, B, C, D, are proportional, 
the antecedent A will be to the antecedent C, as the ſum of 
the firſt antecedent and its conſequent is to the ſum of the 
ſecond antecedent and its conſequent : If A: B:: C: D, 
Tay A: C:: A+B: C+D. £ 
| or 


f 


true, it will be ſo by (art. 
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For if any equal parts z A, AB, of the ante- 
cedents are taken, eckuſt n A: AB: C: D, if 
iA=C, then » B=D, and ſo nA+nB=C+D; if 
1A is either greater or leſs than C, 1B will like 
wiſe be greater or leſs than D, and (art. 58.) therefore 
Au B, will likewiſe be greater or lels than C. 
But if four magnitudes are ſuch, that any Equal: parts 
of the firſt and third, when compared with the. ſecond 
and fourth, are greater, equal to, or leſs than the third 
and fourth bee, they are proportional #9, 5: ) 
conſequently A :A+B:C+D. 


T 11 pk O R E. M. VIII. 
61. If. any number of magnitudes, A, B, C, D, 15 F. 
are proportional, any antecedent is to its conſequent 45 the 


ſum of all the antecedents ts 10 the ſum of all the conſequents, 


FA: B:: C: D: E. F Al. A: B: A+C+E; 
BDF. 

Becauſe C: D; E. F, we have (art. 37. akernate- 
YC: E;: D: F, and (art. 60.) C: D: Ek.: DF 
but A: B: C: D, by ſuppoſition: Therefore A: B: 
CE: DAF, by (art. g 3.) equality ; and by addition 
(art. 60.) A: B:: A+C+E: BTD F. 

TH E OR EM GTX. i 

62. If four Magnitudes, A, B, C, D, are proportional, 
they will be ſo by ſubtraftion. I, A: B:: C: PD, I jay 
A: BA:: C: D—C. 

For if this proportion A: BA:: C: D—C be 
60.) addition: But 
A: B—A＋ A:: C: D-C+C,or A: B:: C: D. Con- 
ſequently, if four magnitudes are proportional, they 
will be ſo by ſubtraction. 


5 R. 

63. Since A: C:: B— A:: DC alternately, and 
(art. 60.) A:C::A+B:C+D, we have A+B: 
C+D:: B—A: D—C, by (art. 53.) equality, or alter- 
nately A+B:B—A :: C+D: D. 

It is to be obſerved, that B— A, D—C, are the dif- 
ferences between the antecedents and their reſpective 

| Con- 
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conſequents; and therefore, when the antecedents are 
greater than their conſequents, theſe differences are 
A—B, C—D ; for ſince magnitudes which are propor- 
tional are inverſely ſo, the demonſtration (art. 62.) 
is the ſame in both caſes. 

r HE O R.E M. KX. 

64. The ſum of proportionals which have the ſame 
ratio are proportional. If A: B:: C: D, and E: F:: G: , 
Jay, ATE: BF:: CTG: DH. p 

By raking any equal parts nA, nC, zF, 1G, of 
the antecedents, it is evident, that when » A=B, and 
»E=F, then » C=D, and » G=H, by ſuppoſiti- 
on; there will alſo be n AT] E= BTF, and 
CG = DH; and when theſe parts are greater or 
Jeſs than their reſpective conſequents, the ſums will al- 
ſo be greater or leſs than the ſums of their conſequents : 
therefore, the ſums of proportionals are proportional. 
The ſame thing holds true in reſpect to their differences. 


Fr 
DEFINITIONS. 


1. Right-lined figures are ſaid to be ſimilar, when 


all the angles in the one are equal to all the ages in 
the other, and the ſides between the equal angles are 
proportional, reſpectively. 


2. The ſides between the equal angles are ſaid to be 


Homologous. 


r 


65. Parallelograms A E, B F, or triangles, which 
bave the ſame or equal altitudes, are to each other, in the 
fame ratio as their baſes. I ſay AB: BC: : ADE B: 
BEFC. Plate III. Fig. 1. 

Take B K, equal to any parts » of AB, draw K L. 
parallel to C F; then becauſe parallelograms which have 
equal baſes and equal altitudes are (art. 39.) equal, = 

| paral- 


are 
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parallelogram B L, will be the ſame parts à of A E, as 


Sect. 4. 


the baſe B K is of the baſe A B. But it is evident, that 
if BK is equal to B C, the parallelogram B L is equal 
to the parallelogram B F; or if BK is leſs than B C, 
BL is alſo leſs then BF ; or it B K is greater than B C, 
BL is likewiſe greater than B F. Since then, the equal 
parts BK, BL, of the antecedents AB, ADE B. 
when compared with the conſequents BC, BE F C, 
are both leſs, equal to or greater than their reſpective 
conſequents ; parallelograms which have the ſame or 
equal altitudes, are in the ſame ratio as their baſes, by 
defin. 5. | | e 

And becauſe the triangles A EB, BEC, are each 
half the parallelograms BD, BF, and the halves are 
in the ſame (ax. 4.) ratio as the wholes: triangles which 


have the ſame or equal altitudes, are in the ſame ratio 
as their baſes. 


C O R. 


66. It is alſo manifeſt, that triangles B EC, BIC. 
or parallelograms, which have the ſame or equal baſes 


BC, are to each other in the ſame 1atio, as their alti- 
tudes BE, BL. 


THEOREM XI. 


67. If in a triangle ABC, there be drawn a line 
DE, parallel to one of the fides B C, it will divide the 
others proportionally. I ſay, AD: DB:: AE: EC, or 
AD: AB:: AE: AC. Fig 2. 

Draw the lines DC, E B; then becauſe the triangles 
ADE, DEB, having the ſame vertex E, or the ſame 
altitude, are as (art. 65.) their baſes; thatis, ADE: 
DEB::AD:DB: and the triangles ADE, EDC, 
having the ſame vertex D, or altitude, are alſo as their 
baſes; that is, A D E: ED C:: AE: EC. But. the 
triangles D EB, D E C, having the ſame baſe D E, and 
being between the ſame parallels D E, BC, (art. 39.) are 
equal: conſequently, AD: DB:: AE: EC, by equa- 
lity of (art. 53.) ratios. The triangles AED, AE B, hay- 


ing 


— — — — — 
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ing the ſame vertex E, or altitude, are as their baſes, 
viz. AED: AE B:: AD: AB; and the triangles 
ADE, ADC, having the ſame vertex D, or altitude, 
are likwiſe as their baſes, viz. ADE; Ab:: AE: 
AC; and fince the triangles AEB, ADC, are 


each equal to two equal ones, they themſelyes are 


(ax. 1.) equal, conſequently AD: AB:: AE: AC. 
re” ann, 

68. It is manifeſt, that if the ſides of a triangle are 
divided proportionally, the line joining the points of 
diviſion, will be parallel to the other ſide. For fince 
(art. 65.) AD: DB:: ADE: DEB: and AE: 
EC:: AD E: EDC: but AD: DB:: AE: EC, by 
ſuppoſition, therefore A D E: DEB: ADE: EDC, 
by equality of ratios: whence the triangle DEB is 
(art 53.) equal to the triangle E D C; and as theſe 
equal triangles have the ſame baſe D E, they muſt 
(art. 36. likewiſe have the ſame altitude: conſequently 
D E is (art. 36.) parallel to the ſide B C. 


TH E OR E M XIII. a 

69. Equiangular triangles A B C, G HL, are ſimilar; 
I/, AB:GH::AC:GL::BC:HL. 

In AB take AD equal to G H, and draw D E, pa- 
rallel to B C: then becauſe the angles A and G are 
equal as well as the angles B and H, by ſuppoſition, 
and the angle B is equal fo the angle D on the ſame 
ſide, by the definition of parallel lines, the angle D is 
equal to the angle H. The triangles AE, GHL, 


having the ſides AD, GH, equal, as well as the ad- 


Jacent angles by conſtruction, are then equal (art. 25.) 


in all reſpects. Whence, AB: AD or GH:: AC: 
A E. or GL, | | 


If BD had been taken equal to G H. inſtead of 


AD, and the line DE drawn parallel to AC; it might 


have been proved in the ſame manner as before, that 
AB: GH:: BC: HL. Conſequently equiangular 
triangles are ſimilar. 

T H E- 


\ 
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THEOREM NIV. 


70. F two triangles ABC, GH 4 * one angle 
A, G, equal each to each, and the adjacent fides proportio- 
nal, they are equiangular and fimilar, 

In A B take A D equal to G H, and in AC, take 
AE equal to G L, join DE; then the triangles ADE, 
GH * having the angles A and G, equal by condition, 
as well as the adjacent ſides by conſtruction, they 
are equal in all (art. 13.) reſpects. And ſince AD: AB:: 
AE: AC, by conſtruction; the triangle AD E, or its 
equal G H L, is equiangular and ſimilar to (art. 68.) the 
triangle A B C. 


THEOREM XV. 


71. Two triangles ABC, GHL, having their fides 
3 proportional are ſimilar. 

Suppoſe G H: AB:: GL: AC:: HL: BC; In 
AB, take A D equal to G H, and in A C, AE, eq 
to GL, join DE: then becauſe GH: AB: 8 
AC, by ſuppoſition, and AD: AB:: AE: AC, by 


conſtruction; the line DE is (art. 68. parallel to B C. But | 


(art. 69.) AD: ABT: DE: B C, andGH: AB:: HL: 
BC, by ſuppoſition, and ſince & H is equal to A D by 
conſtruction, we have HL: BC: : DE: BC, by e- 
quality of ratios; whence HL is equal (art. 4g.) to DE: 
the triangles G HL, A D E, having all their ſides 
equal, are( art. 28. ) equal in all reſpects, e 2 EEK 
G HL is ſimilar to ABC. 


THEOREM XVI. 


72. If two triangles G HL, ABC, have one angle 
G, A, equal, and the fides adjacent to one of the other 
angles proportional, and the remaining angle of each, known 
to be either acute, right, or obtuſe, they will be ſimilar. 

Let GH:HL:: AB: BC: If in AB; the part 
AD, be taken equal to G H, and DE be drawn by 

ralle 
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6H L, is ſimilar (art. 67.) to the triangle A B C. 


perpendicular BC, to AB, equal to the ſecond; 


4. ls ii GC bo ns ED CG A ret 2 — 2 — — a 


rallel to BC, we have (art. 69.) AB: BC:: AD: DE 
as G H to HL, by ſuppoſition; and as A D has been ta- 
ken equal to G H, we have D E alſo equal to HL, 
beſides the angles L and C are ſuppoſed to be both 
acute, right or obtuſe. The triangle ADE or its equal 


T H E OR E M XVII. 


73. If four lines are proportional, the reflangle mad: 
by the firſt, and the laſt will be equal to the refangle made 
by the means, Fi Up TART? 7 


Take the fide A B equal to the firſt line; and the 


compleat the rectangle BD; draw the diagonal AC; 
in AB take AE equal to the third, draw E G pa- 
rallel to B C, and thro' its interſection I with the dia- 
gonal H F parallel to A B. Then becauſe (art. 67.) AB: 
BC::AE:EI; the fourth EI will (art. 52.) be 
equal to the fourth line, Now becauſe the comple- 
ments BI, I D, of a parallelogram, (art. 38.) are equal, 


by adding E H to both; the rectangle B H made by 


the firſt and laſt, will be equal to he rectangle ED 
of the means. 8 


C O. Re 


74. Hence, if three lines are in a continued 
proportion, the ſquare of the mean will be equal to 
the rectangle made by the extremes. For if in the 
laſt conſtruction, A E be taken equal to B C, ED 


will be the ſquare of the mean, and ſtill equal to the 
rectangle B H of the extremes. | 


16 @-iR; 


75. It is manifeſt, if four lines are ſuch, that 
the rectangle B H of the firſt and laſt is equal to 
the rectangle E D of the means; theſe lines are pro- 
portional; ſince AB: B C:: AE: EI; and that if 
three lines are ſuch, as the ſquare of the mean is equal 
ä to 


"= 
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tangle made by the extremes z/ theſe” lines arc 

propertion. fot 9h vs : 

as COR. £77 hes 

3s. 854 at that has been proved of e 


in general, in the Hrſt part of this Ewe, follows in 
regard to liges, 


Directiy A: B:: C: D. 
a Inverſely : 'B:A::D:C, k 
ade Alternately A: C: B: D. . 
ade nA; nB::C:D. © 


By multiplications A 3h "dh 
the By addition A:A+ B:: :C:C+D. 
d; By ſubtraction A: A—B: C5. 
Cy equlity of ratio's AB: AB:: C+D:C—D. 
pa- For the four firſt changes are evident from that the 
na- rectangle of the means is (art. 73) equal to the rect- 
B: angle of the extremes z the fifth and ſixth from art. 103 
be — the laſt from art. 68. 


wn - THEOREM XVII. 
by 97. If a line BD biſefls any angie B made by the fides 
> D triangle, produced if neceſſary, it will divide the op- 
poſite fide AC into parts proportionally to the other ſides ; 
75 AD: DC:: AB: BC. Fig. 4, 5 
In the fide AB produced if neceſſary, take BE equal 
ued to the fide BC, join EC; then the angles BRC, BCE, 
to I being equal, (art. 16) and each half the external angle 
the W CBA or CBF (art. 11) the angle BEC, will be equal 
ED I to the angle DBA or DBF. Hence EC is parallel to 
the BD, by def. of parallel hoe, and AD: DC: AB :BE 
or BC, by art. 67. 
THE 0 R E M XIX. 


78. F two triangles ABC, DEF, have one angle A 
in the one equal to end angle D in the other, they ure to 
each other as the reungies mads 7 ibe fi des about age 
equal angles. Fig. 6, 7. 

Let Al, DL, be perpendicular to the baſes AC, DF, | 
and equal to the ſides AB, DE; compleat the reetan- 

D 8 es 


* = 
SSI aw 4 * 


% U 
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angles AK, DM and join the diagonals IC, LF: then 
if BG, EH, are perpendicular to , DE, the trian- 
les ABC, AIC, having the ſame baſe AC, are az 
their altitudes BG, AI (art. 66) and the triangles DEF, 
DLF, having the ſame. baſe” DF, are likewiſe as their 
altitudes EH, DL. Hence ABC: AIC: : BG: AI= 
AB by conſt. and DEF: DLF: EH: DE=DE. But 
the right angled triangles AGB, DHE, having the 
angles A, D, equal by ſuppoſition, are equiangular 
(art. 13) and BG: AB:: EH: DE, (art. 69) therefore 
ABC: Al C:: DEF: DLF, by equality of ratio'si(a#. 
53) or alternately (art. 57) ABC:; DEF 75 AC: DLF, 

+ ABR: DI FEST TE CNS 


VFC yy 
509. Fig. 10. Since parallelograms AC, EG, are 
double the triangles ABD, EFH, of the ſame baſe 

and altitude, and the wholes are in the ſame ratio 2 * - 
their halves (ax. 4); equiangular parallelograms are til 
each other as the rectangles made of their ſides about WW 8: 


— F 


the equal angles. 
Hm e,, os hs > I "i tio: 
| . = \ 4 th b 
. $0. Hence, parallelograms or triangles, which have 
one angle A, in the one equal to one angle E in the 
other, and the ſides about theſe equal angles recipro- 
cally proportional, viz. AD: EH: : EF: AB, are equal: 
for they are as the rectangles made by the extreme: 
Ab, AB, and the means EH, EF, which being equal 
(art. 73) the parallelograms or triangles will be ſoto. 
- 0::0 Rs. 1h 
81. On the contrary, two equal triangles or parallelo- 
grams, which have one angle in the one, equal to one 
angle in the other, the ſides about theſe equal angles, 
are reciprocally proportional. 
0M 994 1 HE 0- 
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* 
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„MA ff oyhj id 2 en SHE 
other in a duplicate ratio zo that of their hamalogous ſides. 
N eee HG HD slang as 
If the angle A be equal to the angle D, and At: 
DF: : AB: DE: in AC, take AG a third continue 
proportional to AC and DF, and draw BG: then be- 
cauſe (AC: DF ::) DF: AG:: AB: DE the trianglies 
ABG, DEF, which: have the ſides about the equal an- 
gles A, D, reciprocally proportional, are equal (60); 
and the triangles ABC, ABG, Raving the fame alti- 
tude, are as their baſes (art. 65) the triangle ABO, is 
therefore to the ttiangle ABG, or its equal DEE, as 
; AC to:AG that is, in a duplicate ratio to that of their 
ate homologous ſides AC, DF, by def. 8 of proportion. 
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ACKG, and as AB: KF: AE; Ki, By 


to that of their homol 


IC 
Yo | 
= 


Nock 1, 
ferences CAE, GKI, to 3 ones BAE, EK I, 
. 2. 22 A 4 / 11 2 

The ſimilar trian les ABC, KFG. give AB: F:; 


et AC: KG. AE: Kl, by equality of rati6s ; and 
pore: e angles CAE, GKI, between theſe proportiona 
ſides are equal, the tria 165 CAE, GKl, are ſimilar 
(art. 70); the triangles CED, GIH, having alſo the 
Gdes about the equal angles D, H, proportional by ſup. 
Feten, are likewiſe ſimilar; Now as the ſimilar i. 
ABC, KFG, are in à duplicate ratio (arr. 82) 
dus ſides AB, KF, or of AE, 
KI, as well as the fimilar triangles ACE, KGI; and 
the ſimilar triangles EDC, IHG, in the duplicate ratio 
of ED, IH, or of AE, KI. The whole figure ABCDE 
is conſequently to che whole figure FGHIK, in the du- 
plicate ratio of their homologous ſides AE, KI, by 
art. 54. 
Whatever the number of the fides may be, the fi- 
gures may always be divided into as many ſimilar tri. 
les wanting two, and the wholes being in the ſame 
ratio as their like parts (art. 54) ; all ſimilar rectilineal 
figures whatſoever are in a duplicate ratio to that of 
their homologous Nes. 


COR. I. 

85. Hence, all ſimilar deſcribed 1 with propor- 

tional lines are fimilar, and therefore in a duplicate ra- 

tio to that of their homologous bes. 
COR: II. 


86. All figures, which are in a 4upticate ratio totha 
sf their homologous ſides, ate ſimilar. 


The following proportions are oſten uſed in matte C09 
— but may be paſſed over till they are wanted. 
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87. Refangles made of proporiional lines are propar- 
7225 Fo: 1 robe d, ande:f::g:b: T ſay, de: Hi: 5; 
£85 ab pes 


Becauſe 


A 


; p & 2 | + 

KI, Becauſe a: :: c: d, we r nh ih . 
aud ae: ce: (art. 65); or ae: 77 2 ad 
F:; becauſe Y. WH „we bave alternately e: g: :: B, or 


ion, N c: :: df: db, by the ſame article, or ce: d: & ab; 
and and therefore 4: bf : g: db, by equality of ratio. 


88. Hence, it four lines a. b, 6. d, are propertional, 


the fquares wade of theſe lines will be proportigal, 
For if in the laſt article; the lines 255 £1 5. are ſup- 
paſed equal to the liges 2, 5, c, d, reſpeCtively, we get 


as: V:: cc: . N A , 4 \'t Þ 

4 W3 1 . 20 — ö . 8 6% . $4 1 
. co RK n. F 
, 1 KT. Fs T * * 


89. If ſix lines 4, 6, c, 4, e, fn ate proportionat, 


two by two; the ſquare of any antecedent 4 is to the 


ſquare.of its conſequent +, as the reckangle matle of 
the remaining antecedents is to the rectaagle made of 


the remaining conſequents. For ſince : U:: c: d, and 
4: U : by ſuppoſition, we have aa: i cen, 
1 [5010 


CQ R. III. 
90. If four rectangles or ſquares are proportional 20 
well as one of their ſides, the others. will be propor- 


tional: for if ae: F:: cg: db, anda:b::c:g; then 


COR. 


. 


} 


Por- Mlle: F:: g 5B: if not, let e: f:: g: *; then will ae: 
ra- bf: : : de (art. 97) and ae: bf: :: db, by fuppoſi. 

| tion; hence dr equal to dþ (52) or Kb. 
that | .., TREORE M XXIII. : 
858 91. If there.be two ranks a, &; e, and d, e, f. of three 
the- rontinued proportrenals, and the duplicate” ratio of the iu 
d. In in the one be equal to the duplicate ratio of the we 

frft in the other, their fingle ratios will be equal. 

per- For =a:b:c, and d: e: f, by ſuppoſition, and 
bf aa: J:: a: c, as likewife dd: ee:: d: , (art. 84) and 

ö lince a: c::d:f, by ſuppoſition, we get aa: bb:: dd: ee, 
3 by equality of ratios, and 4: 5%; : d: e, by art. 90. 


* — 
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iN: $4.3.» eier "c-KS: eee 
92. Hence, if the ſingle ratio of the firſt and ſecond 

term, of two ranks of three continued pr N 


are equal, their duplicate ratios will N chat is, 
if in Z a: h ꝛc, , e! 2% chen wil 


arc: :d:/. 
THEOREM XXIV. 


93. If there be to ranks, a, b, c, d, and 6 b, c, h 
of faur proportionals, two by to; in which the means in 
the one, are equal to the means in the other, or their ex. 
. "$remes ; the unequal ones will be reciprocally proportional. 
For when four lines are proportional, the rectangle 
of the means, is equal to the rectangle of the extremes 
(art. 73) and the rectangle of the means, or extremes, 
being the ſame in both, the other rectangles of the une- 
qual terms, will be equal, viz. ad 80. and therefore 
ae: :: d, by art. 7. 
C OR. 


94. Hence, if in two ranks of three continued pro- 
portionals . #, c, and d, ö, F; the mean in the one be 

equal to the mean in the other, the extremes in the one, 
will be reciprocally proportional to the extremes in the 


other via. a: diz etc. 


THEOREM. RXV. 


G. If there be any number of four proportionals, in 


wh; 45 the antecedent of the firſt ratio, be always equal to tbe 
conſequent of the firſt ratio in the preceding rank of pro- 
portionals ; the firſt antecedent, will be to the laſt conſe- 
quent, in the compound ratio ef all the remaining antecedents, 
10 all the remaining conſequents. 

For if a: b:: r: d, b: f: : g: b; and f: k: :I: then 
the firſt and ſecond give 4: f:: cg: db; this, and the 
third a: K:: : dba, by art. 87. The ſame thing will 
be true, if there are ever ſo many ranks of four pro- 
portionals. This explains the gth definition of com- 
pound ratio. 


N. B. Dele the two firſt lines d in the next page. 
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are in the duplicate Pin; to that of their homo- 
— ſides. | K ht 1462.3 28310 
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DEFINITIONS. ES \ 

1 44) 1 
Circle is a plane figure bound by one continu- 

ed cutve line called Circumference; peing e- 
very where equally diſtant from a | O within called 
the Center. Plate IV. Fig. 1 

2. A line OA, drawn Fam the. ceater to the. cr- 
cumference is called a Radius. 
3. Any line as AB, terminated, by the circymfer- 
ence is called a Chord. 

.. 4. A chord divides the A into two OUS A EB, 
ACD B, call Segments. 

5. The chord C D which paſſes through the. center, 
1s called Diameter. 

6. Any part A E B, of the circumference. is called 
an Arc. 

Any part A 0 B E, of the Grcle, e by 
two radii and an arc, is called a Sector. 
. A line which only touches a circle in one point, 
and being prod both ways, falls without. the cir- 
cle, is called a Tangent. 

8. The Meaſure of an angle. is (the arc, gebende 
from the angular point as center, with e rad l AD 


e by the lines which form the EF 
1 E — by R. Ran 


96. It follows from the definition of the circle, that 
all the radii of the ſame circle are equal, as Jikewiſe 
all the diameters (ax. 6.) which are each double the 


radius. | 
I Mer, PET 


I. 


% 


ELEMENTS of. 
T Pj B330;-14 TT $-Q-N. 
Grant that from a given point in a plane, with a 
ven radius, or opening of the compals, the circum. 
rence of a circle may be deſcribed. <6 

T H T OR E M I. 
97. In the ſame circle, equal chords AB, CD, ſub. 
v5 equal arc ; and "the chords of equal arcs are equal, 
Ig. 2. 
| 55% Let the ſegment. CE D be 


Book 1. 


f 


placed on the 


ſegment A F B, ſo as the chord CD agrees with its 


equal A B. then the arc CE D will agree with the 


arc AFB; for if the equal chords BF and DE are 


drawn, as well as the radi OB, OE, OD, O F, to 
their extremities, the triangles OB F, OD E, having 
all their ſides equal, are equal in (art. 28.) all reſpects. 
Therefore the point E will agree with the point F; and 
as this will happen with regard to any points equally 


_ diſtant from the points B and D, it follows, that the 


are CED agrees every where with the arc AF}. 
Hence equal chords ſubtend equal arcs. | 

© Secondly, Since every part of the arc CE D, agrees 
with its equal AF B, when the point C agrees with 
the point-A, the point D will agree with the point B; 


the chord CD will agree with AB; and the chords of 


equal arcs are equal. 

| CME 

98. Hence, the radii drawn to the extremites of 
equal arcs, in the ſame circle, include equal angles, 
For if the arcs AFB, and CE D, are equal, the 
chords AB, CD, are (art. 97.) equal alſo; and the 
triangles A OB, C OD, having all their ſides reſpec- 
tively equal, (art. 28.) are equal in all reſpects; and 
the angles AO B,. COP oppoſite to the equal 
chords, are equal. 


155 „ 

25 Hence alſo, the radii which include equal angles 
in the ſame circle, terminate equal arcs. For if the 
angles A OB, and CQP, are equal; the 205. 

ä 7 


theſe angles, viz. AB: B C:: AO B: BOC Fig. 4 


MATHEMATICS: 41 


Sect. 5. 
AO B,. COD, having the ſides which include theſe 
equal angles (art, 96.) equal, are equal in (art. 15.) 


all reſpects. - Therefore the chords A B. C D, oppo- 
ſite to the equal angles, are equal, as well as the (rt. 


95.) arcs AFB, CED. which they SER | 


100. Fig. 3. Laſtly, If t two diameters A B. c D, 
are at right angles to each other, they will divide the 
circumference as well as the circle into four equal parts, 
called Quadrants. For the arcs and the 25 oak 
being equal, the ſectors will be fo too. 


T7 EO REM Ns; + Ee 
101. The angles at the center in the ſame circle are pro- 
portional to the arcs terminated by the radii, which include 


Let the arc BL be any parts, of the arc AB; * 
the radius OL; then becauſe equal arcs ſubtend equal 
(art. 99. ) angles, the angle BO L. will be the ſame 
parts of the angle AOB, . arc B L. is of AB. 

Now if the arc B L, is le ſs than the are B C, it is 

lain that the angle BOL is alſo leſs than the angle 

OC; if the arc BL is equal to the are B C, the an- 
ole BOL is equal to the angle BOC; and if the 
arc B L is greater than the arc BC, the angle BOL is 
greater than the angle BOC. 

Since then, the equal parts BL, BOL of the an- 
tecedents A B, A O B, when compared with the conſe- 
quents BC, B OC, are, both together leſs, equal to, 
or greater than the conſequents, the angles are propor- 
tional to the arcs which ſubtend them, by, defin. 51 of 


proportion, 
F COR I. 


102, The ſectors AO B, BOC, are "266 In the ſame 
proportion to each other as thearcs A Band B C, which 
terminate them; for it is eaſy to perceive t 118 equal arcs 
terminate equal ſectors; and therefore, by the ſame 
argument as above, they #6 Wer by hs ſaid 


arcs, 
V. B 
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NM B. Mathematicians ſuppoſe the circumference 
divided into 360 equal parts called „each de- 
gree into 6 equal parts called Minutes, and each mi- 
nute into 60 Seconds. Theſe diviſions are commonly 
marked on a braſs ſemi - circle, or on a fectangular piece 


of Ivory called Protractor, by which are mea - 


ſured or laid down on paper. 
$4 Viw yorlg repo fe: 


O 103 „Hence, the 3 or . the. meaſure 
of _ right angles is 180 degrees; the quadrant or 
meaſure of a right angle go z and laſtly, each angle of 
an equilateral triangle 60; as being the third part of 
two right angles. 


THEOREM III. 


104; 47 a diameter K L biſetts any chord AB, it will 
cut it at right angles ; and if a diometer is at right angles 
to 4. chord, it will bifet it. Fig. 5. 

Firſt, Let H be the interſection; ae the radii OA, 
OB, then the triangles O A H, OB H, having the 
fides O A, O B equal (art. 96.) by the nature of the 
circle, O H common to both, ind i A equal to H B, by 
ſuppoſition are (art. 28. ) equal i in all reſpects; therefore 
the angles OH A, OHB, oppoſite to the equal ſides 
O A, OB, are equal, and fo are (def. 10.) right angles. 
| Secondly, If the angles OHA, OHB, are ſuppoſed 


to be right angles; then the right angled "triangles 


OHA, OHB, "having the hypothenuſes O A, OB, 
equal by the property of the ce (art. 96. ) * the 
fide O H common to both, are equal (art. 21.) in all 
reſpects; and the ſides AH, HB, open ro the equal 
angles at O. are equal. 


2 br: C 0 R. * 


3. ＋ he hne K L. which biſects any hdd AB at 
ee iſles, paſſes through the center O of the circle ; 


or if a line is drawn from the center perpendicult to 
E 0 R. 


[ 


any chord, it will biſect that chord. 


Sect. 8. r N 1 


AE O R. II. D 
3065 If a line drawn through the center Nee 
lar to a chord be produced to the circumference, 1 
will biſe& the arc terminated by that chord; For the 
angles A O I. and BO L being equal, the arcs A L., 
and B L, as likewiſe their differences AK, BL, toa 

ſemi-circle,” are (art. 99.) equal. 
GOO 2 1 

107. The arcs AC, BD, terminated by two pa- 
rallel chords AB, C D, are equal. For the diameter 
K L, which bitects one of theſe chords A B, bi- 
ſects (art. 7.) the other C D, Which is parallel Tt, as 
well as the-arcs terminated (ard. 106.) by rheſe chords ; 
therefore the arcs A C, BD, which are 'the moans 
"IO arcs (ax. 2.) are equal“ f | 

| T HE OR E M IV. 


10g. The chords A B, CD, tqually Hint RA the 


center O, are equal; and: if the chord are equal their 
diftances will' be ſo. Fig. 6. 


Draw the radii, O A” OC, aud the pe erpendiculars 
OH OL, to the chords: then becauſe OL, O I. 
2 8 by ſuppoſition, and the hypotheniifes O A. 


by the property of the ci the triangles 
ona, OLC, are equal in (art. 21: ) all reſpedts ; 3 
therefore the ſides AH, CL, or their (art. 104.) dou- 
bles AB, CD, are equal. a 
If the chords AB, CD, are equal, their halves 
AH, CL are (ax. 6.) and the triangles OHA, 
OLC, right angled at 215 having the ſides L C, 
HA, and O A, OC, equal, are (art. 2 1.) equal in all 
reſpects: and the files? OH, 'OL, h to che 
equal angles O A H, O CL, are-equal. | 
T $0 © 'M: WRT 3 | 
109. The angle at the center COD. is Jouble the angle 


CAD a the circumference, which inſiſts on the ne arc 
den e Verenre, ts 0 . 


Draw the diameter AB 404 the radu 0 Ce 
chen, n O A, OC, are equal, the triangle 0 50 


| 
| 
| 
| 
| 
| 
| 
| 


ſured by bal (art. 149. ) the ſame,arc A E B. 
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1s iſoſceles, and the external angle C is (art. 11,) 
double the internal oppoſite one B C; and ſince OA, 
OD, are equal, the triangle OA is iſoſceles; and 
the exrernal angle BO D double the internal oppoſite 
one BAD. The external angle C OD, or the angle 
at the center, is therefore double (ax, 2.) CAD the 


internal oppoſite one, or the angle at the circumference, 


which inſiſts on the ſame are. 
„„ 

110. Since the angle at the center is meaſured (art. 101.) 

by the arc C BD, its half, C AD, vill be meaſured 

by half that arc. Any angle at the circumference is 

chen meaſured by half the arc on which it inſiſts. 


OR. II. 


111. If 5 chard A C produced be ſuppoſed to turn 
in the plane of the circle, about the point A as center, 
till the interſection C coincides with the point A; it is 
evident, that this line will coincide with che tangent 
E F at A, fince it touches the circle but in one point: 
and as the angle BAC is always meaſured: by half the 
arc BC, ſo will the a ngle BA E be meaſured by half 
the circumference BC 5 5 The tangent makes, there- 
fore, a right angle with the diameter: drawn thro* the 
point of contact A. | 

C,0O RC (0. 

112. As the angle BAC is meaſured' by half the 
are BC, and the angle B AE by half the arc B CA, 
the difference C A E between theſe angles will be mea- 
ſured by half the difference C A, of theſe arcs. Hence, 
any angle CAE, made by a chord and a tangent, is 
meaſured by half the arc terminated by that chord, and 
ſo is equal to any angle. at the nn which in- 
ſiſts on the ſame arc. 


CO R. IV. 


* 


113. Fig. 8. The angles ACR, ADB, which are 


contained in the ſame ſegment, or, which is the ſame, 
inſiſt on the ſame arc, A E B, are equal; as being mea- 


COR 


an 


WO FEET PEST 45 
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114. Each of ®: angles A CB, ADB; is leſs 
equal to, or greater than a right angle, according as 
the ſegment in which they are contained is greater, 
equal to, or leſs than a ſemicircle; ſince half the arc 
AEB, which is their meaſure, will ws leſs, 1 to, 
or greater than a quadrant. 


T M E OR E M. IV. 

115. The angle contained between two lines drawn from 
any point E, to the circumference, is meaſured by balf tht 
ſum or difference of the two arcs terminated by theſe lines, 
according as this point is within or without the cirele. 
Fig. 9, 10. 

a A. Bade, D, be the interſections of theſe "or 
and the Sum ende, draw the chord A L parallel to 
CD, then the angle BE D is (def. 12.) equal to the 
angle BA L, and the arc AC (art. 107.) equal to the 
arc LD. Now as the angle BAL at the circumfe- 
rence is meaſured by (art. 110.) half the are LB, on 
which it ſtands, and the arc L B being the ſum of the 
arcs BD, and AC, when the point E is within the 
circle, or their difference, when that point 1s without : 

it follows that the angle B E D is meaſured by half the 
ſum, or half the difference of 'the arcs BD, AC, ac- 
cording as the point E is within or without the circle. 


T-H E O'RMEM VII. 
116. If two lines AB, CD, interſef each other, ei- 


Set. wi, 


tber within or without the circle, their parts, terminated 


by the circumference, and the inter ſeftion, will be reaipro- 
cally proportional. 

Let the lines BC, AD be drawn, then the triangles 
EAD. ECR. having the angles at B and D equal, 
as inſiſting on the ſame are ( ark. 1 13.) AC, and the 


angle at E common to both, are ef 69. ) fimilar” ; 
Therefore AE : CE:ED EB: 
© OI" 


117. If one of theſe lines paſſes through: the center, 
and wu other is beenden to it, as in Fig, 3 the 
diameter 


46 ELEMENT S T Book 1 
diameter K L, to AB; then KHAH: HB: HL, 
or becauſe A H; is equal to H y perpendicular 


to a diameter is a mean proportional, between the parts 
of mat en terminated by the nnen 


182 1 II. 


118. Fig. 11. If one of theſe lines becomes a tan- 
gent as E A, the triangles EAD, ECA, will {till be 
ſimilar; ſince the angles CAE, (DA, are both mea- 
ſured (art. 112.) by half the arc AC, and the angle E 
common to both; — EC: EA:: EA: ED. 


© ES "ur 
119. If from the ſame point E, there be drawn ano- 
ther tangent EB, to the circle, then will EC, E B:: 
E B: E D; or EB= SEA; which ſhews, that if from 
the ſame point without the circle there be drawn two 


© tangents, the parts between the points of contact, and 
their interſection, will be equll. | 


T H E OR E M VIII. 


120. The greateſt chord that can be drawn in a circle | 


is that which paſſes through the center, and the of that 
zs fartheſt diſtant from it. Fig. 12, 12. 

From the center O draw the radii OC, O D, to the 
extremities of any chord CD, not paſling through the 
center; draw likewiſe the diameter AB; then becauſe 
the ſum of the ſides O C, OD, of the triangle OCD 
is equal to the diameter AB, by the .nature (art. 96.) 
of the circle, and always greater than the (art. 23.) 
third ſide CD, it follows that the diameter is the great- 
eſt chord that can be drawn in a circle. 

Now as the line CD recedes from the center O, the 
angle CO D becomes leſs; therefore the (art. 24.) lea. 
chord is that which is fartheſt diſtant from the center. 


T H K Rn E. IX. 


121. F from any point E, either with or W 
the hits there be drawn lines lo the circumſ tian, #* N 


seg. 3. MATAEMATICS 4. 


EB which paſſes through the center will be the greateſt of 


dll, and the part Wd, of that line on the. other fide of 
S the center, the leaſt of all. 


Becauſe the ſum of the * D 0 and O E is equal 


to EB, and always greater than the (art. 23.) other 
Gde E D : it follows, that the line E B, drawn from any 


point E, Which Paſſes through the center, and i Is n 
nated by the circle, is the greateſt of all. 

Since O C is equal to O A, the line AE i is equal 
to the difference between the ſides E O and OC, and 
always leſs than the third (art. 23.) fide EC. Conſe- 
— the line drawn from any point E, which paſſes 
through the center when produced, and is n 
by the circumference is the leaſt of all. 


wxRATE MK. 
122. There can but two equal lines be drawn from any 


| point E, beſides the center to the circumference. 


Let the arcs BD, BF, be equal, 1 FG, DC, 
through the point E, and jo in B then becauſe 
the arcs BD, BF, as well as DA, Fat are equal by 
ſuppoſition, the chords B D, BF, are (art. 97.) equal; 
and as the fide EB is common to the triangles. EBD, 
EBF, and the angles at B are (art. 113.) equal, they 
are equal in all (art. 1 5.) reſpects. Therefore the ſides 


ED, E F, oppoſite to the equal angles at B, are equal. 
But as there can be taken but two atcs 'BD, B F, 


from the point B, which are equal, fo can there nei- 
ther be made but two triangles, which have the com- 
mon ſide E B, that are equal in all W 
KC: O R. I. | | 
123. If more chan two lines can be drawn tom any 
point to the circumference of a circle WH are equal, 
that point will be the center. 
C0 II, 

124. Two circles can cut each other but in two 
points, becauſe the radii in the ſame circle are equal .; 
the circle deſcribed from the center E can cut the circle 
BDAF but in two points; ſince there can be dran 


but 


— — ͥ — — — — —— ͤ ä6—ẽ—Vö — — —— — 
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but two lines from that point i circutiference, 
which are equal. LEY | 


c O R. III. 


125. It is manifeſt, that two circles will cut each 
other when the diſtance between their centers is leſs than 


the ſum, and greater than the difference of their ra- 
dii; for there may Ei be deſcribed two circles 


from the centers E and O, with the radu ED, 


O'D, which ſhall interſect each other 0 art. 2 3 Lk in the 
point D. 


1 


get do H E O R E M. Xl. | 

126. If from the point M, "where a tangent Fbohes the 
circle, a perpendicular be drawn to any diameter BA, 'the 
radius will be a mean proportional between the parts of 
that diameter, terminated by the center, that line, and the 
tangent, viz. - OP: OA: OT. Fig. 14. 


Let the radius O M be drawn; then, becauſe the 
angle OMT, made by the radius and the tangent, is 
(art. 111.) a right one, and the angle. O common to 
both, the right angled triangles OP M, OMT, are 


(art. 13.) equiangular. Therefore (art. 69.) OP: 
OM :: OM: OT, or = OP: OA: OT. 


THEOREM XII. 


127. F in a diameter produced there N taken 7200 
points p, T, ſuch as the radius be a mean proportional, 
between the diftances OP, OT, of theſe points from 1ht 
center; the lines drawn from them 70 any point M in the 
circumference, will be always in a conſtant ratio, Viz. 
AP: AT:: FM: M. Fig. 15. 

In the radius O M,. take OQ = OP, and join AQ; 
then the triangles OA, O P M, having ts angle O 
common to both, and the adjacent ſides equal, are 
(art. 15.) equal in all reſpects; that is, AQ=PM; 
and becauſe OPor OQ: OA:: OM: OT, by ſup- 
poſition, the line A Q will be (art. 68.) parallel to 


T. M, and therefore (art. 67.) (O OA: :) QM or 
AP: Ai::AQ o PM: TM Y 


THE. 
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H OREM I. 
125. 1 4 a diameter WF 
Saints, To Ho 5 be @ mean propor. 


hong! r- 
auen the di es of theſe paints from the canter s and of 
fram ane of them; a line DT be dragon -at right ang ies 20 
the diameter ; ; the line MN, Joining che points 3 
of two tangents drawn from any point D in that line, will 
always paſs through the other goint P. Fig. 16, 17. 

From the point D _ a-line to the center 0 8 
ſecting the line MN in Q; then, becauſe (art. 11 

| D Ml is equal to DN, and OM to ON, the trian 4 4 

the OMD, GN D, having the ſide ide O D cammanyy both, 
'the are (art. 28) equal in l reſpet᷑t | 
s of Hence, the angles'M'O'Q, NO Q are equal; and 
| the Ange OM, ON, are equal, the line on 96 
I diſects MN at tight angles. n m9 | 
"the Now the right angled triangles or D, O QP; hay 
7 e to both, are (rt. 13, 6 
% | ſimilar; whence OQ:O0 P: OT: OD; but < 


EA SAD; ants 5 ON? 5 
1 ſappolrion, th the line MN paſſes through the io 
'T H E 0 R E M XIV. i 
on 129. V two circles inter ſelt each other in tt 185 


the line O C joining the centers, will biſet the en 
chord A Bat rigbt angles. Fig. 18. vs 
r the Draw the radii C A, CB, and. OA, 8 Sa the 
triangles O AC, O BC, having all their ſules equal, 

are (art. 28) e qual i in all reſpects; hence the angles 
. ACO, BCO, are equal; and ſinoe the ſides C A, 
CB, are equal, the line CO Ane (NINA 'the 
(are chord AB: at right angles. 5 1 


Theſe are all the moſt a nn contain in 
1 10 the firſt, third, fourth, fifth, and. ſixth books of Eu- 
or ches elements, whith are [uſeful in dhe dient 
1E branches ofche mathematics as far a * 

7 the 


5d ELEMENTS of Book 1 
the reſt are only of uſe to dener ſome others 
by, for which reaſon” we have omitted them. 

As the problems are properly the en, of the 
theorems to geometrical figures, we thought it more 
convenient to treat them ſeparately ' "hit the reader 


may peruſe as many of them as he inn Proper, and 
leave th the reſt till he wants them. | 


* > 


1 4 | 
! C3 4 


8 E C T. VI, 
of CEOMETRICAL. PROBLEMS 


PROBLEM I. 


130.6 PHROUGH a given point C, 10 draw a lin 
b parallel to a given line A B. Pl. V. Fig. 1, 


View! the given point C deſcribe an arc E G, ſo as to 
cut the given line in E; in AB take E F equal to C E, 
and from the point F, as center, deſcribe another arc 


through the point E, meeting the former in G; then 
the line CG will be parallel to A B. 


For, if the lines CE, CF, and F G are Wann the 

triangles CEF, C GF. having CE common to both, 

and the other fides equal by conſtruction, are equal in 

all (art. 28) reſpects. Hence, the alternate angles 

CFE, F CG, oppoſite to the equal fides C E, FG, 

are equal, Conſequently, CD is (art. 6) parallel to A * 
At PR. OB. . 


131. From a given point C, either witbih or with 


out @ given line AB, to draw a en to cy 
line. Fig. 2. i'r 


From the given Point 8. as center, deſcribe an ate 
ſo as to meet the line AB in two points E, F; and 


from theſe points, as centers, with the ſame radius 
greater than half of E F, deſcribe two arcs ſo as to 


ri in D; then the line CD will be perpencicutar to 


For if FD, ED; FC, EC, are drawn, the tri 


angles C ED, CF D, having CD common to both, 
the other ſades equal by A are equal 


(art, 


4 lint 
Fig. 1, 
ſo as to 
to CE, 
ler arc 
z then 


vn, the 
o both, 
qual in 

angles 
is © 
to A B. 


With. 
to that 


an arc 
F; and 
radius 
o as to 
cular to 


the tri 
o both, 
e equal 
(art, 


Fro 
deſcrib 
cut th 
meter 
ty Dt. 

Thi 
a ſemi 
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(art. 28) in all reſpects; whence, the angles ED C, 
FDC, are equal; and ſince E D, F D, (art. 18) are 
equal, the line D C is perpendicular to A B. 14 ..(1 / 


. PrR:.Q I. | 

1 32. At the extremity of. a given 17 AB fo cre a 
perpendicular BD to that line. Fig. 3 
From any point O without the Siren line as center, 
deſcribe an arc through the given point B, and ſo as to 
cut the line A B in ſome other point E,; draw the dia- 
meter ED; then the line drawn through the extremi- 
ty D to the given point B will be perpendicular to A B. 
This is evident, ſince the angle E BD contained in 
a ſemi-circle is (art. 1 14) a right angle. 


P. ORO. IV: 


133. To oy. Cores line AB by a Aerperidiculas 
DE. Fig. 4. 
From the extremities A, B, of the given line as 
eenters, deſcribe ares on both ſides, with any radius, 
ſo as to interſect each other at D and E; then the line 
DE drawn through theſe interſections, will bile 
AB at right angles. | 

Let the points A, B, be joined to the points D, E. 
then the triangles A D E, B DE, having D E com- 
mon to both, and the other ſides equal by conſtruction, 
ate (art. 28) equal in all reſpects: and the angles 
ADE, B DE, oppoſite to the equal ſides AE, BE, 
are equal; ſince A D and B D are equal, the line D E 
(art. 18) biſects A B at right angles. 


P R OB \ 


A 134. To biſef any given angle A CB. Fig. 5 

From the angular point C as center, with any 7 edits, 

deſcribe an arc meeting the ſides in A, B, and from 

theſe points as centers, deſcribe two arcs, with any ra- 

dius, fo as to meet i in D; ; then the line DC will biſect 

the angle AC B. 

For ſince D C is common to both Wienke ACP, 

BCD, CA equal to CB, and BD to AP by con- 
E 2 ſtruction, 


 Bobkk 4; 
And 
oppo 0 . Lene des 
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ſtructioh, they 905, BED. 28) in All reſpeRts. 
the es K C 5 

AD, BD, are £9441: 


B R G B. VI. 


135. With a given line AC to nate an angle equal tt 

a given one acb. Fig. 6. 
rom the points C, c, 4s centers, deſoribe two arcs 
with any radius; take the arc A B equal to the are 25; 
chen the line CB Will, with CA, make the angle ACB 
equal ro'the given oheach. _ 

This is Leident, fince the Tadii c A, ca, are equal 

as well as the arcs A B, 2 b. 


Pp ROB vir. 


136. To deſcribe à triangle A BC, whoſe fides ſpall 
be equal to three given lines A C, D. E, FG, fuch that 
the ſum of any two ſhall always be greater” than the 


third. Fig. 7. 

From-the extremity A of one of theſe lines as cen- 
ter, defcribe an arc, with a radius equal to D E, and 
from the other extremity C as center deſcribe anothet 
arc with a radius equal to F G, ſo as to meet the firft 


in B; by drawing AB, C B, you will have the trikn- 
ele required. 


For ſince all the radii of the fame circle are equi, 


the fide AB is 1 5 to the lme _ 2 the ſide 
CB to the line F 


| P R O B. vm. 1 

137. To deſcribe a reltangle A C, wbbofe Rides Shall b 
equal to two given lines AD, EF. Fig. 8. 

At the extremities A, D, of one of-theſe lines (art. 


1.33) erect two rpendiculars AB, D C, each equi 
to the other line EF, and draw BC; then will ABCD 


be the rectangle, whoſe ſides are equal to the given 
lines AD, EF. 


This is evident from the conſtructionʒ ſince AB, 
DC, are 17 and equal, BC will be parallel and 


ual to AD, 
N PROB 
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| No br 
138. To deſcribe a parallele equal to a 
Fel: en angle. 295 1g 9: 


Fils 5 ABC, whoſe fides ſha 
dhe ine E þ the Yertex 900 of bye Lb a dane 
10 e's 11 b. to the baſe biſect art. 1 E 0 


and draw D 0 as to 8 wit 
{je iven e (art. ] d) z then, Irawin 
6 F bah 0 be. the Ke * F vill fl Be 
equal to the given langle K 


For ſince a triangle is ( 75 5) the parallelo- 
am of the fame ke 259 af yde, 2s mg e CARE, 


whoſe baſe is double th baſe of the patallelogram 
DF, and has the ſame a Sing will conſequently be 
equal to it; and the angle | CD Ei is equal to the given 
ge by conſtruction. 5 
r ge A 

139. On a given fine Ke « gr EF, 
equal 10 4, given triangle A BG, 52 5 
given angle. Fig 1. 

Through the vertex B of the give n triar * 

3 line B G parallel to the baſe A (ol bile th the bake, 

D, draw DI ſo as to make the given angle with N 85 
vg DC to H ſo as CH he equal to the given 
ine; draw CK, HF, Pane to DI, and at. 
the point H and the i inter ection of 6 Ra: ok 
draw H E till it meets DI in I; then if I F be drawn 
parallel to B G, meeting C K, H F, in K and BY the 
Parallelogram EGF K* EL be fie required fi 9 

For the parallelogram J. 138) e Foul to 
the triangle ABC, as Ee beni ha 1 4 coinplanient (art. 
38) EF. Therefore the parallelogram E. P is equal 


to the given triangle A; C, the ſide E G equal to the 
| given line by conſtruction, and the ie gle 8 F K qua) 
o the given angle. 


Na Y 
- #3 \\} » > 


b R OR Xl. 


ag 5 W rea ng GF, equal to ay givey . 


pexium ABCD. Fg. 11. 
E a 


Bilect 


5 
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Biſect the ſides AB, BC, by the line E F, and the 
ſides DA, DC, by GH; and through the angles A, 
C, draw lines perpendicular to E F ; then will EFHG 
be the rectangle required. 3 | 
Draw the diagonal A C, then it is evident (art. 68) 
that EF, GH, are both parallel to A C, and ſo paral- 
lel to each other, whence G F is a rectangle; but the 
rectangle A F having the ſame baſe A C, and half the 
altitude of the triangle ABC, is (art. 34) equal to it; 
and the rectangle A H, having the ſame baſe, and 
half the altitude of the triangle ADC, they are 
likewiſe equal. Conſequently, the rectangle G F is 
equal to the trapezium ABC DPD. | 
2: 01 1: ch Ks... 
141. To make a triangle A BC, ſimilar to à given tri- 
angle DEF, which ſhall bavea given fide AC. Fig. 12. 
At the extremity A of the given line, (art. 135) 
draw the line A B, ſo as the angle A be equal to the 
angle D, and at the other extremity C, the line C B, 
ſo as the angle C be equal to the angle F; then the 
triangle A BC will be (art. 13) equiangular and (art. 
69) ſimilar to the triangle DEF, and the fide A C 
equal to the given line. | [ | 
142. It is evident, that any rectilineal figure may 
be made ſimilar to any other given figure, by reducing 
it into triangles, ſince there is no more required than 
to make upon a given line as many ſimiliar triangles as 
the given figure has been divided into; and therefore 
the triangles being ſimilar in both, the figures them- 
ſelves will be (art. 94) ſimilac. | 
b idk a 2 at WA RL 
143. To divide a given line AB into any number of 
_w P — 
Through the extremities A, B, draw the indefinite 
lines A C, B. D, parallel to each other, making. any 
angle with AB; then if from the point A n C, 
5218 | 2 there 


* 
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there be ſet off as many equal parts leſs one, on A C, 
as the line AB is to be divided into, and the ſame 
number of parts equal to the former, are ſet off on 
BD, from B towards D; the lines which join the op- 
poſite points, will divide the given line into the deſired 
number of equal parts. ; 

For, becaule the lines 56, 67, are equal and n 
to 12, 23, the lines 15, 26, are (art. 31) Fkewiſe 
parallel; therefore A1:12::AE:EF, &c. and 
fince A 1 is equal to 12, AE will alſo be- equal to 


E F, and whatever part A 1 is of A4, A E will be me 
ſame part leſs one of A B. ur 


P R O B XIV. 


144. To find a fourth proportional to three given lines 
a, b, c. Fig. 14 

Draw AK and AL ſo as to make any angle, on AK 
take AB a, BC =6, and on AL take AD =c; 
then if BD be drawn, and CE parallel to it, DE 


will be the fourth ional uired ſince art. 6 

AB:BC:: :AD:DE. | F ny 
e 1 n 

: 145. 4 0 find a third continued proportional. to two given 

ines a, 

On AK take AB=a, BC=3, and on A L rake 
AD, join BD, and draw C E parallel to BD; then 
will DE be the chird proportional required. For AB 
(s): BC (%); AD 9 PE. SIE 


| P R O B XVI. oY 

I 186 To find a mean ren between two given 
lat 8, 5. Fig 7; 
Draw the line AB equal to the ſum of the two 
given lines; upon A B, as a diameter deſcribe the ſemi- 
circumference of a circle A M Br take A P equal to 
one of theſe lines a, and erett PM e e to 
the diameter A B; Which being dermit by the cir- 


|itfertrios,” will be the mean CE h by 
article 4285 


56 ELEMENTS: of © ook 1, 
F; Ne eee 


expreſs the ratio of any two retfilineal figures 
Y 15 two lines; that is, to find two lines which 
| 106 tbr * 17 2 to each other as. any. two rettilineal 
: Fig. 
A, they are da or rectangles, let A B CD 
equal to ep make the parallelogram or rectangle 
Fre equal (art. 139) to * whoſe Ge FE is * 
then (art. 65) wilt AC:DE::P:Q:AD:D 
If the figures P, Q, are trapeziums, you may find 
rectangles equal to them by prab. 11; and if they are 


any polygons, they may be reduced into triangles, and 
the triangles i into rettangkes. 1 


a XVII. 


148. To deſcribe the circumference of a cirele through 
three given points, A, B, C, not Dae ay a on line, 
Plate VI. Fig. 17. 

Join theſe points by two Joo AB, AC; which bi 
ſect (art. 133) by the perpendiculars D O, E O; and 
from the interſection O ot theſe perpendiculars, as cen- 
ter, deſcribe the circumference through the point A, 
which will be the required one. 

For ſince OD biſects the chord A B at right angles 
the cireumference deſcribed through the point A will 

art. 105) paſs through the point B; and becauſe OE 
iſects the chord A C at right angles, the circumfer- 
ence which paſſes through the point A will alſo pals 


through the point C. Therefote 9 is e center 0 
the circle E ec 


e ny 


: 289, * a given, point T without @ circle to draw 4 
tangent io that circle. Figs. 18. 


Join the center O given point Tg on O T, 2 
iameter, deſcribe a emi-circumference interſecting the the 


former in M; then n through this inter- 
ſection to the point at ber the tangent required. 


For 1 the radius OM be drawn, the angle OM 
con- 


ok 1, 


gures 
which 
ilineal 
3 CD 
tangle 
ven; 
7 find 
2y are 
s, and 


brough 
bt line, 
ich bi- 
; and 


as cen- 
oint A, 


angles, 
A will 
xe OE 
cumfer- 
Iſo pals 


enter of 


\ draw 6 


O T, a 
Ting the 
1s 125 
equired. 
OMT 
CON» 


——___ — PP PRkm[F_—q_rcqcqcqcqc}]N CD „ 


mo. 


x 


radius 


150 
10 à gi 
Dra 
int 
BA 
and E 


* 
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contained in a ſemi- circle will be a' (arr. 14) fight 
angle. Therefore the line MT routhes the .circle 
2 I11), at the point M. 
6 Kit La requized to drawn a tangent ot Barat”! given 
int. M in the circumference, it is vide that the - 
pon erected Bite at the extremity 15 to the 
radius OM. be the tangent required. 8 


PR OR XX. 
150. Ta dee triangle ABC in a cirele, bu 
to a given triangle abc. Fig. 19. 
Draw the tangent D E to any point B. ant Nan the 
IF B draw. the chord B A, ſo (art. 135) as the 
BA be equal to the angle c of the Fr tian 
and 'BC fo as the an ERC be eq 
a, join A C; then 2: ABC bo he Bcd le required. 
For the angles ACB, ABD, are equal; (art. 112) 
by the nature of the circle ; od becauſe the angle 
ABD has been made equal to the angle c, the an 
AC B, c, (ax. 1] are equal; the angles BAC, CBE, 
are Lark 112) alſo equal: and ſinc the wy le CBE 
has been made Re to the angle a, N es B 15 
a, (ax. 1) are equal. Conſequently, the triangle $4) 
is (art. 13) , and (art. oy ml 
triangle abc, | 5 lai; 


| we R 0 EY XXI. | 

151. About a tircle t6 deſcribe a lat D E F, fb 
lar to a given triangle abc. Fig. 20. © 

Produce the bafe a c of the given triangle to n, 1 
draw the radii OA, OB, Þ as to make an angle equal 
to * external ang! m ab; draw likewiſe the radius 
OC, f 0-45 the angle BOC be e qual ta the external angle 
n ch; ; then the Fines which wry the circle in A, B, C, 

vill form the triangles DEF, ſimilar to the trian gles bc 
For the angles at A and B are (Ar. 111) righr 
angles, and the angle AO B equal to che angie # 45. 
by conſtruction; the angle D, which makes two (art. 
32) right angles with the angle A OB, will be 1 82 — 


ang 


VEN 92 

| * N + 
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to the angle ac, which makes with the angle 4 b, 
equal to the angle A O B, (ax. 1) kewiſe two right 

K is proved in the ſame manner, that the angle E, 
which makes two right angles with BO C, is equal to 
the angle hc, which makes two right angles with its 
equal nc Therefore the triangle DEF is equian- 
gular (art. 13) and ſimilar (art. 69) to the triangle a hc. 

PR O B. XII. | 

' 152. To deſcribe a circle which ſhall touch "the three 
fides of à given triangle ABC, Fig. 21, © 
Biſect (art. 134) any two angles B, C, by the lines 
BO, CO, and from their interſection O, draw (art. 
131) OD perpendicular to A B; then the circle de- 
ſcribed from the center O with the radius O D, will 
touch the three ſides of the triangle A B C. 

From the center O draw OE, O F, perpendicular 
to BC and A C; then becauſe the right angled trian- 
gles BDO, BE O, having the fide BO common to 
both, and the angles at B equal by conſtruction, are 
(art. 25) equal in all reſpects; therefore OD, OE, 

poſite to the equal angles at B are equal, 
And the right angled triangles CE O, C FO, hav- 
ing the ſide CO common to both, and the angles at 
C equal by conſtruction, are alſo (art. 25) equal in all 
reſpects; hence OE and O F are equal. Conſequent- 
ly, ſince the three lines OD, OE, O F, are equal 
and perpendicular to the ſides of the triangle, the cir- 
cle will touch (art. 111) thethree ſides of that triangle. 

e 

153. On a given line A B as a chord to deſcribe a ſeg- 
ment of a. circle, ſo as to contain a given angle. Fig, 22. 
Draw DE ſuch that the angle DAB be equal to 
che given angle; let AC be perpendicular to AD, 
and BC to A B, meeting the former in C; then the 
circle deſcribed on the diameter A C, will give the 
legment AGCB required, 3 5 
| I | pore ok a or 


the 


For 
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For CAD, ABC. are right angles by conſtruction 
therefore the circumference (art. 114) thro” the 

int B, and, touches the (art. 111) line DE; and 
ay the ang! e DA B has been Ee equal to the given 
angle, and is equal to any an le. contained in the (art. 
112) 1 AGCB, it will be nen 


r R O B. XXIV. 


1 25 angles. A OB, C OB, in which three ie. 
A, . Gi placed in a rigbt line, whoſe diſtances are known, 
are ſeen from any. place O, being given ; 10 find che diftances 
from the place O' to. itbeſe objets. Fig. 3. 

Make the angles D.C A, DAG, each equal (art. 
136) to their: alternate given angles AO B, COB; 
thro? the point D and the extremes, A, C, deſcribe: (are. 
148) a circumference of a circle; then the line DB 
produced, ſo as to meet the cireumference, will 2 
mine the point O. 

For, the angles A ob, DC A, which inſiſt on *« 
— arc AD; (art. 113) are equal, as well as the an- 
gles BOC and D A C. - Thetefore the OILY 
rightly, performed. een A 


r R O B. XXV. A 
15 3. T be diftaines between three objefts 1 B. * be- 


ng given, to find a point D, ſuch: as. the lines drawn from 
it to the three N. e contain (gives: 1 755 ig. 


25 

On the ade A B as a chard; deſcribe a ( 133) 
ſegment of a circle, ſo as to contain one of theſe given 
angles; deſcribe likewiſe on A C as a chord, a ſegment 
ſo as to contain another of theſe given angles then 
the interſection D of theſe arcs will be the point N20 
This i Is evident by the confiradtion. w T2112 


N. . ' When the point ſought Di is W che: tri- 
angle, it is plain that if the angle AC is leſs, equal 
to, or greater than the given angle AD Blicke humic 
ABC muſt alſo be leſs, equal to, or greater than the 

given 


2 
\1 


— — — — — — — —— — — 
. 
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22 angle A DC, otherwiſe the problem is impoſi;- 
z and when the angle B D C is equal to the ſum of 
the angles AC, BC A, the four pointz A, B. C, D, 
fall in the ſame cireumference, and conſequently the 
problem is indetermined in this caſ Ge 
oer 

156. To deſcribe the circumference. of à circle through 
two given points C. &, ſo;as the ſegment cut off by a line EF 
giuen in po/itcon, ſhall contain a given angie. Fig. 26, 27. 
Kite in L. the line joining the given points by the 
perpendicular O L., which meets the line E F in H, 
draw GH, and from the interſection L, the line LB, exce 
fo as the angle L B H be equal to the difference be- 
tween the piven angle and a right one; then if LDH line 
made equal to LB, and O draun parallel to D L, F 
merting H L in QO, this point O will be the center of the 
the circle required. For becauſe O L biſects C G, at I taR, 
right angles, the circumference paſſing through one of HI 
theſe paints will alſo paſs (art. 105) through the other. don 
If OE be drawn parallel to L B, then (art. 63) 1 HL 
fince HL: HO: : LD: OG:: LB: OE; and as LH On 
= LB, by conſtruction, O E will. be equal to OG; * 
and ſo the point E is in the circumference. che 
If EO be produced to the circumference K, then its e 
becauſe any angle in the ſegment E C F is meaſured by  fliic 
half the arc EGF, and the angle K E F by half the ang 


are F K, that is, by the difference between the are rigt 


EGF, and the ſemi-circumference EG K; it follows it i: 
that the angle OE H, or its equal L BH, is the dit- 
ference between the given angle and a right angle. 


VM. B. Firſt, I the line L B can be carried from the 
point L to any two different points in the line HG, 
produced either way, the problem will bave two ſolu- 
tions; but if it cannot be carried to any point in that 

line it is impoſſi ble. 
Secondly, If the given angle be a right one, the cen- 
ter O will coincide with the point H. For E F wil T 
be a diameter of the circle, as well as che line HL 4 
pro- | 


M A T''E/'M Ar CB.” 6a 


: eP 
82 


F 5 
cke center. : 11 I i <7 $24 Bil ISM | 
Thir 


£1009 ERA IN 
dly, Tf the line c inter ſects the m K F a 
cat angles che line!L O'wilkbe 6 NH and 
hence LO BE, and LN = OE chat is, L will 
chin be-che vate Thetefbre che two Uforier ares 
deſcribed from thie centers: C, G, wich the raus BL, 
will ihee#ſe& each other inthe center O. erg Ta gs 
Fig. 26. Fourehly. I che point L. cincides the 
point H ; chat is, if E © biſects C G, then Gt will 
coincide with LG; whence, if from any pointin O, 
excepting the point L, che Fned- Bbe drawn as before, 
and carried from that point ſome where on C G, and the 
line G O parallel to 14 line will give thecenter O. 
Fig. 5 Fifthly, And if. C, G, —_— ig that 
the tine CG becones/a tangent, und I. che point ef con- 
tat, then wi, H'G decome 2 U L =,0G, 
HD = HL T (LD M. B. Therefore, . porpor- 
don HD: HG: LD: 'O'G, wilf become it this eaſe, 
HL +LB:HL „LB Lo, by which te center. 


O may be found. 
op” At will be 


When LB teets H'G but in 
the ſhorteſt * ard Therefore the unge L 5+ 
OV 


its equal O will be the greateſt poſſible. 


flfnce this angle * ie the difference between the given 


angle and a right yg hen The given angle excerds a 


right angle, it will be the greateſt poſſible; and when 
it is tefs, ie wil de r 8 


COR. 


Fig. a8. 157. Hence, two points E, F. ma 
e in a right line given in 2 qe. From-which 5 
drawn to two orher;giveh points R, ©, wirhout 
a Mall maketa right a le E RT or fide, 
and any 'other, given angle E C F on the E For 
if RA be en pendendicular to EF, and in C A, 
RAG, there be taken tlie point G, ifo 4s — CA: 


The ns circumference of a cles Ht 


"43 6s y . p $ * 
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through the points C. &, and ſuch that the | 
EC F may contain the given angle, will interſect E F 
in the pond required}: 5107 er tlie 
„For —— or ppt ng of the circle we have AC: 
AF 24 and C A : A R:t AR: AG: 
. — rt AR: AF. Coplequently, the 
angle E R F is 2 (art. 146 Pright angle 
This problem is uſeful in conic · ſections, — two 
jugate diameters. of an ellipſis or . hyperbola, which 
Mall make a:given angle, when anytwo engage dia- 
e en ti mee ; DAA ne 1 00 
I 26 HEE 8 E C T VII. 94 
E 2 0%, * 51 R 5 OL 6 5 7 8, 
DEFINITION S. 
1. WE EN a plahe, ſigure is terminated. by more 
* four ſides, it is called a Polygo 


When al the {ides are equal as well, as, =. an- 
gle. Wk polygon. 5 laid to be r ; and e 
f the ſides or angles are unequa 


3. polygon 1 is ſaid to be Inſcribed ing eircle, when 
all the angles touch, or are in the circumference. 

4- And Gircun mſcribed, when all its Are touch the 
Circ 

5. "The Angle at the Center of a a ' polygon, is that 
which is made by two radii drawn. tg, the ertremities of 
the ſame fide. _ 

6. The Angle of. the Polygon, is chat which is 
made by any two contiguous ſides, _ 

7. Polygons are diſtinguiſned n to the num- 
Wo of their ſides. 


Pentagon. 9. Enneagon. 
3 ww 10. Decagon. 
Eptagon. } 11. Ondęecagon. 
E i * (12:  Dodecagon., 


2 
- 37h 'E ORE M I. 
1 58. The angle AOB, at the center of g. regular poly- 
gen, is equal 1 560 degrees, or four right angles divided 
&y the #umber of its fides, Plate —_ Fig. 1. 


For 
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4) right ang 7 900 
to 55 Wade of the 


des, bekanſe if radii /areUfawn to the extremities of 
| the ſides, the polygon will contain 40 many equal 
oſceles triangles 48 there are ſides: and therefore 
e ſum 360 of” all the angles, at the center divided by 
hei number will be org to che angle at the center 
quired." Nd 11 283 Of 7 nonnoggot * 


tech OP 
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189. . angle of 4 regular polygon 11 67 dal” ta the 
jference between two Tight angles and. the og at the 
enter. 


For fince A B and BC are e el by Hppotition 
he ifoſceles triangles OAB, "OBO. are (47t. 28) equal 
all reſpects: and hence the angles O AB, on BC, 

equal. Therefore the angle AB C of the polygon, 
is equal to the ſum of the angles OAt B, OBA, of 

triangle OA B; and ſince the three angles of a 
angle: are (art. 12) equal to two right angles, the 
angle A B C of the polygon will be equal to the differ- 
nce between two right 5 end the angle * 0 9 
17 cehter. % „mA. 

Nee 0 R. e e bo e 

160. Hens, ? in any regular polygon, 360 dwided 
by the number of the ſides, gives the angle at the cen- 
ter of (art. 158) that polygon; and 180 multiplied 
by the number of the ſides diminiſhed by 2, and the 
product divided by the number of the ſides, Sives (art. 
159) the angle of the polygon, 


T Hi E O R E M III. 


161. If @ Decagon be inſcribed in a circle, the:radius 
will be a mean proportional-between the ſum of the radius 
and the fide of the' decagon, and that ſide Fig. 2. 

Let the arcs AB, BC, be each (36 degrees) the 
tenth part of the circumference ; if the ſide A B, and 
the radius Q C, both produced, meet in D. Then 5 

cauſe 


9 
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cauſe A B is the r of the whole circumfer 
ence, it will be the fifth H ACE; and. therefore the 
arc BCE. four. fifths, and half that arc, or the r 
1ure of the angle OA B, two, fifths 22; that is, doubt 
the angle AQ at the center, or equal to the angle 
40D, therefore the triangle ADO is iſoſceles, and 
milar to the triangle (art 13, 69) ADB. Henc: 
the angle OD A is equal to the angle AO or BOT 
by ſuppoſition; ſo the triangle OB D, having twe 
equal angles O, D, is likewiſe (art. 26) iſoſceles 
Whence BD=BO, and AD is equal to the ſum of the 
fide A:B of the decagon and the radius BO. 
But becauſe of the ſimilar triangles A DO, OAB 
we have (art. 69) AB: AO:: AG: AD or AB+BO 
Conſequently, the radius is a mean proportional between 
| the ſum of the ſide of che decagon and radius, and tu 

tice of the decagon. 2 9990 Nin 
1562. The ſum of the ſguares of the radius and the fil 
a decagon inſcribed in a circle, will be egual to the ſquari 
F the fide of a pentagon inſcribed in the ſame circle. Fig. 3 

Let AB be the fide of the Pentagon, biſect the 
arc AB in C, then will BC or AC be the ſide of the (ride 
decagon ; bile& the arc A C in E, by the radius OEM It * 
and from its interſection D, with A B draw DC. 
The arcs AC, CB, and AE, EC, are equal by 
conſtruction, the arc EB will he 54 degrees, the three 
fourth of the arc ACB ; and:therefore the angle EOBis 
(art. 160) the three fourths, 54 of 72, the angle AOB. 

But the angle at the center AOB. is (art. 158) two 
tenths, 72 of four right angles, or four tenths of twe 
right angles; and as the, three angles of a triangle 
.AQB-are equal (art. 12) to two right angles, each of 
the equal angles A or B will be three tenths of two 
right angles; that is, the angle OB A is the three 
fourths, 54, of the angle AO B, and fo equal to thi 
angle E OB. Conſequently, the triangle OBD (art. 
26) is ifoſceles and ſimilar to the triangle A ch as 
aving 


ok Pa. . MATHEMATICS., 65 


having the common 142 (art. 20) B. 80 then (ar. 


69) AB: BO,: BO-BD, or (art. 73) the fectan le 
Ide by A B and B P is equal to he ſquare of B 


The We O E biſects the are A C, it alſo (ari. 06) 
Wiſfe&s its chord” A Cat right an les; and tlie lines 
Sap A and DC (art. 15) are equal. Whence the id. 
ales triangles R DC, AC B, having che angle R com- 

non to both (al. 20) are ſitnilar, and (art. 6g) KB: 
AC::AC Ap; or (art. 73) the rectangle made by 
AB and /A D. is equal to the 2 of AC; and ſince 

the rectangles made of a line and its parts are 6 qual (art. 
0% to the ſquare of that line, the ſquare of A B is 
AP ee of OB hn AC. Lind) ee 


2 8 0 B. #h 44202] nee 
665 Lp To bene 4 quare in. a given circle. Fig. 3 
Draw, a diameter B and an other C D at right an- 


ges to it; then the 2 joining their extremities . 
form the ſquare AC B D requi 

For 11 ſides bei 3 the e of equal arcs art. 97) 
Ae equal 7 e 296 being contained in 2 
quart Emi-circle wi 770 14) be a 1185 t angle. 

: "If the arc A-C be biſeQe 5 the. chord AE or 
EC of half that arc, will be be i of an octagon in- 


n 4 H 10 We R Wy 1 5 I. 0 1269.30 
164. To 2 0 Pentagon or 4 decagon in 4 given 
Fark Fig. | WAs 
Draw the radius 0 D at right angles to the diameter 
AB; biſect the radius A O in C, and from the point 
C as center, deſcribe an arc through the point D, 
meeting AB in E; then OE will be the ſide _ a de- 
cagon, and the line. drawn from D to E. the ſide of a 
con inſcribed 1 in the RR circle, Ps 
| t 
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* the arc E PD be continued ſo as to meet the dia. 
PE Mp oduced . in F; then becauſe: AC, CO, 
875 are equal by conſtruction, A F vill de 
equal: to, O „and FO to AE. But, by the pro- 
perty of the circle we have (art. 115) FO or AE: 
65 OD: OE. Since then the ralius O D is a mean 
ropork al between the ſum of the radius A O, the 
J's and that 22 5 OE will be: the (art. 161) 
ſide of a decagon ed in that's circle And be. 
cauſe of the right 1 triangle D O E, the (art. 49) 
ſquare of DE is equal to the ſum of the ſquares of OD 
and OE; hence the line DE (art. 162)1 is, ſide of 4 
pentagon inſcribed in that circle. 

When a line is divided i into two fuk parts, that the 
greateſt is a mean Yropotional between the whole line 
and rhe leaft, that Tine is {aid to be divided into mean 
and extreme proportion. 

Hence, the radius 6 18 aividet im 0 ki and ex- 
— proportion in E. For ſince A E "0B: ::OB: OE, 

ng the conſequents from theit atitecedents, and 
87850 the differene 8 with the cohſequents, we . 
OE OB: E.OE, or idverſely, OB:OE::OE: BE, . 


P R O B. In. 


1 7 inſcribe an v gen i in a given ods. Fig. 6. 

> 4 radius A O be carried round the circumfe- 
rence, you will have the 'exagon requir ired. - 

For the angle at the center. O * the hah part of 


four right angles, or one third o 1 wy right angles; 
therefore each of the etual angles A, or B, will like. 


wiſe be a third part * 2 right angles. 'Conſequent 
by, the triangle OA B is equilateral, . 

If the are AB be biſected in E, the chord of Al 
or EB will be the ke of a am en in 


chat cirele. 


166. To deferibe 3 | Shs about a you rfrele f uy 
number of fides. Fig. 7. Fin ; 


Ju 
dis. 


When the ſector i 18 opened 5 n 
'b be equal to the radius of any girdle the diſtances be- 


2 3 reſpect 
| des of the e wt wWill de d 


On the contrary, 
terval between t xe ee 


| be the radius 
CES 
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Find the fide N B of a pol ygon inſcribed in the 
ache of the ſame number of des, draw the rad OA, 
OB, through its etremities, then the tangent D E p 
rallel to AB, terminated by theſe radii produeed, WI 
be one of the ſides of the pbly required, ard the 
ft may be found in the ſame manner; or ee Ye 
ebe a Erele paſſing through we points B, E, ten che 
fie already found being carried round this laßt GVU 


ference, Win touch the inner Kirche, and 10 will de the 
ae ce. This is ſFevident. Jer 


iid 0 1210 pP R * B. Vi yo 


167. 7 ak the radius of 2 circle, in ati a 
ao, ide is "given, tay, be inſtribed, Fig. 8. hen 
"Deſcribe any pr ro ar pleafute, in which find the fide 
AB of a abe fimilar to the required one; in AB, 
produced if: neceſſary, take AD equal to the e iven ſide 
draw D C parallel to the ie O. then er CA 
will be the radius required. V 
For the triangie CAD is Genilar to (art: 6 7) the ifoſ- 
——— OAB; and therefore: the anjjle ACD 
equal to the angle at the cent? AO B, of the p Polygon 
required, and CA or CD will)be the radu | wos 
Theſe! and other fuch ptoblems are eaftly ſolved 
by means of a ſector, on the inſide edge of which are 


marked the Jines of polygons, — to twelve ſides: 
the interval from 6 to 


pective numbers expre mas the number of 
ſides of theſe po 


ecle ; viz. from 7 to 7, the IM 
from to to tide of an oftagon, &c. 


ns inſctibed . 
an eptagon; 


„if the Qor.1 1s. bh opened as the in- 


ive. hambers be e ual to 
Nite ſide of 5 0 K . then the e 0 


the Ar in e that bob 


i 
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; 445 THEOREM. ts 
168. Similar polygons, inſcribed in, or. circumſcribed 


about, circles, are proportional to " e of their ra 
dii or diameters. Fig. 9. 


Let the radii be drawn to the extremities of the ds 
then each polygon will be divided into as many equal 
triangles as there are ſides, and thoſe in the one will be 
ſimilar to thoſe in the other, as being iſoſceles, (art, 
20) and having the angles at the center equal. There- 
ſore (art. 69) AOB:HOI: AO; : H Q- and if x expreſſes 
the number Ya the fides, (art. 55) nAOB: Hl: 
AO: HQ; that is, the polygon in the one is to the 
ſimilar polygon in the other, as the ſquare, of the radi- 
us in the firſt to the ſquare of the radius in the ſecond; 
or as (art. 55) the ſquare of the diameter in ths firſt 
is to the ſquare of the diameter in the ſecond. 


T H E OR E M VI. 1 

169. Similar inſcribed or circumſcribed Polygons have 

abs ſum of their ſides proportional to the radii or diameters, Wl x 
Let = expreſs the number of their ſides, then be- lain, 
cauſe of the ſimilar triangles O A B, QH I, we have 
(art. bg) AB:HI::AO: HQ; or, (art. 55)0 AB: cumf 


Book x, 


„H:: AO: HQ: (art. 55) AD: HL. ACE 
The ſame thing may be [proved i in n reſpes to the cir- ind! 
cumſeribed polygons. Hl 
r H E OR E M vn. * 

170. The areas of circles are Pr ortional to the ar w 
of their radii or diameters. +. ” fu 4 her 


Inſcribe and circumſeribe ſimilar polygons ; then be- i boch 
cauſe (art. 55) AO.: AO B:: HQ: „HN. and pp 
we have proved that (art. 55) equal parts were pro- N f 
Portional to the wholes ; it is evident, that ſimilar in- 
ſcribed, or circumſcribed polygons; are equal parts pt 
the ſquares of the radii or diameters. 

Now becauſe, if the parts zAOB of the firſt antece- 
dent AO: are leſs than the circle or its conſequent 3 the 
parts » HQ I of the ſecond antecedent H., will al- 
ſo be. leſs than the circle or its conſequent : if the 

| parts 
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nA O B ate greater than its conſequent, the parts 
Hl are alſo greater than the conſequent; and if poſ- 
fble, that the parts » A OB. are equal to the circle, 
the parts 7 HOQI muſt alſo be equal to the circle ; for 
if one was either greater or leſs, we have proved that 
the other muſt likewiſe be greater or leſs. Conſequent- 
y, fince. the equal parts of the antecedents, when com- 
pared to their reſpective conſequents, are both together 
leſs, equal to, or greater than the conſequents, theſe 
quantities are proportional by defin. 5 of proportions, 


PFF 
171. The circumferences of circles are proportional to 
their radii or diameters, | OO. 
Let n be the number of the ſides of ſimilar inſcribed 
or circumſcribed polygons z then as (art. 55) AO: 
AB:: HQ: Hl, it is evident, by what has been 
id in the laſt propoſition, that the ſums AB, » HI, 
of the ſides of the inſcribed or circumſcribed polygons, 
are equal parts of the radii or diameters : Now it is 
ain, that if the parts #AB are leſs than the circumfe- 
rence ACE, the parts Hl are alſo leſs than the cir- 
cumference HKM; if the parts AB, are greater than 
ACE, the parts Hl are likewiſe greater than HKM, 


and: if poſſible that n AB is equal to ACE, the parts 


1HI muſt alſo be equal to HKM: Since if one is 
either greater or leſs, the other is alſo greater or leſs. 
Therefore, ſince the equal parts of the antecedents, 
when compared with the reſpective conſequents, are 
both together leſs, equal to, or greater than the conſe- 
quents; theſe quantities are proportional by defin, 5 
of proportion. | N 
S. „ 


172. Whatever has been demonſtrated in regard to 
the whole circles, is likewiſe true in regard to their ſi- 
milar parts; that is, the ſector AOB is to the ſimilar 
ſector H Ol, as the ſquare of AO to the ſquare of HQ; 
and any arc AB is to the ſimilat arc HI, as AQ to HQ, 
by ſimilar arcs and ſectors we underſtand thoſe which 
1942 F 3 Are 


| 
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are terminated by radii that make equal angles at the 
center. Fhis is evident, ſince the wholes are proper. 
tional ta their equal parts. 84 | 


WE Db of < Y of 20 
173. The area of a circle is equal to-a triangle OFL, 
whoje baſe FL, is equal to the circumference, and altitude 

to the radius. 1.969% $41.4 5 

As the area of any polygon is equal to a trian 
whoſe baſe is equal to Ne form of its ſides, and os 
altitude, the line drawn from the center. perpendi- 
cular to one of its ſides; and ſince the area of any 
inſcribed polygon is always leſs than that of the cir- 
cle, as alſo lels than the triangle OF L; and the 
area of any circumſcribed polygon is always greater 
than that of the circle, as likewiſe greater than the tcian- 
gc OFL..: And becauſe theſe polygons may approach 
o near to equality as no difference can be aſſigned, it 
is eyjdent, that the circle and the triangle OF L, which 
are always greater than the one, and leſs than the other, 
muſt be equal. ere AD 
. 


174. Hence, the area of a circle is equal to half the 
rectangle made of the circumference and the radius, or 
to one fourth part of the rectangle made by the circum · 
{erence and the diameter. 1 

9 | E IR; I. 

17. Since the area. of the whole circle is equal to 
half the rectangle made of the circumference and the 
radius, it is manifeſt, that the area of any ſector 1s 
equal to half the rectangle, made of the radius and the 
arc which terminates the ſector. ; 

As the feventh and eighth theorems have been im- 
mediately demonſtrated from the definition of propor- 
tions, we preſume that it is more agreeable to the ſtrict⸗ 
neſs of 88 reaſonings, than any other method 


mat has hitherto appeared. 
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FL, Sphere is 3 ſolid deſeribed by the heck of a 
itude lemi circle about its diameter as an axis. 
Cube is 4 ſolid contained between IX RS 


ole *. 
hoſe 3. A N is a ſolid contained between ſix 


ndi- pd oppoſite” ones being parallel bd 


ual 
24 bh 4 A Prifm is a ſolid whoſe" oppoſite baſes are two 
the ql and parallc} polygons and the fides pargllelo- 


bo * Cylinder 3 is a. ſolid who oſe poſite baſes are 
ach MW equal and parallel . — les abd the ſectlon I; the FR 
1. it ters of the qppoſite baſes 1 a 1 —— wha bl E 
hich 6. A Pyramid is à ſolid e is 4 1 
her, and terminates in 155 point, w fides are trjangles. 
1 7. A Cone is a 1 0 * Wee is à Circle, terminat- 
ing in a point in the ſame manner as a gat 55 
the 0 ſcion through the upper point and the center 
the baſe is always a triangle 

g. A Fruſtum of a pyramid or cone is the remainder 
of a greater from which a leſs has been cut o 172 a 
10 + Fic to the baſe. 

he upper point of f pyramid or cone is called 
l to the Vertex. 
the ed The line which j joins the centers of the oppalize 


r is baſes i in a priſm, cylinder, or the verrex to the Cel 
the of the baſe; in à cone or * is called, the Axis. 
11, 3 whence ſolids are ſaid to be right or ob- 


im- Jique, according: as the axis is perpendicular d r obliqye 
por- to the baſe. 


Therefore a right eylipger may e defcribed by the ro- 


ion of a e ut one of its ſides as an, Axis; 
0 a ri ght cone by. the e of a 4. — apgled 7 
ge eng of A 6) laps Gus. 


* $1t.s 


72 ELEMENTS TC Book 1. 
12. Similar ſolids are thoſe which are comprehened 
by an equal number of ſimilar planes, placed fimilarly, I FDF. 
13. Similar cones or cylinders are thoſe whoſe axe; N of equ: 
incline equally on their baſes, and are proportional to ſequent 
the diameters of their baſes. n 8 
14. The Side of a cone or cylinder, is the interſection 
of a plane paſſing through their axis, with their ſurface, 
1 F 
Triangular priſms, which are comprehended between 
equal and ſimilar planes, are equal; as filling up exaciy 
the ſame ſpace. | 
11 Pg e HM oKo Oo ©: Mi $375; + 4 
176. Parallelepipeds ACEM, ACGK, whith have 
the ſame or equal baſes, ABCD, and. the ſame. altitude; 
or, which is the (ame, being terminated by thi ſame plane 
MEHI, parallel to the baſe AC, are equal. Fig. 10, 
Since CE, BH, are equal parallelograms, the trian- 
gles BEG, CFH, are (art. 35) equal, as well as their 
op oſite ones AMK, DLI ; and becauſe EG is equal to 
FH, the parallelograms MEGK, LF HI, having alſo 
the ſame 2 are like wiſe equal; as well as ABGK, 
DCHI, and ABEM, DCF L, being the oppoſite 
ſides of the ſame parallelepiped. Therefore the trian- 
gular priſms ABEGKM, DCFHIL, being terminated 
by the ſame number of equal and fimilar planes, are by 
axiom, equal; if theſe are taken from 1 ſame ſolid 
AEHLI, we ſhall have the parallelepiped ACEM equal 
to the parallelepiped ACG K. Conſequently, paralele- 
pipeds, which have equal baſes and equal altitudes, are 
equal. n u nd mn 
TJ 
177. Fa parallelepiped HB be cut by a plane HDBF, 
paſſing through the * oppoſite angles, the two triangular 
priſms EDF, GBF, are equal. Fig. 11. 
For the oppoſite planes AF, DG, and HA, GB, 
are parallel and equal by defin. the diagonals DB, HE, 
divide the parallelograms' AC, EG, which are parallel 
and equal (art. 31) into equal and ſimilar en 


ae WArHrWATiCS , 5 
ind the plane DBFH being common to both, the priſms 
EDF, GBF, which are terminated by the ſame number 
of equal and ſimilar planes, are ſimilar and equal. Con- 
ſequently, the diagonal plane HDBF, divides the pa- 
rallelepiped into two equal and ſimilar triangular priſms, 
oy IH e Q: Boll s g d vo 
178. Hence, al ltriangular priſms right or oblique, 
which have equal baſes and equal altitudes, are equal; 
ſince their doubles are (art. 54) equal, they muſt be ſo 
n e eee e e e e 
It is manifeſt, that all priſms HA 


teſpective angles K, I, H. G, as being formed 10 
| 
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parallel to AD or BC ; then becauſe ABCD, .is alwa R 
a parallelogram, by defin. BC. and AF, DF, paralk 


and equal by ſuppoſition EF=AD : and as this always 
happens, wherever the line EF is drawn in any ſectiog 
of the c linder, and the diameters of the baſes bein 
always the ſame, the ſection through FE, or throug 
any other place, parallel to the baſe, will be always a 
circle, equal to the baſe. | 15. comet 


THEOREM IV. 


181. If a pyramid or cone be cut by a plant parallel ty 
the baſe, the ſedtion will always be ſimilar to the baſe. 
Plate VIII. Fig. 16. 3 
2 5 Let EF GH be a ſection parallel to the bak 
ABCD; then by reaſon of the paralleliſm, we (art. 67) 
have (KF:KB::) FE: BA:: FG: BC, and (KC: 
K C:; GF: CB:: GH: CD. Therefore, EF: B A:: 
FG: B C:: GH: CD, by equality (art. 53) of ratios; 
and fince the angles E, F, G, H, and A, B, C. D, 
are formed by parallel lines in parallel planes 7570 
tively, they are equal. Conſequently, the planes EF GH, 2 
ABCD, having all their angles equal, and their ſides * 
proportional are ſimilar. 8 

ig. 17. Secondly, If from any point C in the as - 
of the cone, a line CD be drawn parallel to the radius i 
AB of the baſe; then will (art. 67) KC: K A:: CD: vo 
AB; and ſince all the radii of the baſe are equal, all the oy 
lines drawn from the ſame point C, in the axis, in a plane 
parallel to the baſe, will alſo be always equal. Conſe- 
quently, that plane, or the ſection parallel to the baſe, 
will always be a circle. 


T H E O RK E M . 

182. Parallelepiped AD, FI, which have the ſame or 
equal baſes ABC, are as their altitudes A F, FG. I fay, 
AT: Ont KDTFI. "Pl. 14 3 
In FG take FL equal to any parts à of A F, and 
let a plane IL. MN paſs through the point L, parallel to 
the baſe GHIK ; then becauſe paralleJepipeds, wh 
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dare equal baſes and equal altitudes (rt. £76) are 
1 the purall F N will be the ſame parts, 4, 
Itbe nnd mens ded AD, as FL. if AF, Now it 


tion n evident, that if FL is leſs than FG, the 4 Tow 
ring dalle ed FN. 11. FFI, is equalto F G, th 
oug dF N is <qu alto Fl, and if EL is great- 


N er ben » the parallde d FN is alſo greater than 
FI: ſince che equal parts epi FN, of the antecedents 
AF, AD,. when compared to the conſequents F G, 
%% Fl. are both together leſs, eqpal to, or greater than 
4% the reſpective L te % "het cle qvantNes. 2 are Wor: 
tional OR defip., 5 of propgrtiqns. | 
baſe „Oe. L 
67) Fig. 15. It is manifeſt that puller 
0. AB, L. which have equal altitudes „H 


are 
A:. I their baſes, AD, EH; for with GD make the pa- 
105; rallelogram CD equal to the baſe EH, compleat the 

paralielepiped CB; then as the parallelepipeds CB, EL, 


have their baſes and altitudes equal by ſuppoſition (art. 
H, 1e) they are equal; and the perallelepipeds AB. CB, 
des having the ſame baſe GB arg as heir altitudes AG, GC; 

or as 122 65) AD, CD; but the baſe CD has been 
nis made equal to the baſe EH ; and the parallelepiped EL 


ius is equal to CB, Conſequently, AB;EL:: AD: FA. 


D: offs « oe 

the | 184. Since every parallelepiped is equal to two tri- 
ne angular (art. 177) prilms, whoſe baſes are each half that 
ſe- of the paralle lepiped and of the ſame altitude, what- 
ſe, ever is true in the whole will alſo be true (art. 54) in the 
balves. Conſequently, triangular priſms, which have 
equal baſes, are as their altitudes; and if their altitudes 
are equal, they are as their baſes. 

186. As any priſm whatſoever, right or oblique, may 
always be divided into as many hae + of priſms as 
the baſe can be divided into triangles ; and ſince what- 
kyer is true in reſpect to parts, is Feevile true (ari 7 40 


in the holes, it is evident that any two priſms, . PE 
VE 


#014 3513 
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have equal baſes, are as their altitudes 3 Or, if their al. 
titudes are equal, they are as their baſes ; or, if any of 
their dimenſions are equal, they will always be as the 
unequal ones. | 17's 
186. If a plane E H moves parallel to itſelf, and an 
two parts EF, GH, of that plane, are conflantly equal 
to each other in any ſituation whatſoever : ¶ ſay they will 
deſcribe equal ſolids at the ſame time. Fig. 18. © 
If it be deriied that they are equal, they muſt be un. 
equal in ſome parts; as the plane EH is parallel to the 
baſe AB, by ſuppoſition, the ſolids AEFB, AGHB, 
being terminated by parallel planes, have equal alti- 
tudes ; they have alſo equal baſes AB; if they are un- 
val, it muſt be ſomewhere between the planes AB, 
EH, but the parts of a plane paſſing through theſe ſo- 
lids between A B, E H, parallel to the-baſe'A'B, are 
always equal by ſuppoſition. Since, therefore, no parts 
of the ſolids AEFB, AGHB, can be unequal, they 


muſt neceſſarily be equal. Conſequently, ſolids de- 


ſcribed by equal parts of the ſame plane, moving pa- 
rallel to itſelf, are equll. b 


0 1 

187. Hence, all cylinders right or oblique, which 
have the ſame or equal baſes and are terminated by 
the ſame plane, parallel to the baſe, are equal; for we 
have ſhewn (art. 180) that any ſection parallel to the 
| baſe is always a circle, equal to the baſe. Conſequently, 
cylinders of equal baſes and equal altitudes, are equal. 

The ſame thing is likewiſe true in reſect to any priſms 
which have equal baſes and equal altitudes 

| C20 

188. It. appears alſo, that a priſm and a cylinder, 
which have equal baſes and equal altitudes, are equal: 
For, ſince any ſections in both, parallel to the baſe, 
are (art. 180) always equal to the baſe, the baſes being 
equal the ſections will be equal; and ſince the altitudes 
are like wiſe equal by ſuppoſition (art. 179) the wo 
them- 


wt, 8 MATHEMATICS. 77 


themſelves will be equal. Conſequently, a cylinder 
may be conſidered as a priſm, nd whatever i is mon- 
e in the one, will equally true in the other. = 


C O R. III. tad 5 13. 1307 
189. Since drin which have end baſes are as their 
altitudes (art. 185) or if their altitudes are equal, they 
are as their baſes: Cylinders which have equal baſes 
and altitudes with priſms, being equal to them, will 
likewiſe be as their altitudes, if their baſes are equal, 
un- or as their baſes, if their altitudes are equal. 
) the This property of priſms and cylinders may be deduc- 
HB, I ed immediately from the definition of proportions, with- 
alt- out having recourſe to the article 185, ſince it entitel 
un- depends on the equality of ſolids which have equ aal 
aB, bales and altitudes ; but we have choſen to deduce 
> ſo- them in this nee in to pw; CAD af 


are of guts, --"t d . Dag HO ha 
wk i K 8 EOR 2 M. VI. 

hey 190. All cones or Pyramids which hive the Toke or e Jo 
de- baſes, and equal altitudes, are equal. 2 „ K 0 
Pa- Let the triangles ACB, ADB, | 7 the th AſeCtio! 


of two pyramids or cones, which have "the fame baſe 

Az and the fame altitude, untl let EH repteſent a r 
ich tion parallel to the baſe; ther wy oe of the parallels 
by AB, EH, CD, we have; 8 G:DA::GH: AB, 
we and DG: DA: CE : GA: EER AB; chere fore, 
the GH: ABT: En AB, by arr. 0 un of ratios: 


ly, And hence, GI EF. Nod cavſe EF avd GH 
* repreſent che diameters of . 181) circles,” in the 
ng cones, and two lines in the pyramids; limilarly placed 3 


and ſince theſe lines are 1 equal, the circles in 
the cone, or the ſimilar lanes in the Pyramids, are 


1 likewiſe” always equal. Confequently,” the cones or 
|: "pyramids, d kribel by theſe fimilar and MT ric 
4 are (art. 186) alſo chout,” e e ed 
8 117 C -Q , R. 5 e 

s 191. It is manifeſt, that a cone is 3 equal to a watts 


8 of an equal baſe and altitude; for ſince the ratio of 1 
8 200312 
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circle of any ſectien in the cone, to the circle of th 
baſe, is e 120 to the tatio of the ſectlen of a plane 
in tlie ppramid to the baſe, which are equally diſtant 
from the baſe, and the baſes being equal, theſe ſection 
will be equal: And conſequently, the ſolids deſcribed 
by theſe equal planes will be (art. 186) equal; whence, 
whatever is provecnf: nen will nn be true i 
reſpect to cones. 

g 41539 E 1 H E. 0 R E E N VII. 
192. l ABCDEF is triple the pyramid 
BEED of nenen eee een een 


B E. Fig 
planes paſs through FBC, and DBE, thea 


4 . 
becauſe che pra F..divides the patallelogram 
DCAF iato (art. 31):twe equal triangles CDF, CAF, 
the pyramids CAFB, CDEB, having equal haſes CDF, 
and CAF, and the ſame vertex B, are (art. 190) equal 
and the pyramids AF B, DEF B, PR the baſes 
CBA, D DEE, equal by. defin, and the. dame alti- 
tude EB, are 7 1900 alſo equal. the pyre- 
mid CAFR 100 val to both the p yrami Erb "an 
122 EF 15 they. are all three ary to each of, 5 
de ke im ABCD F is triple the yramis ik D, of 
ee R. ; - 13 0 1911 
193. Since any priſm may be divided into triangu 
ones, and as a triangular pyramid is one, third 5 
triangular priſm of rhe, ſame baſe and altitude; it fol- 
lows, that any pyramid is equal to Ns. third of the 
priſm of the ſame 5 . wa 


194. As acone i 18 ally to a pyramid bez n (art. 190 
equal baſe and altitude, and a cylinder coal to. a priſm 
of an (art, 188) equal | baſe and altitude, it is manifelt, 

that a cone is one third part of a cylinder, of the ſame 
baſe and altitude. 
O R. II. 


| a Becauſe | ae and cylinders, which have * 


are (art. 185) as their altitudes ; ot, if their al- 
titudes 


27 « 2 "x: TH T 1] » ”- 7 m4 . 
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modes ate 1 they are 43 their baſes ; pyramids of 
dis, Whith have equal! baſs,” ate Rkeslſe as theit 
altudes 4 org! if their altitudes ure equal, as their baſes, 
> ſte the Wholes ate proportional to art. 54) tkeit᷑ equal 
Den 
5 Since the ramid D BFE is one thied of che 
priſm ROAR 7 it follows, that the remainder 
DCBAED Wi li be the two thirds of that priſm. This 
muſt be obſeryed, becauſe ir ſeryes hereatter to find the 
number of -ſhot.. contained. in a ſquare or r Pile. - 
ow TO EEO KR E * VIII. 
197. # three lines A, By C, are in a 1 — 4 
portions. the refiangulay parallelepiped E. L, made. of 205 


three lines, w be equal to the aube F K, made of ite 
mean B. Fig. 15 


Let the baſe EH be equal to the rectangle of the ex- 
tremes A, Cz and the altitude HH L equaſi to the mean 
By: then beeauſe = A: BC; the baſe E H is (ate. 53) 
equal to the baſe FI; and ſince the altitudes KL, IK, 


are al ſo equal by T 
| FK, are equal. ot ag 111 


„ THE G K K N. . 


Be 198. If four: lines A, B. C, D, are in @:continued 
fol- propor tron, t be recbengulen perdllelepiped CB made of 
the MW the /quare.. 11 ia A and the fourth P, will be equal 
to 15 cube K of #he ſecond. B. | 

Le C be equal to the fourth DI GD, DB, 
qual to the firſt A; and let the baſe E H be equal to 
the rectangle of the ſecond B and the third C; and the 
altitude 1 L equal to the firſt A; then becauſe, — 
A:B:C:D, the baſe C D i (ore. 72) equal to the baſe 
EH; and fince the attitudes D B. Hl, are equal by 
conſtruction, the parallelepipeds C B, Elk, which have 
ual W their baſes and aſtitudes equal, are (art. 176) equal; 
Al. und as the parallelepiped EL is Fun of three lines 
des | A, VE, 
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A, B, C, which are in a continued proportion, it will 
be equal (art. 197) to the cube FK, made of the mean 
B. Since, therefore, the parallelepiped E I. is equal 
to borh the cube F K and the parallelepiped C B, the 
cube F K vill be equal to the parallelepiped CB 


THEOREM X, 


199. If four lines A, B, C, D, are in 4 continu 
proportion tbe cube N B, ef the firſt A, will be to the 
cube FK of the ſecond B, ithe firſt line A 4510 the fourth D. 

Let GC be equal to the fourth line D; and compleat 
the rectangular parallelepiped C B, on che bafe G B; 
then becauſe the parte ped CB is made of the ſquare 
GB of the firſt, and its altitude GC is e 27 the laſt, 
it will be equal to the cube art. 198) FK made of the 


ſecond B; but AB, and CB, havini: the ſame baſe 


GB, are as their (art. 182) altitudes :* Therefore, 
AB':CBy or FK::AG: we dates: i wp 


X91902 10 E. & O:9B la: nd ene 

200. + Hence, cube are in a iplteng proportion to 
that of their ſides; ſince, if four lines are in a conti- 
nued proportion, the ratio of the firſt to the laſt is 


{aid to be triplicate to that (def. 8 r an of the 
firſt and ſecond. 


THEOREM X I. 

20m. if thire are i lines A, B, C, D, E, F, propor- 
tional, the cube A B of -any untere A, is to the cube 
FK, of its conſequent B, 4 the rectangular parallelepived 
CB, of the antecedents A, C, E, is to the akne 
parallelepi ped EL of the conſequent B, D, F. 

Let the baſe CD be equal to the rectang le of the 
ſecond and third antecedents C, E, and the baſe EH 
equal to the rectangle of the ſecond and third conſe- 
quents D, F; compleat the parallelepipeds CB, EL, 
with the ſame altitudes of the cubes AB, FK ; then 
the ſolids AB, CB, having the ſame altitudes, are (art. 
182) as their baſes AD, CD; and the ſolids FK, EL, 
having the ſame eee are alſo as 0 bales FI, Jr 


4h 
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But when ſix lines are proportional, the! bare AD 
of the firſt is to the ſquare FI of the ſecond, Fart. 1) 
15 the rectangle CD of the ſecond and third antecedentl 
is to the tectangle E H of the ſecond and third 


conſequents: Therefore A B; FK: : C: EL. Con- 
quently, if fix lines are proportional, the cube AB 
of any antecedent A, is to the cube FK of its con- 
ſequent B as the parallelepiped C B, of the fees, 
to the parallclepiped EL. of the conſequenits, | 


FF SM. ohh. 


202. Reftinigutar parallelepi ped A B. b R, #14 
bove their baſes and altitudes reciprocaily pt op tional are 
equa! ; if PK: GB:: AG: PF. Tay, AB=FK.” 

in AG produced, take GC equal to PF; complete 
the ſolid CB, upon the baſe GB, And altitude 
CG; then the folids FK, CB, havitig equal alti- 
mndes PF, GC, by conſtruction, are as their: baſes), 
that is, FK:CB:: PK: GB; and the ſolids AB, 'CB, 
having the ſame baſe GB, are as their- altitiides 3 vis. 
AB: CB:: AG: GC; but PK; GB. AG: PF, by 
ſuppoſition 3+ and as GC, PF, are equal by conſtruc- 
tion, we have FK: CB::AB: CB, by equality of 
(art. 53) ratios, whence (art. 52) FK AB. -Rettan- 
gular parallelepipeds, which ; th their baſes and al- 
titudes reciprocally proportiopal, are then equal. 

203. Since all ardllelepipeds, right or .oblique, 
which have equal baſes and altitudes, are equal; 
it follows that all parallelepipeds, right or oblique, 
which have their baſes and altitudes reciprocally pro- 
portional, are alſo equal. 

204. Since a parallelepiped is equal to two triangular 
priſms, and a cylinder or priſm of any baſe equal to as 
many triangular priſms as the baſe may be divided into 
triangles ; it is evident, that all priſms or cylinders, 


which have their baſes and altitudes reciprocally propor- 
tional, are equal. 

205. Becauſe a pyramid or cone is one third of the 
priſm or cylinder of the ſame baſe and altitude; and 


G hat- * 
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whatever is true in reſpect to the wholes, (art. 54) is 
Tikewiſe ſd in reſpect to the parts, it follows, that py. 
ramids or cones, which have their baſes: and altitude 
We proportional, are alſo equal. 


Ds... 
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206. Simla pgrallelepipeds E.L., FK, are as ; the culg 
of their homologous fides EN, 1 

For the cube of EN, and the ſolid EL., having the 
ſame altitude E N, are to each other as the ſquare of 
EN to the rectangle NL]; and the cube of PF and the 
Johd, FK. having the fame altitude PF, are to each 
other as the {ſquare « of PF to the rectan gle PK: Bu 
by the ſimilarity of the ſolids E L, F K. we have 
EN: PF: : NH: PI, and EN: PF::HL:1K 
Therefore (art. 81) the ſquare of EN, is to the ſquare 
of PF, as the rectangle NL of the remaining antece- 
.dents is to the rectangle PK of the remaining conſe- 
quents; and ſince the ſolids are proportional to theſe 
planes, the cube of EN will be to the ſolid EL, as the 
cube of PE is to the ſolid FK. Similar parallelepipeds at 
thento each other as the cubes of their homologous ſides 

207. Similar triangular priſms are to each other a 
the cubes of their homologous. ſides; ſince they are 
the halves of parallelepipeds, of the ſame alritudes, 
and a baſe double the baſe of the priſm, and the parts ate 
(art. 84 proportional to their wholes. 

208. All ſimilar priſms and | cylinders are as the 
cubes of their axes or homologous ſides; for cy- 
linders are equal to (art. 188) priſms of equal baſes 
and altitudes; priſms may always be divided into tr- 
angular ones, and the wholes are in the ſame ratio as 
their (art. 54.) like parts. 

209. Al ſimilar pyramids or cones are as the cubes 
of their axes, ſince they are one third of the priſms or 
cylinders of the ſame baſes and altitudes, and the like 
Parts are 1n the ſame ratio as their wholes. 

210. All ſimilar ſolids are in the triplicate ratio to that 
of their homologous ſides; for they are as the cubes 
0 
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193). x A 
— if SN 
the rectan 
or Esel 
de equal t. 
pyramids : 
drawn fror 
the fide G 
: 2 GH, 
te e ret 
in the fc 
E. Conſ; 
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f theſe ſides, and The 0 Fit in chat ratio. 4 ? 
cy the ſolids themſelves will bei an the ſame ratio. N 
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211. 7 be fruſtum ALK B, whoſe 11 ACi is a ſquare, 
equal to a pyramid of the. ſame baſe and altitude, and 
another of ibe ſame. altitude, whoſe | baſe is 8 rec- 
le made by the, ſum AB, GH, of. the fides of the op- 
= baſes, and the fide of the leaſt. Fig. 20. 
lt is evident, that this fruſtum is equal to a pyra- 
nid of the ſame baſe AC, and the fame altitude EF, 
and to four pyramids ſuch. as ABHEG, whoſe baſe 8 
be ſide AH, and vertex the point E. 
The baſe 'AH is equal to half the apa made of 
e ſum of the parallel ſides AB, GH, (art. 8) and 
the pe ! drawn in that plane to thele 15 


ralle 


Let FESM be a ſe&ion, RT the axis F E, per- 
pendicular to the ſide AH; ſo that EF e 
axis, S M the perpendicular to the parallel ſides, and 
ER. perpendicular to MS: produced, the altitude or 
agent drawn from the vertex; E to the baſe 

HG produced : If AB GH g= A, then will (art. 
193) 5 AXSMxER, expreſs. the Pyramid AGEHA; 
and if SN, EP, are drawn parallel to EF and SM, 
the rectan e SF will be eq a7 tothe parallelogram EM, 
or EE RIM. 1 Therefore; AXSMXRE,; will 
be equal to 3 AXEFXES, this will expreſs one of theſe 
pyramids : And fince ES is equal to the perpendicular 
drawn from the point E to GH, it will-be equal to half 
the fide GL. or GH; if therefore, we ſubſtitute 4 ES, 
or 2 GH, for ES, we. ſhall have 3 AXGHxEF, for 
the. expreſſion of the four pyramids, whoſe baſes are 
in the fides of the fruſtum, and vertex in the point 
E. Conſequently, the fruſtum is equal to a pyra- 
was of the ſame baſe ABCD, and altitude FE; and 
ther, whoſe baſe is a rectangle made of the ſum 
ſides AB, GH, and the fide GH and altitude 
1 that of the fryſtum. eat 


_ 
ES eat 


5 ee 
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212. Hence it is evident, that tlie ſquare fruftum 
AK, is equal to a pyramid whoſe baſe is AB. 
ABxGH +GHZ:, and whoſe altitude is the ſame as that 
FE of the fruſtüm: Whenge the bale is equal to the 
ſom of the baſes of the fruſtum, and to a mean pro 
0 ional between theſe planes. No 
213. Since all fruſtums of cones or pyramids of any 
baſe,” are equal to a ſquare fruſtum, whoſe oppoſite ed by 
baſes and altitudes are equal, it follows that the Faſt 
of any pyramid or cone is equal to a pyramid, whe . 
baſe is equal to the ſum of the oppoſite baſes of the N | vp 
fruſtum and a plane which is a mean between theſe * 
baſes, and altitude equal to that of the fruſtum. = th 
N. B. The mean plane in the fruſtum of a cone, ; 
is equal to half the rectangle made by the radius of WM 1 by 
one baſe and the circumference of the other; arid in WM 1.6; 
a fruſtum whoſe oppoſite baſes are ſimilar polygons, to feen 
half the rectangle made by the pe en drawn 


from the center in one, to one of che des, and the fum ent 
of the ſides i in the other. 


peitliculary in the trig — 81 the Fran ere e or 
ſums of their - reſpective ſides : Then will ac, bd, be 
double the öpper and (arr. 174) lower baſes, and 9. 
double the mean plane : For we have (art. 171) 4: her 
c:4, by dungen, and (art. 65) 4c be:: 4b, 3 
likewiſe! ed; therefore, ac: bet :Þt- 4 
dy yo 53) equality of Tatios, © 3 
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TY i about the quadrant AM of a 'tircle, a th 
ADBO be deſtribed, and any Ine PN, Lo thaw Parallel 
to the radius OB, meeting the diagonal OD in L, hs cir- 
eumference in M, and BD in N; the ſegment of the phe 
deſcribed by the ſeement PMBO in the rotation of. be A 
ure about the axis AO, will be equal to"the er. Aeſcrib- 
0d by the ſpace LN BO in that rotation. Fig. 

As AD is equal to AO, PL will be e LAT "For 
and by reaſon of the right angled triangle OPM, - 
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lifference between the ſquares of OM and OP or PL,” 
will be equal to the ſquare of PM; or becauſe OM ia 
equal to PN by the property of the circle, the difference 
between the ſquares of PN, and PL, will be equal to 
the ſquare of PM. e Er 
Now ſince circles are as the ſquares of their (art. 
jo) radii, the difference between the circles deſeribh · 
ed by PN and PL in the rotation, or the area deſcrib- 
ed by LN, will be equal to the circle deſcribed by PM:; 
and as this property is general, the ſolid deſcribed; by 
LNBO is equal to( art. 186) the ſolid deſcribed by P MBO., 
215. Hence any ſegment PMBO of a ſphere, is equal 
to the difference between the correſponding cylinder. 
deſcribed, by the rectangle PNBO and the cone deſcrib- 
ed by the triangle OPL. Conſequently, the ſemi-ſphere 
deſcribed by the quadrant AMBO, is equal to the dif- 
ference between the circumſcribed cylinder deſcribed by 
the rectangle AD BO, and the inſcribed cone, deſcribed 
by the triapgle OAD. | \> An Ne 
216. Since the cone deſcribed by the triangle OAD 
is (art. 194) one third of the cylinder deſcribed by the 
reftangle ADBO, it. is manifeſt, that the ſemi-ſphere 
is two thirds of that cylinder. Conſequently, the 
circumſcribed cylinder, the ſemi-ſphere, and the inſerib- 
ed cone, are to each other as the numbers 3, 2, 1. 
217. As the cones deſcribed by the tringles OPL, 
OPM, OPN, in the rotation of the figure about the 
axis AO, have the ſame altitude PO, they (art. 195) 
are as their baſes, or as the ſquares of the radii (art. 170) 
PL, PM, PN; and ſince the difference between the 
(quares of PN and PL, is equal (art. 170) to the ſquare 
of PM; the ſolid deſcribed by the ſpace OLN, will be 
equal to the cone deſcribed by OPM. If the ſolid de- 
ſeribed by OLNbe taken from that deſcribed by OLNB, 
and the cone deſcribed by OPM, from the ſegment of 
the ſphere ; the ſolid deſcribed by OBN, will be equal 
to the ſolid deſcribed by the ſector OBM. Mics 
218, Hence, if theſe equal ſolids are ſuppoſed to be 
made up by an infinite number of ſmall pyramids, whoſe 
3 G 3 baſes 


y 
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baſes are in the ſurfaces deſcribed by BN, and BM, 
and vertexes in the center O: then the ſum of all the 
Pyramids in the one being equal to the ſum of all thoſe 
in the other; and their altitude OB the ſame; the 
ſum of the baſes in the one will be equal to the ſum 
of the baſes in the other. Conſequently, the ſurface 
of any ſegment OBMP, of a ſphere is equal to the 
furface of the correſponding part PNBO, of the cir- 
cumſcribed cylinder, and the ſurface of the whole ſphere 
to the convex ſurface of the cylinder. 

219. It is manifeſt, that ſpheres are ſimilar, and 
therefore as the cubes of (art. 208) their axes or di- 
ameters; or in the triplicate (art 2 10) proportion to 
that of their diameters ; ſince the diameters of circles 
are as (art. 171) their circumferences. 


T HE OR E M. 


220. The convex ſurface of a right cylinder is equal to 
a @ reflangle made of the circumference of the baſe and its axis, 

Fig. 24. | $4 

For if we ſuppoſe this ſurface to unfold itſelf into a 
plane one, it is evident, that it would make a rectangle, 
whoſe baſe is equal to the circumference. of the baſe 
of the cylinder and altitude to one of the ſides or 
the axis; ſince all the ſides are equal to each other and 
to the axis, by the definition of a right cylinder. 

221. Hence, as the ſurface of the ſphere is equal to 
the convex ſurface of the circumſcribed cylinder, and 
the ſurface of that cylinder to the rectangle of the 
circumference of a great circle of the ſphere and the di- 
ameter of the ſphere; it follows, that the ſurface of a 
ſphere is equal to a rectangle made of the circumference 
of a great circle and its diameter. 

222. The area of a circle being (art. 174) the fourth 

art of a rectangle whoſe baſe is the circumference, and 
altitude the diameter, it is evident, that the ſurface of 
a ſphere is quadruple the ſurface of its great circle. 


223. Since the circles are as (art. 170) the ſquares of 


their radii, and the ſquare of a line double another * 
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is quadruple the ſquare of that line; it is manifeſt; 
that the ſurface of a ſphere is alſo equal to a circle, 
deſcribed with the diameter of the ſphere as a radius. 
224. Hence, the ſurfaces of ſimilar cylinders, and of 
ſpheres, are to each other as the ſquares of their axes 
or diameters, or in the duplicate (art. 77) ratio to that 
of their axes: For the axes being proportional in the cy- 
linders to the diameters of the bales, and the diameters 
of circles as their circumferences, they are as the ſquares 
(art. 79) of their homologous ſides or axes. | 
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225. The convex ſurface of a right cone is equal to a 
arcular ſeftor, whoſe radius is the ſide of the cone, and 
the arc equal to the circumference of the baſe of the cone, 
Fig. 17. | | 
For if this ſurface be ſuppoſed to unfold itſelf into a 
plane one, it is evident, that, as all the ſides BK of the 
cone are equal, it would form a circular ſector, whoſe 


radius is equal to the ſide BK, and the arc to the cir- 


cumference of the baſe of the cone. «tk 

226. Hence the ſurfaces, of right ſimilar cones are as 
the ſquares of their axes ; for as they are equal to ſimilar 
ſectors, which are as the ſquares of the radii or ſides 
BK, and theſe ſides are as the axes AK, in ſimilar cones, 


Kir 
The InvesTIGATION of A RE A Sand SOLIDS. 


AGNITUDES are here conſidered as gene- 

"rated by motion ; that is, a line, ſurface and 
ſolid, to be deſcribed by the motion of a point, line, 
and a ſurface reſpectively. 4-6 


P R038 1. 


227. If the area ANQ, terminated by the perpendicu- 
lar NQ 10 the baſe AQ, be expreſſed by the baſe AQ and 
conſtant quantities, in ſuch a manner, that when the baſe 


AQ becomes AP, the ares ANQ_ becomes AMP; it i- 


G 4 re- 


* 


| 
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reguired to find the perpendicular PM from the given ara 
Free 5t205gt 5030 ortiut 
Subtract the area ANQ from AMP, and divide the 
difference QMM by the difference QP of the baſes, 
then the quotient will give a line greater than ON and 
leſs than PM: For the rectangle of that quotient and 
Q, is equal to the area QNMP, and the rectangle PN 
is leſs, and QM greater than that area; and as they 
have the ſame ba Q, the altitude QN will alſo be 
leſs, and PM greater than the ſaid quotient. | 
Now as this always happens when Q N becomes 
equal to PM, the quotient which is always greater 
than the one and leſs than the other, will likewiſe be- 
come equal to the perpendicular PM required. 


PX O II. 


228. If the figure AM revolves about the axis AP, 
10 find the plane or circle deſcribed by PM, in that rotation, 
from the given ſolid deſcribed by the avea AMP, 

From the ſolid deſcribed by AMP, ſubtract the ſo- 
lid deſcribed by ANQ, and divide the difference de- 
ſcribed by QNMP, by the difference QP of the baſes; 
then the quotient will, by the ſame argument as before, 
be a plane or circle greater than that deſcribed by QN, 
and leſs than that deſcribed by PM; and when AQ Wl 4x 

becomes AP, and QN equal to PM, this quotient will I bee 
become equal to the circle required, deſcribed by PM. 3 

It may be obſerved, that this problem not only ex- E 
tends to any ſolids deſcribed by the rotation of the fi- gu 
gure AMP about the axis AP, but likewiſe to all ſolids or 
whoſe ſides of ſimilar ſections are always expreſſed by N 
AN or PM; for the demonſtration of this caſe is ex- th 


actly the ſame with the former. be 
P20 1” Wl. * 

229. If the figure AMP revolves about the line AT 

perpendicular to the baſe AP; to find the ſurface deſcrib- 
ed by PM, from thegiven ſolid deſcribed by the area AMP. t 

. From the ſolid deſcribed by AMP, ſubtract the ſolid 
deſcribed by ANQ, and divide the difference deſcribed b 


by 
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„ ONMp, by the difference Q, of the baſs; then 
by the ſame argument as in the firſt problem, the que- 
Sat will give a ſurface greater than that deſcribed by 
QN, and leſs than that deſeribed by PM; and when 
the baſes AQ, AP, or the perpendiculars QN, and 
PM. become equal, "abs quotient. will become the 
ſurface required, Aleleribed by PM. ; 
230. Hence if -AQ=z, AP=x, and a, 35 71 
denote conſtant quantities; then if az+b2* +c 23: 
4+ expreſſes the area ANQ, or the ſolid deſcibed by 
that area about the axis AP, ax T e , 
will expreſs the area AMP, by condition, or the ſolid 
deſcribed by that area about the axis AP; and if the 
former be taken from the latrer, the ene —— 
I. b yd Z* e - 2) +4 x+—-424, will ex prefs the 
NMP, or the ſolid deſcribed by that area, which 
blog ivided by QP or X—Z gives, 5 
2) a Xx—8 2 (a. 


2) ba x—bzz(bx+62. 
2) c- 2 (Cx xX+6X 2=þ 27, | 
=) d x- dx Ad x z+dx22+d2). 


Therefore a'+ þ x +þ z Ac x e 24-022 + d * + 
dxxz+dx22+42 is the quotient; and when AQ 
becomes AP or z=x, this quotient gives a--2 þ x + 
3exx-+44 x3 for the perpendicular or plane required. 
231. Since the area or ſolid @ x+b x*+c x3 +4 x+, 

gives a +2 bx+3 c x Xx ＋L-4 Ax, for the perpendicular 
or plane; that is, a * gives a, bx x gives 2bx, c 
gives 3 e & and d x4, gives 4 di; it is manifeſt, that if 
the area or ſolid AMP, be expreſſed by any whole 
powers of the baſe AP and conſtant quantities, the per- 


pendicular or plane PM, will be found by this 
GENERAL RULE I. 


232. Multiply every term by the exponent of #be reſpec- 
tive power of the baſe, and divide the whole by the baſe. 
On the contrary, the perpendicular or plane PM, 

being expreſſed by any Whole powers of the baſe AP, 
an 


nents are whole or broken numbers, poſitive or nega- 


vided by #—y gives 7 4 
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and conſtant quantities, the area or ſolid A M P, vil 
be found by this. | 9013-110 44, 20 n 
GENERAL RULE I. 
233. Multiply every term by the baſe, and divide each 


term by the exponent of the reſpectiue power of the baſ, 
thus increaſed. | [OSS 


Theſe general rules hold good, whether the - EXP0- 


tive. For when they are negative, divide by —z+x, 
and the quotients will be the fame as before, only ne- 


17 


gati ve and when they are fractions, make , 


27 =); then x, 2=", and x*—2z* divided by 
| FM: 194+; | | 

x#—2, becomes equal to == , the numerator di- 

Wy | 

' when x A or u y, by the 

firſt rule, and the denominator divided by u—y, gives 


fl—1 


nu „ When u=y; hence ru divided by nu 
gives 7 or becauſe x7 = # and x=, this 


7 — 


quotient becomes x5 , which anſwers to rule the deſc 
9 | 
234. To find the area of a triangle KEF. Fig. 23. 


Let KD be perpendicular, and L N parallel to the MW 
baſe EF, the latter interſecting the former in Q, if the P 


conſtant quantities EF=b, KD=a, and the variable I 
KQ=x; ” have (art. 67) KD (a): KQ (x): IHE the 
(b):LN= =, Now the perpendicular LN being 1 

7 — a 
==, we get z, by the ſecond rule, for the area of i vi 


the triangle KLN, and + a6, when KQ becomes KD 
or x=a, for the area of the triangle KEF. 


235. To 
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eb 9. | | 
225. To find the content of a. righs cylinder, deſcribed 
hythe rectangle ABCD about be fide AB as an axis. Fig. 24. 


From any point P in the axis, draw PM perpendi- 
cular to AB; call AP, x and the area deſcribed by the. 
radius AD or PM, a: then the plane deſcribed by PM, 
being conſtant, we get @ x by the ſecond rule for the 
cylinder deſcribed by AM, and aA for that defcrib- 
ed by the rectangle AC. an; 

236. To find the content of the cone deſcribed by the right 
angled triangle ABC, about the fide AB as an axis. Fig. 2g. 

From any point P in the axis, draw EM parallel to 
the baſe. BC; make the conitant quantities A B = a, 
BC=4,thecircumference of the radius BC, e and AP =x, 
The ſimilar triangles AB C, A PM, give (art. 67) 


AB (a) : AP (x): : BC (4): PM= 2 3 alſo (art. 171) 


* . . 
þ: bs »+» C2 _ = to the circumference of the radiug 


bx cx _ bexx 
EM; hence we get (@r/.174) —— x ora for 


the area or plane deſcribed by PM, and by the ſecond 


rule, 875 for the content of the cone deſcribed by APM, 


and * a b c when AP becomes AB or x ga, for the cone 
deſcribed by ABC. , 

237. To find the ſurface of a right cylinder. Fig. 26. 

From any point p in the baſe draw P n parallel to the 
axis; we are to find the ſurface deſcribed by the line 
pn from the given ſolid deſcribed by the rectangle An, 
according to the third problem. 

If AD=a, AB=b, Ap=x, and c the circumference of 
the radius AD; then will (art. 171) AD (a): Ap(x)::c: 


c WY, n ner 
7 = to the circumference of the radius A p, and — 
2 


will (art. 174) be the area of the circle deſcribed by that 


radius, and (art. 235) : - — 


der deſcriped by the rectangle An; now by the firſt rule 
& we 


the content of the cylin- 


— — — —— — — — — — — — 
* 


| 
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we get — for the ſurface deſcribed by p n, and there. 
fore b c for that deſcribed by the line DC, as in art. 220, 
238. To find the ſurface of à right cone deſcribed by 
AC. Fig. 27. "OST © WBC TORLR 717, 
Draw any where GH parallel, and BD perpendicular 
to AC, the latter interſecting the former in L; if BL 
be taken for the baſe, we are to find the ſurface deſcrib- 
ed by GH, from the given ſolid deſcribed by the tri- 


angle GBH, about the axis AB according to the third 
problem. | as oh 


If BC=a, AC g, BD=4, BL=x, and c the cir- 
cumference of the radius BC : the right angled ſimilar 
triangles ABC,  GLB (art. 69) give BC (a): AC ():; 


BL. (x): BG= , and the parallels A C, GH (art, 
67) BD (d): BC (a):: BL (x) : BH = ©; but (an. 
1 10 Ain nt no 
171) BC (a): B H (=) % —— = to the cir 


7 
| X c * 
cumference of the radius BH ; hence ©* x; <= or 


24 4 

4 expreſſes (art. 174) the area of the circle deſcrib- mer 
2 dd delc 
ed by B ** which en = X — r 2 for the | 1 
cone (art. 236) deſcribed by the triangle GBH ; and 5 
ra 
by the firſt rule we get = — -; for the ſurface deſcrib- ſol 
ed by GH; and when xd, * bc for that deſcribed fur 
by AC, as in art. 225. Ia 
Fig. 25. The circumferences being as their radii, T 
that deſcribed by the point which biſects the fide AC 0 

of the cone, will be half the circumference of the baſe, 
and therefore the ſurface of the cone is equal to the rect- 7 


angle made by AC, and the circumference deſcribed 
by the point which biſects it; by the ſame reaſon, 4 
| 5 ur · 


OPM, which taken from — 
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239. if a peri BY 
ſcribed by the , "ach of a circle OBMP, about the” * 
dis O an axis. Fig. 227. 

Let the radius OA Ta, its circumference 5 OP= 
ind PM=y; then ) =#a—x x, by the Property 
the circle (art. 112) and fince (191) OA e 


60 9 5 = to the circumference of the radius PM, 


and - 227 or its equal 5e, x 7 for the area of the 
ale 450 174) deſcribed by PM; and by the ſecond 
role, — 2, = ** expreſſes the content of the ſeg- 


ment 1 which, when : „a, gives 3 ra ac for the 
content of the ſemi ſphere, as in You 216. — — 


240. Since or its equal 8 x3 4 ex- 


preſſes (art. 23065 the cone Li by the triangle 
ae the ſeg⸗ 


ment deſcribed by OBMP, ol 34 x for the ſolid 
deleribed by the ſector OBM. 

241. To Find the ſurface of a ſpbere, Fig. 28. 

From the center O with any radius O a, deſcribe ano- 
ther quadrant am þ,. interſecting the radius OM ia m, 
draw m p perperdicular to OA then from the given 
ſolid deſcribed by the ſector O b m, we are to find the 
ſurface deſcribed by m b, according to the third problem. 

If S 2 de the baſe, the arc m b the perpendicu- 
la and the reſt as before; the ſimilar-triangles; OPM 


Opm, ve On (#): Om (2): : OP (): Op=-- wan 


and-fince (art.171) 4. 2 == to the circumfe- 


rence 


i 
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rence of the radius O b: by writing 2, , and — for 


a, c, x, into 421 2 found in the laſt Ale, de get 
r the ſolid deſcribed by the ſeftor O mb, and 


— OW 


Þ 


8 


A the firſt pt LE ZZ for the ſurface deſcribed by 


the are m b, Ky TS gives Cx for the ſurface deſcribed by 
the arc BM, as 1 218. 

242. To find the area of the circular ſegment OB MP. 
Let the radius O A be unity, OP=x, then will 


PM =\/ 1— x x,- by the nature of the circle, and ex- 
tracting the ſquare root of 1—x x,' by the rule given 


5 .. K*; © .. 58 
ORE 2 22 20 128 


&c. and by the ſecond rule N— - 3 


40 112 1152 
— &c. for the area of the ſegment required. 


243. Since the Tang OPM is equal to ; DENY, 
and PM= l— —5 * &c. that triangle will ber — 


1 
4 16 32 25609 
ſegment OBMP leaves wc — 5 3¹ + . 35 


29212 80 224 2302 
for the area of the ſector OBM. 


2244. The ſector OB M, is alſo equal to half the rect- 
angle (art. 175) made by the radius OB (1) and the arc 
BM =2, that is =: z; theſe two values of the ſector 

being made equal and multiplied by 2, gives z=x+ 

5 
6 ＋ 25. 5 2 ET + &c. or if A=x, B= Axx, 


112 

= kn D=3Csx's, — 6s we get z=A +; 
B+iC+!D+!E+, Kc. 

If the arc BM be 30 degrees, then will x= 2 =. 5, and 
Ar. 5 B A, CS & B, D A C, E= z. D. F- 


&c. which taken from - 
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95 
=7;G, theſe values re- 


E. GS Kan F 

duced into Tr; imals give, 5 $0 (9972 

TIA Bored one, oro hoot +6; SOOT... 
oB= 0085... :.. 6 en ei. 
C= 01 171,875 f 2 Se. 234,375 0 
_D=.. 002444141 c 34.77 
„„ . oi 4 413098... 
G. 00002,754 Rn WE GR” ; | > Ws 

„„, 0 0 148 + = 


Ala 115 0 5 52359,877 TIES 
This being the ſixth part of half the circumference, 
which therefore multiplied by 6 gives 3-141 59,262 for 
half the circumference of a circle whoſe radius is unity, 
rue excepting the laſt figure 2 which ſhould be 5. 
Hence, the radius is to half the circumference, or the 
888 to the whole circumference, as unity to 3.14159, 
If the diameter be 7, the circumference will be 
21.99 or 22 nearly, which is Afehimed?'s proportion. 
If the diameter be 113, the circumference will be 
354.9999» or 355 exceedingly near, which is that of 
Heellius. | 


A general method for finding the greateſt or leaſt value 


of an expreſſion. _ 


If an expreſſion be. ſuch, that when the variable 
2 increaſes, it alſo increaſes for a while and then 
ecreaſes, it has a value greater than the reſt; and if 
the expreſſion decreaſes for a while, and then increaſes, 
whilſt the variable quantity increaſes, it has a value leſs 

than any other. Theſe values we are to find. _ 
245. To find the greateſt or leaſt value of an expreſſion. 
Let the ordinate of a curve denote the expreſſion, 
and the correſponding baſe, the variable PE j 
| | tnen 


= 
—— — —ü— AIIOE e IEYR 
* 

* 


— —— Og 
—— — nous 


the value found is therefore the greateſt. 


in a whole ſphere ; ſince all inſcribed cones or cylinders | 
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then becauſe the expreſſion increaſes ' for a while, and 
decreaſes afterwards, or decreaſes for à while, and in. 
creaſes again by ſuppoſition, it is evident, that the 
curve has two equal ordinates, one before it paſſes the 
higheſt er loweſt point, and another on the other ſide; 
now the valdes of theſe equal ordinates being ſubtract. 
ed from-each other, their differences will be o, and 
when'divided by the difference between the two correſ. 
ponding baſes mult alſo be . Conſequently, the ex. 
preſſidn found by the firſt rule (ard. 232) being made 
So, Will determine the variable quantity anſwering to 
the greateſt or leaſt value of the expreſſion. 
245. Hence, if the value of the variable quantity, 
found by the firſt rule, is o, the expreſſion has no 
reateſt nor leaſt value; if the variable quantity has 
— one value, the expreſſion has one greateſt or one leaſt 
value; and to know which it is, take any two values 
of the variable quantity, one greater and the other leß 
than that found; then if the values of the expreſſions 
are both leſs than that found, it will be the greateſt, 
but if they are both greater it will be the leaſt. 
And if the variable quantity has more than one va- 
lue, the expreſſion has resten and leaſt values alter- 
nately ; but ſometimes the leaſt between two greateſt 
is a, and the greateſt between two leaſt, infinite. 
247. To divide à given line 2 a equally and unzqualy, 
ſuch that the produft of the unequal parts multiplied by 
the middle part, fhall be the greateſt poſſible. 
Let x be the middle part; then a-, a+, are the 
unequal parts, and aax— , the product, which by 
rule the firſt, gives aa—3xx=0, 'or aa=3xx. Becauſe 
when x is 0 or =a, the expreſſion aux - becomes 0; 


248. Hence of all cones, that can be inſcribed in a 
ſphere, whoſe radius is a, that whoſe axis æ, is ſuch 2s 
'aa=3xx, will be the greateſt. The ſame thing is true 
in regard to the greateſt cylinder that can be inſcribed 


are in a conſtant ratio, to the above product. 
249. To 
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249. To divide a line à into two parts, ſock that the 
rare of one multiplied by the other, ball be the creanft 
le . | } IEEE ID 


Let Acbe one of theſe parts, then a- muſt be 
the greateſt poſſible ; hence by the firſt, rule 29x g 
or 24 = N. n 21162.31& lig 91H $2059 ten 

Becauſe when is o or ga; the expreſſion ar- 
becomes o, which ſhews that the value found is the 
greateſt. This holds true in any given number. 

250. Hence, of all the cones that can be inſcribed 
io a ſphere, whoſe diameter is a, that-whoſe axis x is 
the two thirds of the diameter a, is, the greateſt, 
For it is in a conſtant ratio to the product above. 

251. Of all the iriangles which have the ſame baſe 
and the ſame. angle at the vertex, the iſoſcales contains the 
gan ans. e ee e God 5150 

On the given baſe as a chord, deſcribe a ſegment of 
a circle, ſo as to contain the given angle at the veriex z 
then of all the perpendiculars drawn from any point 
in the circumference to the chord ; that Thich paſſes 


* 


thro? the center and biſects it is the greateſt. 
252. Of all the rectilineal figures, whoſe ſides are given, 
that which is inſcribed in à circle is the greateſt, © 

For if radit are drawn to the angles, it will be divid- 
ed into as many iſoſceles triangles as it has ſides, each 


of which being greater than any otlier triangle of the 


ame baſe, and the ſame angle at the vertex, the ſum 
of all or the whole figure will be the greateſt. 
253. Hence, it eaſily follows, that all figures what- 
ſoever of the ſame boundary, the circle is the greateſt. 
Alſo, of all equal areas, the circle has the leaſt boun- 
dary. The ſame thing is true in regard to the ſphere, 
that is, of all ſolids of the ſame boundary, the ſphere 
is the greateſt; and of all equal ſolids, the ſphete has 
the leaſt boundary. This method is of great conſe- 
quence in mechanies; and in the perfections of ma- 
ches u will appear heregſter r 
a> amen dude 207 0. 31 710 f 


II 3 Mernod 


— wc — 


cal progreſſion 1, 2, 3, 4, 5, &c. of the natural num- 
in the baſe AC; and the ſum of all the terms, to the 


that of the part AFC. But it is evident, that the 


N z ＋I, when reduced under the ſame de 


| 
| 
| 
| 
| 
| 
| 


fquare pile be 36, then g6x37x73 divided by 6, gin 
in that pile. 
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MA ub i computing, the . Number of Shy 
95 the contained in a PIL x. 5 
Shot are generally piled in three different mannen 
the baſe is either a triangle, ſquare, or a reftangle, aud 
from thence the piles are called, triangular, ſquare, and 
cee 607321345. 513 29/96 5 27% 0079 Sir6 AM 
If the triangular priſm ABC of ſhot (g. 30) Whol 
hight BD or AC, is equal to the corner row AB, be 
cut diagonally: by a plane CF; it is evident that the 
triangular pyramid CFD, is (art. 193) one third of tbe 
priſm, and the remainder CFA, the two thirds: 
Now becauſe the number of 'ſhot in the triangular 
baſe ABC, is expreſſed by the terms of the arithmeti- 


bers whoſe laſt term is equal to z the number of ſha 


ſum 1 of the firſt and laſt multiplied by ⁊ half their 
number; by art 34 of our algebra; that is, to 2221, 
The baſe ABC, multiplied by æ the number of ri. 
angles contained in the priſm ABCD, gives k f. 
for its content, and two thirds 42 zXxz+1 of which, 


Plane CF cuts the triangular range CB into two part, 
the one CFB, is for the ſame reaſon as above, one third 


of + zxz+1 that range, which, third 3 I, vil 
expreſs the part CFB; this being added to ; zzxz+1, 
found before gives 32Z2Xz+1 + dN I, or . 


nomination, 
for the ſquare pile ABC or fig. 29. ADW. 


RULE I. 3 
Multiply the corner row, by the corner row more one, ibi 


product by twice the corner row more one, and divide by 6. 


Example I. Let the ſide AC fig. 29, of a. complete 
6X37 13 Or 16206, for the required number N ſhot 
% = 5 74 


gh MA PHEMATICS:! 39% 


find. the content: of abr oblong pile: ABDLE. Fig-go. 
he baſe AE ga, and the breadth g; chen 
"ICE =4—=2, this length multiplied by 12>z +1, the 
vizagultir: baſe EDL gives DI, for for the 
. which'add 7 =kZF1%2z FT, the 
autre the Kane Brand ABC? we get "72: 
Ear bye 5 ee IK + Is 


vhen reduced un the inati or The 

14 5 WL 4 __ 15 hb ors o $4 
"From 165 % fine 7 ve FEY g PE one, 
ff the breadth, Tee by. remainde r by th ropes 

the breadth; tid the 5755 js LEE 
ae a Is gs 17985 EL 9 pleat pplong 


tignes 0 more 

1 n 

the numb 

* 8.30. 0 

9 t the triang1 

Jt ptiſm 1501 3 25 e 1 A y is 1 * 
9 


ted gwes PR. 
15 5 
105 


the corner row A AB; the temainder wi a triangij- 
kt pyramid $1 the. 1455 altitude as BE: uare one, and 
the bile al to the Haage ABC; whence the baſe 
r, of the priſm, multiplied, by its altitude _— , 
gives ANA T. . N for. its content: from Which ſub- 


tracing JAE ++ 1X22 16 the content of the che. ſquare | 


pyramid | gives 22 TD. — z TT 22 T1, or 
ers, when reduced, for chat of the trial 
gular pile. 


Multiply the baſe by the baſe more one, this product by 
the baſe more two, and divide by 6. 


Example III. Let the baſe or corner row of a com- 


* aijangular pile be 20; then 20 1x22 divided 


required, 


H 2 N. B. By 


R U L E, 11. ;| T9914 $ 11 


ves 10X7X22 or 1540, for the number of ſnot 


: 
* 
N 
2 


9 — - " 
— 
- „ * * 
* — 
. 
a wo . 
. _ a 
- * 
— > of - 
<< 
v auh 
Lo - - 4 
* _ 
* — 1 
V — 
" . 
* : 
- 
- 
— 
A 
: 
l 
1 
— 
. 
- 
* * 
£ 
— oy 
- CY 
939 
— 
1 
* 
- 


Iniſhec | t 


27xal 


e com 


Ne | | 
by « 
00 


—— 
— 


quare; 
rvelir 
If t 


bp . 


pendicu 


> * * > : \ % 8 * » | 4 
Wo * pe S „ is vt 4 * 

* \ 9 - ww 
Fin — 


at 3 ni 7 C T.. 5. 54 7 +} "FL | 
1 e B 3 FS "I mi o& 
101 rw 200 bs 5 
"Of © ET ern BUY... 

I 12M e 0 IE e! 
8 1 A R 3 0 L TY 


014.33 44 44 


gil 9% © p E EIN IT 0 Ns. IF .no 


l ; % 0 
. 27 Tn , AY 27192 3 - bi ' 9? is 7741 Ar 


Hu alan niler Elon. pe, am 
LD: ffo'as-one of its ſides DL touches 


he rotec;-and = oi FM, equal in length to e 
xther fide Dy of the 
nd, tothe end F ef the ruler, and che other end to 
point fix F in that plane on the ſame ſide of the 
er as the ſquare. Plate IX. Fig. .. 

Then if the fide BL. flides along the ruler E F. 

hilſt with e 3 part M of the thread is al · 

vays kept tigh uite 5 to the edge of the 
mu z the pln 81 Wil deſcribe the part A M of a 
rvelne. . | —2 

If the ſquare be Aden the other de of the point 
F, you may deſcribe in the ſame manner, the part 


LY 


alled a Parabolaa. At o: {om iv. ron 7 
2. The point fix F is called the Focus. 


pendicular to the ruler EE, the Rx. 

Ta is called the Directrix. 

6. And the part AP; of the axis, terminated by ny 
perpendicular, Ebi. i 1 


erte. XG 21 
8. A line which biſects ſeveral galls; lines, termi- 


H 3 M4 the 


* MATHEMATICS. 55 


re being faſtened with one 


\m of a curveline 3 and che whele-cafve N Amn is | 


3. The line AQ; drawn through! the foeus F per- a 
4- Phe line repreſented by the edge of the ruler | 
5. Aline double the diſtance BE, -of the aol: ol: 
e focus, the Parameter. 1 427 „„ - 2,98 Þ * 
7. The point A where the curve meets the d 8 


ated by any conic-ſeftion, is called: a Diameter; and . 


12 


10 ILE MEN TS 
© the parallels, the Ordinates to that diameter; 3 though 


within che curve, à Tangent: 
to lines, the one to the focus E, and che othef perpend, 


from the length of the ſide F D of the ſquare, and from 
the thread f MF its equal, the part f M, which is com- 
mon to both, the remainders MD and Mr ate £qual. 


repo abſciſſa-AP:  T jay, 4 AFXAP= PM:. 


is equal (art. 49) to the ſquare of PM, as likewiſe 


 2AF, or 4AF APS PM. 
f we call che Fueter, 25 then AR. 1 


5 257. Since the ſquare: f any pending to the 
axis, is always equal to the rectangle made of the ps 


i 


Dock A 
their halves are commonly called ſo. 


9. A right line which . a conie- ſection but in 
one point, and when „ eg both 1 Ways, _ fall 


254. If from any of its points M, 1 5 drawn 


cular ta the directrix, they will be equal: for by ta 


268. The diſtance. FA between the focus andv&tch,, i 
equal to the diſtance AB, between the vertex and u 
ler. For ſuppoſe the ſquare to fall on the axis AQ, 
then becauſe ME is always equal to MD, when MU 
becomes A, its equal MF, racemes AF. "TS 
LET AF AB. 

3 % 5 . 11 E OR E M. 1 Kat 

256. Te ſquare of am perpendicular MP to. the axis, 

$5:equal to the rettangle made of the parameter and te cor- 


For (art. 254) FM= BP=AP-+AF; and FP= 
.AP—AF;, NE FM+FP=2AP,:': and FM 
FAE. But becauſe: of the right angled triangł 
FPM. che difference: between the ſquares of FM, Ff, 


the e the ſum 2 AP and difference 2AF (art. 
- 46) of the ſides FM and FP. aer zA. 


APPNM' 


4 lt; 


rameter p and the correſponding, abſciſſa, it follous, 

that if 8 IO drawn perpendicular to the axis, then 
will N N == NN.. Conſequently, PM.: QN. 

( NAP: N A: AP: AQ. Which ſhews, thit 

' ſquares of the petpendiculars to the axis are alway: 

be each ne as cheir Ay abſciſſas. 5 = 

2 5 6 


2 ö 103 
35 1. he parabola opens continually as it recedes 
fon the” vertex NK. for as the abſeiſſa AP increaſes, ſo. 


185 the ſquare. of the correſponding perpen- 
25 ** ory biſects the Frede, for fince the 
lars PM at equal 


ſtances AP, from the 
FE 8 are always equal on both ſides che axis, the 
part of the parabola on one ſide of the axis is equal to 
the other. Conſequently, the axis is a diameter which 


biſedts its LN on right angles. 
c n P, R. O B. 


"260 79 Mb a tangent 10 any pant M it Bruns” 
+ 2. 

Draw ML, parallel to PA, and equal tot the diſtance 
MF from 46) point M to the focus F, join FL.; then 
the line MD, which is at right angles to the line FL, 
will be the rangent required.” ' Let 'EE be perpendicu>' 
hr to AP; then (art. 254) ML is EF = MF by 

conſtruct ion: and if from any other p point m in DM, a 
ine m be yew patallel to ML, r another to the 
focus F, it is evident that the line m Lis equal (art. 15) 
om: now becauſe of che right angled triangle mL, 


the hypotheneuſe m L is always greater than the fide 


ml; po this line ſhould be (art. 254) equal to m F, if 
the point m were in the curve; therefore the line MD, 
touches the parabola only in the given point M. 

261. If the tangent produced meet the axis in «x5 
then becauſe he 


An 


angles FMT, LMT, are (art.16), 
equal, ag like wiſe c alternate ones F TM, TML, the 
an ges T, FTM, are equal; and hence the ſides 
FM and FT (art. 26) are equal; but (ar #54) FM= 
EP, and thetefote FTE „and becaufe (art. 235) 
AF=AE, we have AT AP. Conſequently, the 
ſubtangent PT is double the correſponding abſciſſa AP. 
262. If MK be perpendicular to the tangent at M,. 
then becauſe of the parallels MK, LF, ve have ML= 
EK = (art. 254) EP; and taking away the 455 
line FP, we Tea have id wa the part PK 
p | 


ter: 


14 E 1. MENTS of * 


terminated by If an pr ego, es 
ay! 76 equal to hz 7755 ere 
he right angled fimilar 11.15 1 


119 80 NY ko 45 e 


the, rectangle, e moans, fag. Þth 
* the fan in, n FO AY 


24S 
0 2 = 2415 


264. I from 5 Fa 115 1 21 parabola, there be 
drawn a tangent MT, an ordinate MP to the axis AQ, 


and a line MR, parallel'to Me axis ; "and if from any other 
Point L, an ordinate LQ be dratun, meeting MR iu R, and 
a line LK parallel to the tan; gent MT, meeting MR in E, 
and the axis in V; then will * ohe triangle ERL. be alwg: 
equal to the. 2 lending pars allelogram TMEV. Fig. 3, 
The ſimilar triangles. TP VOL. 4 e às the ſquares 
of their homologous (are. * tid 8 and theſe I diſtar 
ſquares are as (art. 257.) th 15 9528 ab Vel. the ft 


Dix. 3 IP, or. e de * 
and the triangle. T to ag 0 855 nete 


AP: AQ:: TMP: T. 3. therefore VO p MRO! 0 hat 


by equality of (art. 53) faden taki = the com- wis, 
mon [pace A we 80 have TMEVS ER. 2 


* 1265. The Square of amy 726 Ds wald to the tan- nee 


gent 1 0 .ta_the. ſquare of that , as 5 the hah 
10 1 ine MR is to AP, or AT. 


in- homolog ous . ſides (art. 88 
| el I. the arallelograr FMEV 
E 18 © AT or AP? 
that is, TMIEY MP! 1445 AP: but TMEV =ELR 
by, art, 2 15 Apen EL,: TM:; : ME; Ab, by 


equal 155 atio oe ids 
a om EL poing. K. a line * n to the 


focus. . 5 e (art, 203) AP, 5 e 1 
or TM 715 3 this value being ff | 
to the laſt } 1 re ves AP. ME: :4APxX WM = 
FM: ELz, or EL = 4 F MAE. PX 


267. If 


t gle. 4+ 
oY 5 , 
early n. r. ce of rhe hn Wt the 
192 jonſt 1 ers 5 will be; the ſame. Conſe- 
7 the ling, R is a diameter, and the lines LK, 
parallel to gent ag M, are irs ordinates: Hſbich 
15 Fat, the. * dame ter are parallel 40 ibe axis in wu 
parab 25 e, gar guns 
f we call FM. As. Than: decauſe * N. E 
1 15 ; it is evident, that Whether ME be a diametes 
ar the axis, the ſquare of any ordinate EL is always 
al t to the rectangle made of the correſponding ab- 
Cilla ME and the parameter p; and the parametgr of, 
uy diameter or axis is exon equal to four times the 
ance MF of the \ vertex of the ter or i from 
e focus F. — 
by 269, If another. o dinate NB bei: * to the dias 
neter MR, then will pxMB= NR., Which, ſhews 
hat the ſquares. of 55 ordinates, to any diameter or 
wis, are to each other as the correſponding abſciſſas;. 
270. If 18 any points N, L, in the parabola, 
ines NC, LD „ are drawn parallel to the diameter, 


neeting the tangent in C, D, the ſquares of the parts 
MC, MD, of the tangent terminated by thele lines 


vill be to each other ds the lines ON, DIL; for MC=. 
IN, MDS EL, and CN MB, DL=ME. Neve 
* T. HSK. O. R. EK. M. 

271. SY a line LI interſcfts a diameter MR; eldber 
within or without à parabola, the | retiangle of its ports 
. by that diameter, will be equal to the reflangle 

made of the part MR of the diameter terminated by tbr 
line, and » fic parameter p, 'of the diameter AQ, to tobich 
'bat line is an ordinate, viz. pxMR =LURxRI. Fig. 4. 

From the vertex M, of the diameter, draw the or- 
linate MP to the diameter AQ; then (art. 268) NAP 
=PM:, and xAQ=QL-:; and therefore pxAQ— 
NAP, or MRS QL! PM!: but the difference 

between 


* 


| 
| 
| 
| 
| 


will xMS=m'SxSn. Therefore ZMS: 2xMS, or 


206 E L E XI EN 1 8 PY * 
between two ſquares is equal to 15 retangle of the 
(art. 46) ſum 28 difference of their ſides; "eh berauſs 
(art. 17 5 there will be RIZQL+PM, 
and R 2 M. Conſequently, ? xM R — 
LRX Rl. 

272. Henes, if aiethe} line K k be drawn parallel 
to LI, interſecting the diameter MR in 8, then will 
(art. 271 MS K SSK: : Coniſequently, PMS: 
p MR, or MS: MR:: KS SK: LRNNR 1. Which ſbeui 
that if any diameter interſefs two parallel lines, either 
within or without the parabola, the refangles of the part 
of theſe lines, terminated by the diameter, are as the Pari 
of that diameter, terminated by theſe lines. 
273. If any line mn interſects the diameter MR in 
the ſame point S as the line Kk, and q be the paxame- 
ter of the diameter to which mn is an ordinate; then 


q':P : : mSxSn 2 KSXSk. 
274. If the line mn, produced if neceſſary, meets 
LI in D; then will (q:p::) mSxSn:K XSk:: 
nPxDm : LDxD'l: In 29 the rectangles of the 
parts of any two parallel lines terminated by the para- 
bola; and any other line, will always be as the rectan- 
les of the parts of chat line terminated by the parabo- 
fa and the parallel lines, whether they meet or iftetſed 
each, other within or without the parabola. 


P R O B. 


275. To find tht are of a parabolic ſpace AMP, 4 
minated by any ordinate PM to the axis AP. Fig. 5. 
Eraw AQ perpendicular, and MQ parallel to the 
axis; if AP = x, PM Sy, and the parameter uni. 
ty; _ (art. 256) will x=yy: Now fince AQ=PM 
=y, and 1. , the area AMQ, whole per: Eg 
E M is expreſſed by the ſquare y 1, of the 
baſe AQ, will be (art. 233) 1%, or becauſe x=zy 'C 
=3xy; that is, the external ſpace AMQ is one thirc 
of the rectangle PQ; therefore the internal ſpact ; 
AMP 1 18 5 the Wen two thirds of — rectangle. 1 t 
A 3 e 


* 
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(0276: dE c be half the circumference whoſe radius is 
mity, then becauſe the areas of circles are as the ſquares 
of the radii, we ſhall have c yy for the area deſcribed by 
their radius PM; or becauſe x, that area will be ex- 
preſſed by cx; which multiplied by x, and divided by 
2 the exponent of x, gives c x, or becauſe x =y y, 
geryy vill expreſs the content of the ſolid deſcribed 
by the ſemi-parabola AMP about the axis AP: which 
therefore is Ralf the cylinder deſcribed by the rectant 
gle PQ in that rotation, conſequently the ſolid deſcribed 
by the out ward ſpace . the ofher : half, :WAIFD, is 
equal to the former. 

277. bay. "þ the area of the cirele deſcribed 2 . 
(% about the tangent. AQ is c, or ch, becauſe 
4 Y, Which multiplied by y, and divided by its 
ponent 5, gives 1c, or IC & x for the ſolid; 7 ieſcrib. 
ed by che ſpace AMQ about AQ, which is the fifth 
ont of the cylinder u GO * the teat” 
eets PQ abour that aid. . * ; | 


K:; : 

the SEC II. ELLIPSIS. 

ra- o 

an. DEFINITIONS. 0 
bo. 3.1 Av IN G faſtened the two ends of a thread 
ſe FM /, to two points, fix F, /, in a plane, in 


ſuch a manner as the interval F/, between theſe points, 
be leſs than the length of the thread; then if with a pin 


M che thread is always kept fürn by moving this pin 
round the points fix, it will deſcribe a curve line MANS, 
| which is called an Ellipſis. Fig. 6. 
the 2. The points fix F, f, are called the Foci. 70 
* 3. The — A a, which paſſes through the foci F, f, 


and is terminated by the ellipſis, is called the firſt. or 
great Axis. 


he 4. The point C, which biſects the axis, is called the 
25 Center. 


5. The line Bb, drawn through the center C at 
right angles to the Grit axis Aa, and terminated by 
the ellipſis, is called the ſecond or little Axis. 5 

. The 


: 
| 
: 
| 
| * 


| 
| 
| 
| 
| 
| 
| 


Unes to the foci E; V, their ſum will abvays be the fans 


the thread will become =AF, and the other part fM 
VA; ſo that f AFA is equal to the lengttłx of the 


gles FCB, CB, having the ſides FC, CF, equal, and 
Cg common to both, have their (art. 15) hypbthenuſes 
FB, FB, equal; that | is, FM becomes equal to f M. 


FB, or F B, will be CA. Hence alſo, | i | 


for ſince F Bf b, and C/ common to both tight an- 
all reſpects. Therefore BC =O©Ob. - 2: 


168 ELEMENTS Book 


6 The line which is a chird/continued >ptoportio 
to half the firſt and ſecond axes, 15 called the Taran 
ter to the firſt au | bers 

7. A diameter Which is 8 thi ordinate of 
another diameter; is called its Conjugate. 

278. It follows,” from the firft definition, that l 
from any point Ni in the eltipſis, were be drawn tub 


let that point be taken where it will. 


1 0 


279. When che point. M falls at A, ine pet FM 


and when the point M falls on az tlie part f M 
becomes fa, and the part FM =P a 3' therefore f A 
+FA=Fa+fa; and by taking away the cotnmon 
ms F , we have SAF=2 a /, Aa, 119116 
280. Henee, the firſt axis A a is equal to the thread 
7 M; for becauſe f A+FA is equal to it, and FAZ 
fa; we have f A+FA=fA+fazAa. 
281. The diſtances of the foci, f, F, from the cen- 
1 C are equal; for becauſe CA=Ca by defin. 4. and 
M r will De. =. 
OT The lines drawn from either of the foci 4 
the extremities of the ſecond axis B, b, are dach eq 
to half CA the firſt axis: for it'is clear that Sa ry 
point M falls on B or b, the two right angled trian- 


and their ſum being equal to the firſt axis, their half 
I. The ſecond axis B b is biſected by eddie C: 


gled triangles BC f, b C f, they (art. 1 5) are n in 


II. The ſecond axis Bb is always leſs than the firſt 


Aa; for fince FB=CA, the hypothenuſe FB will be I bee 
always greater than any one of the ſides BC. There- tr: 


$$: fore F 


#985) MATHEMAVICS i wy 
wee or Bb is Jeſs than 2 ef Na; and uten 
e ee N 7 — — becomes a Circle," 
ſquate of Half — axis, is equal to 
Wos The ſquares bf ha hy Emre and that 
« he —— C 1. of the focus · frohi center: 
The difference between the ITqbares of FB half 
e rt Axis N diſtance CF, of the focus from 
the center, is equal to the ſ quare of half CB the ſecond 


axis ; K Fockuſe 1155 =FB+EC, and FAZFB—FC, 
eh (art. 15 2 YO 
136-0 LEM OG 

2037 from: any 75 M 4 MP be 


perpendicular 

drazon 4a; the fin a A a, and CX be taten 4 fourth 
Ad CA, CF, d CP, then will an. 
G NK i ' 
hat Becauſe in the triangle FM F the rectangle of the 
ine add difference of the ſides FM, MF, is (art. 46) 
equal ta the rectangle of the ſum; and difference of che 
* ſegments FP, P/; but (art. 280) 2CA is the ſum of 
the ſides FM, FM. if D be half their difference z then 
HB 32CF=fF,and a CPS ÞP— PF, Therefore 
2 zCAxX2D =2CFx2CÞ ; or CA: CF: C.: D & 
_ by ſuppoſition. - 

Therefore, ſince AC i is (art. 280) half the ſum of the 
ian. lines FM and F M. and CX half the difference, AX 
and vill be equal to ihe leaſt FM. and 4% wer to {pe 
uſes greateſt M. [19.21 Y 


*M, H E OR E M 
half 284. The ſquare of the perpendicular MP, drawn from 
| any point in hs elligſis to the firſt axis, is to the reftangle 
C: of the correſponding parts of that axis, as the ſquare 4 
an- balf the ſecond axis is 10 the ſquare of half the rſt 
L if ſay, PM*: AP 4:: CB*: CA.. 

= Becauſe (art. 28 3} CX or (art. 280) CA—FM : 
firſt C:: CF: CA, by Adding the antecedents to their con- 
| be W fequents, we get aP—FM :aF:: CP: CA, and ſub- 


ere- tracting the antecedents from their conſequents I. FM 
fore FFP: AP: : a F: CA. 


Now 


140 ELEMENTS T Decke 
1 Now if in the Gaſt ion che antecedents are 
tracted fro 


uents, there will be FM. 


| » PU OT CD ne 22. <4 SIE UM 9519 6 
II the terms of the proportion I. are multiplied; b 
the reſpective terms of the proportion II. u e eb 
the ſquare of PM. inſtead, of the rectangle (art, 46) 
made of the ſum and difference of the ſides F M and 
FP of the right angled triangle FPM, as likewiſe the 
ſquare of CB inſtead of the (art. 282) rectangle AF 
Fa; 55 have PM: : a a:: CB» . 
2285. Since the ſquare of any perpendicular PM iz 
always to the eee of the rating parts AP, 
Pa, of the axis, as the ſquare of /CB. to the ſquare of 
CA; when the perpendicular paſſes through the focus 
F, as LF, then the above proportion becomes L.: 
AFa: : CB* : CA! : or becauſe AFa (art. 282) is=CB:; 
we have LF*:CB*::CB*:C Az, or (art. 82) LF: 
CB:: CB: CA: therefore LF is the parameter of CA. 
22386. Becauſe (art. 176) AC“: CB: : CA: LF: we 
have PM* : Apa: : LF: CA, (art. 282) by equality of 
ratios. Which ſhews, that the ſquare of any perpendicular 
zo the firſ axis is to the reflangle of the correſponding 
parts of the axis as the parameter LF is to half the firſt axis. 
287. If there be drawn another perpendicular NQ 
to the firſt axis, then will QN*: AQa: LF: CA; and 
as PM*: APa::LF:CA, it is evident that PM: 
APa : : QN*: AQ a, by equality; or PM* : QN::: 
AP a: AQ a, by alteration. Conſequently, the ſquares 
of the perpendiculars to the firſt axis, are as the rect- 
angles of the correſponding parts of the axis. | 
288. The perpendiculars on either ſide the firſt axis, 
which are equidiſtant from the center, are equal; for 
if CP=CQ, then will AP=aQ, and AQ gap; there- 
fore APa=AQa, and PM*=QN*, or PM=QN. 
_ Conſequently, the axis is alſo a diameter, and the per- 
| pendiculars PM, QN, to it, its ordinates. 
| ' 289. Fig. 8. If from any point M in the elt all 28 
ine <.. 
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ie MR be drawn perpendicular to:rhe fetond axis Bb ; 
then becauſe CR=PM, and RM OP, and ſince the 
rRatigle APA is qual to the difference (art, 460 CA - 
CP» between the ſquares of half CA the axis, and 
the part CP; therefore PM.: CA:: CB. : CA. 

or by ſubſtituting for CP, PM, their equals RM, CR, 
ve mall have CR: CA NM: CB*: CA*; and 
comparing the difference between the conſequents ro 
that of the antecedents, to the terms of the laſt rati 
we ſhall have RM: BRb : : CA»: CB. decauſs CB 
—CR* =BRb. Which ſhews, that the ſecond axis is ths 
conjugate diameter 'to the firſt axis, and that the perpen- 
diculars MR to that axis, are its ordinates. 

290. Since the ſquare of any ordinate MR to the 
ſecond axis, is to the rectangle of the correſpondi 
parts'of that axis, as the ſquare of half the firſt is 
the ſquare of half the ſecond, the properties of this 
axis, in reſpect to its ordinates, are the ſame as thoſe 
of the firſt. | Hence, 

I. The lines drawn through ne extremities of either 
axes, parallel to the other, touch the ellipfs in thoſe 
points, for becauſe the ordinates on both ſides of the 


ſame axis are conſtantly equa], the lines parallel to them 
fall entirely without the ellipſis. 


II. Each axis divides the ellipſis into two equal parts, 
ſo that if the one half was laid over/the other, it rene: 
agree with it in eyery point. bail go 5 

FP R O. fn, 

291. To draw a line MD which ball touch te as 
in — given point M. Fig. 7. 

From the foci , F, draw lines to the given point M; 
in f M produced take MI. = MF; then the line MD 
perpendicular to FL will be the tangent required. 
for From any other point m in MD, draw lines to the 
here- W foci and to the re then becauſe L m+mf, or 
N. I its equal Fm+mf, is always greater than (art. 23) 
per- fL or (art. 280) Aa; and as the ſum of theſe lines 
drawn from any point in the ellipſis to the foci, is (art. 
wo) always equal to A a, it follows, that the point m 


* 


is not in the ellpſis ʒ and Farne the 


axes in T, t, it is manifeſt, that the angles F Mt. 
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ellipſis in the only point M. 
| 793. If che tangent produced both ways meets the 


F M T, made by the lines drawn from the foci. to the 
point of contact M and the tangent, are equal. 
For ML.=MF by conſtruction, and D perpen- 
dicular to FL, the angles LMD,. FMD, are (art. 18 
equal ;/ and the angle L. MD is equal to its oppoſite ong : 
FMx.,...Conſequently, / the angles —_— 7 Mi are NCR: Ct 


we 
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493. If from the point of contati M. an ordinate M 
be draton to the firſt axis, half this axis will be à meay 
2 between , the diſtances, of this ordinate, and 

point T where the tangent 2 the axis, „ tht 
center. 1 jay, CP: CA: CT. > 9781 

Draw CD; then becauſe. CE=Cf, and (art. — 
FD=DL, the line CD will be parallel to FL and 
equal to half of it, or (art. 280) CA=CD;z and 
becauſe of the parallels F M. CD, we have f M: CD, 
or CA:: T: CT; or M- AC:: CA: CT, 
And if AX be taken equal to FM, then will (art. 283) 
fFM=aX, or f M—-Ca=CX ; but becauſe (rt. 283) 
CX: CFE:: CP: CA, we have CP: CA: CA: Cf. 
e equality of ratios : ſince CA =Ca, and C f=CF. 

294. If the line Kk, drawn perpendicular to the 
tangent at M, meets the firſt axis in K and the 255. 
in k; then becauſe of the parallels LF, MK, and 
FM, CD, we have CD or CA: CF:: FM: K; G 
U ubtracting the terms of the laſt ratio from thoſe of the 
firſt, CA: CF :: F M— CA: CK; but (art. 283) CA: 
CF: : CP: CX: therefore, multiplying the terms of a 
the firſt ratio by the reſpective — of the ſecond, 287 
then will CA*: CF*::CP: 0 ; becauſe FM the | 

= (art. 283) CX. 

295. Since CA*: CF. :: CP: CK, we we get by fob- CA 
traction CA.: CA*—CF* : : CP: PK; or becaule (art. i ber 
282) CA'—CF*=CB*; we ſhall have Eat: CM: 1 
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>: PK: and by the-ſimilarity of triangles CP or 
u: PK:: pK: PM. Therefore C A*: CB» :: :pk: 
be WM, by equality of ratios z or CB* : CA»: : Cp: pk. : 
6. Berauſe (art. 65) CPxCT : PKXCT :: CP: PK, 
the ave CA: CB»: Eb: PRKxCT by equality 
f ratios: but ſince (art. 293) CPW CTS CAL; we' 
we alſo CB. TCI; or, PK: CB:: CB: CT. 
18) Urne ſimilar triangles MPK, TCr, give PM: PK: 1 
ma CT: Ct. Therefore (art. 85) PM or Cp: CB: 2 
C;: Ct. Which ſhews that the properties of the tan 93 
gents are the ſame in reſpect to both axes. "4 


IO Ul ALIAS 


* 297. Any line MN paſſing through the center C, and 
bing terminated by tbe A 12 be biſected by the cen- 
. the ter, J ſay, CM=CN. Fi 18 N 

By drawing MP, NQ. de iba RET to the axis Aa, 
the right angled triangles CPM, CN, will be ſimi- . 
lar, whence if CP=CQ, then will PM=QN, and 
CM=CN ; bur ſince the ordinates which are equidiſ- 
tant from the center are equal, it is evident that if the 
paint M is in the ellipſis, the point N is alſo in the el- 
lipfis, Conſequently MN is biſected by the center. 


L E M M A. 


298. F from the extremity L of any ordinate LQ 0 
the firſt axis a line LV be drawn parallel to the tangent 
MT, and from the point M of contact, a line M m through 
the center, interſefling LV in E, and the ordinate LQ, 
produced if neceſſary, in R; the quadrilateral T ME V 
will be always equal to the correſponding triangle LE R. 
I ſay, TMEV=LER. Plate X. Fig. 9. 

The ſimilar triangles TPM, VQL, are as the ſquared 
(art. 88) of their homologous ſides PM, QL, or (art. 
287) TPM: VQL :: CA*—CÞP:: CAC. and 
the triangles CPM. CMT, having the fame altitude 
a PM, are as their baſes CP, CT, or becauſe ++ CP: 
ſub - CA: CT: as the ſquares of CP and CA. Since 
(art. cherefore the triangles, CR, CPM, and CMT, are 
"B*: WM 4% my ſquares of C. N CA; we have by ſub- 
CP: traction 


ſequently. LE,: MEm : : CN: CM, by altereration. 
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traction TPM: QRMT : : CA*z—CP: : CA. 
TPM :.VQL :- whence VQL=QRMT ; and by ſub. 
tracting the common ſpace VERQ, there will remain 
TMEY =LER. © | PERL! 
299. Since this property is always the ſame, wherever 
the line LV is drawn parallel to the ſame tangent; if 
it paſſes through the center, or becomes Nn, the ſpace 
TME becomes TMC, and the triangle LER the tri. 
angle NCr. Therefore TMC =CNr. | | 
i „ THE OR. E N. 
300. The ſquare of any line LE, drawn parallel to i 
tangent MT, terminated by the line M m which paſſe 


| #hrough the center and the point of contact, will be to th: 


reflangle of the coreſponding parts of the line Mm, as thi 
Jquare of CN, parallel to the tangent is to the ſquare if 
CM. Tay, LE*: MEm : CN: CM.. 

The ſimilar triangles CEV, CMT, give (art. 69) 
CM*: CE*:: CMT: CEV  ſubtrafting the conſequent 
from their antecedents, and comparing the antecedents 
to the differences CM: CM. CE- :: CMT: TME. 
But the ſimilar triangles C Nr, LER, give (art. 69) 
CN: LE: : C NT: LER; and becauſe (art. 299) 
CMT=CNr, and (art. 298) TMEV =LER, we have 
LE* : CN» : : CM*—CE2* : CM:, by equality of ratios; 
becauſe the line Mm is biſected by the center C, the 
rectangle MEm is equal to (art. 46) CM. CE-. Con- 


301. If from any point L in the ellipſis, a line is 
drawn parallel to the tangent MT, the ſquare of that 
line LE is always to the rectangle MEm of the cor- 
reſponding parts of Mm; in the given ratio, of the 
ſquares of CN and CM, of which ſide ſoever the point 
L is taken in reſpect to the line Mm; hence if LE is 
produced, ſo as to meet the ellipſis in another point K, 


the line LK will be biſected by Mm: for the ſquare of 
KE vill be to the rectangle MEm as CN* to CM: ; and 
the ſquare of LE is to the ſame rectangle MEm, a8 
CN* to CM: ; it follows that KE* LE,, or KE=LE. 
Conſequently, Mm is a diameter, and Nn its 1 

| ic 


ation, 
ine 18 
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Which ſbews that all diameters in the ellipis paſs through 
the center. | 1} te 4 

302. Becauſe the property of any conjugate diame- 
ters Mm, Nn, is the ſame as that of the axes: it 
follows. 1 ere 4 
I. That all the ordinates, equidiſtant from the center, 
on either ſide of the diameters, are equal. "I 

II. That the ſquares of any two ordinates ate to each 
other as the rectangles of the correſponding parts. 

III. Laſtly, all what has been proved in reſpe& to 
one diameter is likewiſe true in reſpe& to its conjugate, 

ä M. | 

303. If a line LI interſefts any diameter Mm, either 
within or without the ellipfis, the reflangle of us parts, 
terminated by the diameter, will be to the rectangle of the 
correſponding parts of the diameter, as the ſquare of the 
ſemi- diameter CN, parallel to this line, is to the ſquare of 
balf the diameter which it cuts. I ſay, LRI: MRm::: 
LN > COT. Fig. 10... N 

Let Aa be the diameter to which LI is an ordinate, 
draw Nu and RS parallel to the tangent MT, the firſt 
interſecting the diameter Mm in F, the reſt being the 
ſame as before; then the ſimilar triangles QRS, QLV, 
and Nu, give QL* : QR»: : QLV : QRS,; ſubtract- 
ing the conſequents from the antecedents, and compar- 
ing the antecedents to the reſpective differences QLz : 
QL*—QR: : : QLV : RLVS, and QL*: CN*: QL.V:: 
Nu; therefore I. CN: QL*—QR:: : CNu : RLVS, 
by equality of ratios. | 

The ſimilar triangles CMT, CRS, give CM» : CR*:: 
CMT: CRS; ſubtracting the conſequents from the 
antecedents, and comparing the antecedents to the re- 
ſpective differences II. CM: CM*— CR*::CMT; 
RMTS. 

But (art. 298) TMEV=LER; by adding VERS 
to both, we get RMTS=RLVS, and ſince (art. 298) 
TMFu=CNF ; by adding CFu to both, then will 
CMT =CNu. Therefore, the two former porporti- 
ons I, Il, give C 3 R:: CM: C mT 

2 * 


Oy 


% 
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CR. or becauſe (art. 46 QL*—QR* LR,, and 


Ek be drawn parallel to the diameter CX, then will 


KRK. Therefore by equality of Tatios.  CN* : L RI: 


diameter Mm, in r, either within or without the elli 


| arg of the parts of two parallel lines, are always to 
each 


APs. Fig. 12. 


* 


CM. CR. MR m; it will alternately be LR1: 
MRm : :CN» : CM.. 3 | 
304. Fig. 11. If through the ſame point R the line 


CM.: MRm ::'CN*: LR I, and CM* : MRm : CX. 


CR KRG 2 5 
30g. If the line Hh, parallel to LI, interſe&s the 


ſis, then will MRm:Mrm::LRI: Hrh (:: CM, N SCP 
e . 

306. If the lines K k, H h, produced if neceſſary, WM PM“: 
meet in D, either within or without the ellipſis, then WM CB 
will KDk: HDh : : KRk : LRI: in general, the rect. 


other as the reCtangles of the reſpective parts of 
any other line which interſect theſe parallels; and if 
one or two become tangents, theſe rectangles become 
ſquares: This is a natural conſequence, from what has 
been ſaid above. | | 
ne u. 

307. F from the point of contatt M, an ordinate MP he 
drawn to the axis Aa, the reftangle of the parts CT, CP, 
terminated ly the tangent, the ordinate, and the center, 
will be equal to the reftangle of the correſponding parts of 
the axis terminated by the ordinate. I ſay, CPxPT= 


Becaule (art. 293) CT: CA:: CA: CP, we have by 
ſubtraction TA: CA:: AP: CP, by adding antecedents 
to antecedents, and comparing the reſpetive ſums to 
the terms of the ſecond ratio, we have PT: AP: : Pa: 
CP; or, CPxPT =APa. 

308. If from the extremity N of the diameter pa- 
rallel to the tangent, a tangent Nr, and an ordinate 
NQ be drawn to the ſame axis Aa, the ſimilar trian- 
gles TMC, tNC, give CT: Ct::PM :QN ; and be- 


cauſe = CP: CA: CT, as likewiſe == CU: GA Ct, CP: 
here 


fore, fore 


CQ: I 30: 


- 


we have (art. 86) CT: Ct: : CQ: CP. 
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CQ: CP: : PM: Ne ur ve vality of ratios z or O 
QN =CPxPM. oy! 5 2 
309. Hence, the bait, of CQ is equal to — rect 
angle of APa : for the ſimilar triangles TPM, CQN, 
give (r. 69) TP: CQ++PM : ON; and fince C 
CP: : PM: "ON, we have TP: CQ::CQ: CP; (art. 
307) but TP: AP: Pa: CP; thetefore (art. 86) AP: 
CQ:: CQ: aP; or, APa=CQs. It may be proved 
1 mane, dA: CP: CP: A 
E 
310. Since (art. 284) A Pa, or or (art. 30 9, Q** 
PM:: CA“: CB», we have (art. 82) CQ: "PM: CA 
CB; and by the ſame argument CPH: MN: CA: Mn 
"30 1 Þvobt oy On RE Bb of)! oft 
311. The parallelogram GH, made by any two canj 1 
diameters Mm, Nn, i- akoays _— to . e mo 
by the two axes: Aa, Bb. 1 
Let the tangent HM meet the axis A1 in T, dias 
the ordinates MP, NQ, to that axis, and from the 
center C draw Cr perpendicular to the tangent TH 13 
then the ſimilar triangles TCr, CN, give CN :QN : : 
Pr CT: Cr; but (art. 293) CP: CA: CA: CT. ard 
CP, (art. 310) CP: CA:: ON: CB; therefore QN: CB: 
ner, CA: CT, by equality of ratios ; and the firſt and laſt 
's of WM proportion give (art. 86) CN: CB: : CA: Cr; or (art, 
= i 72) CNxXCr=CAXCB: But ſince CNxCr is equal to 
| the fourth part CMHN, of the parallelogram GH, 
> by and CAXCB, the fourth part of the rectangle made by 
ents the axes ; it follows, that the rectangle made by the 
s to Wl two axes, is equal to the PR made by two 
Pa: conjugate diameters. | 
rain E Mo. >! 
pa- 312. The ſum of the ſquares of any two ſemi conjugate 
nate diameters CM, CN, will be always equal to the ſum of 
ian- tbe ſquares of the two ſemi-axes CA, CB. Becauſe of 
be- the right angled triangles CPM, CQN : we have 
Cr, CPA PM; C M-, and CQ*+QN*=CN*. There- 
ore, fore CM* + CN+*=CP:* +CQ+ +PM-> +QN?. But (art. 
Zo) CQ*=APa, (art. * CA*—CP:, or CA! 


EI CQs 


/ 
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CQ*-+CP* 3. and by the (art. 309) fame argument CB: WM half 

—=PÞM+*+QN*. 8 en ED cum 
CB», by ſubſtitution or equal fo equals. | 

Thele are the moſt material — of the ellipGs; 420) 

it remains now to ſay ſomething of their areas, and { 40 

the ſolids c iſcribed by the rotation about either axes. ſerib 

T HE OR E M. the | 

313. If from the center O of the ellipſis, with balf of F 


#he firſt axis OA as radius, a quadrant of a circle ANC PN: 
be deſcribed, then any ordinate PM to that axis is to that ſqu: 


ordinate produced to the circle always in a given ratio if aboi 
half the leſſer axis to balf the RW... Laar, PM: PN:: as tl 
QB: OC. Fig. 13. alw: 

For the ſquare of PN is, by the property of the cir- ſolic 
cle, equal to the difference between the ſquares of OA ſqui 
and OP and the ſquare of PM, by the property of ed | 
the ellipſis, to the difference between the ſquares of 9 


OA and OP, as the ſquare of OB is to rhe ſquare of axe 
OA or OC; therefore PM» ; PN» 1 OB» : OCs, And in I 
Eat PM: PN: OB: OC. PL 
If the ordinate PN be ſuppoſed to move from the 

the "ofitibn of OC towards A, or from A towards OC, dii, 
by a parallel motion, the ſpaces OBMP : OC N, or alw 
AMP, AN, deſcribed by the parts PM, PN, of this deſi 


line, will always be in the conſtant ratio of OB to OC: by 
for the lines PM, PN, being conſtantly in that ratio, ed 
the ſpaces deſcribed at the ſame time, can be in no other. qui 


5. If OM and ON are drawn, the triangles OMP, tw, 
ONE. having the ſame baſe OP, are (art. 65) as their | 
_ altitudes PM, PN, or as OB, OC, as has been prov- in 


ed above; theſe triangles are cherefore in the ſame ra WM ab 
tio as the ſegments AMP, ANP. The ſectors OMA, co1 
ONA, the ſums of theſe proportionals, are likewiſe in ſer 
the ſame ratio of OB to OC. 


316. Becauſe the ſector OAN, of the circle is (art. 
175) equal to half the rectangle made by the arc AN 
and the radius OC; the ellipuc ſector OAM, which is L 
to the former, as OC to OB, will be equal to half the 
rectangle made by the arc AN, and half the leſſer = 
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OB. Hence the area of the whole ellipſis is equal to 
half the rectangle of half the leſſer axis, and the cir- 


cumference, whoſe radius is half the greater. 

317. The ſpheroid deſcribed by the rotation of the ellip- 
ſis about the greater axis, is to the [phere of tbe circle de- 
ſeribed upon that axis as a diameter, as abe ſquare -of, half 
the leſſer axis is to the ſquare of half the greater.. 
For becauſe PM: FN:: OB: OC, we have PM>: 
PNs; : OB* : OC; and as the areas of circles are as the 
ſquares (art. 170) of their radii, the circle deſeribed 
about OA, by PM, is to the circle deſcribed by PN. 
as the ſquare of OB is to the ſquare of OC; and as this 
always happens, the ſolid deſcribed by OBMP is to the 
ſolid deſcribed by ON, as the ſquare of OB is to the 
ſquare of OC ; and fo is alſo the ſemi-ſpheroid deſcrib · 
ed by OBMA to the ſemi- ſphere deſcribed by OCNA. 

318. If the rectangle OD be made by the two ſemſ- 
axes, and the diagonal OD interſects the ordinate PM 
in L; the difterence between the ſquares of OB and 
PL, will be equal to (art. 289) the ſquare: of PM, or 
the difference between -the circles of which they are ra- 
dii, equal to the circle of the radius PM ; and as this 
always happens, the difference between the cylinder 
deſcribed by the rectangle PB, and the cone deſcribed 
by the triangle OPL, will be equal to the ſolid deſcrib- 
ed by the ſegment of the ellipſis PMBO. And conſe- 
quently, the ſemi-ſpheroid is equal to the difference be- 

tween the circumſcribed cylinder and inſeribed cone. 


319. Hence it may be proved in the ſame manner as 
in art. 247, that the ſolid deſcribed by the ſector OA M 


about the axis OA, is likewiſe the two thirds of the 


correſponding part of the circumſcribed cylinder dea 
ſcribed by the rectangle PD. 10 


rannte 
DEFINITION S. 


1. F one end F of a ruler F D be faſtened to a point, 
fix F in a plane, and a thread to another point. 


14 
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fix F in the ſame plane, whoſe length differs from tha: 
of the ruler, by leſs than the diſtance 7, F between theſe 
points fixt; and the other end of the thread faſtened to 
the other end D of the ruler; then the pin M, which 
ſerves to keep the thread tight, and the part MD quite 
cloſe to the edge of the ruler, will deſcribe by the motion 
= the ruler about the point” h, the eden MAE. 


Fig. 14. 

5 faſtening the end of the ruler to the point F, and 
the thread to the point , and retaining the ſame length, 
you may deſcribe-in the ſame manner as before, the op- 
* Hyberbola Nan. 

2. The points fix F, 7, are called the Foci. 

3. The line A a, paſſing through the foci, and ter- 
minated by the oppoſite hyperbolas, the Axis. 

+ The point C which biſects the axis, the Center. 

If Bb, perpendicular to the axis A a, be taken 
ſo - i the diſtances AB, Ab, are equal to that of the 
focus F from the center C, it is called the ſecond axis. 

The reſt of the definitions of the hyperbola are the 
ſame as in the ellipſis. 

320. The diſtance AF, from the focus to the vertex 
of the axis is equal to the diſtance 1 J, of the other fo- 
cus to the oppoſite vertex a; for when the point M falls 
on A, the part FM of the thread becomes equal to AF; 
and when the point m falls on a, the diſtance / m be- 
comes fa; and ſince FMD is equal to fm d by defini- 
tion, md is equal to MD, when the edge of thefe ru- 
lers coincide with the axis Aa; and therefore AF Taf. 

321. Hence the diſtance F f between the foci, is bi- 
ſected by the center C; for CA=Ca, and AF Ja; 
therefore CF C/. 

322. The difference between the length of the ruler 
and that of thread is equal to the firſt axis Aa; for 
when the edge of the ruler f D coincides with that axis, 
then will fFA—AF=f M—FM, or, becauſe F A=fa 
Ta, aA=fM—FM. Hence, if lines are drawn 

from the two foci 7, F, to any point M in the hyper- 


bola, the difference between theſe lines will be always 
to the firſt axis. 323. Laſtly, 
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323. Laltly, the ſquare of CB, half the ſecond axis, 
will be equal to the rectangle AFa, or to Aas for be- 
cauſe AB is equal to CF, by defin. a F wilt be equal to 
the ſum of the ſides CA and AB, and AF equal to 
the difference therefore (art. 46) AFa +: | 

T H E O R E M. 1 

324. If from am point M, in the hyperbola, there be 
drawn a 1 MP to the firſt axis aA produced, 
and in that axis N be talen fo as CA: F: ek: CX; 
then'will FM = AX, and f M=aX, 

If half the ſum of the lines FM, PM. be call'd D. 
then becauſe in the triangle f MF the rectangle of the 
ſum 2D and difference +. of the fides f M, FM, is 
equal to the (art. 46.) rectangle of the ſum and differ- 
ence of the ſegments FP, and FP: now their ſum being 
FF, or 2CF, and their difference 2CP, we ſhall have 
2Dx2CA =2CFx2CP; or CA: :CF::CP:D, whence 
CX =D equal to half the ſum, to which adding, or 
from which ſubtracting half their difference CA, we 
ſhall have a X for the Webel fM and Ax for the leaſt EM. 

N. B. When the perpendicular MP falls within the 
triangle, fF is the ſum, and CP half the difference of 
the ſegments FP, FP, and when that perpendicular falls 
without the triangle, 7 F is the difference, and 2CP the 
ſum of the ſaid ſegments. 

| THE OR E M. 

325. The ſquare of any perpendicular. MP to the fu 
axis, is to the rectangle of the correſponding parts of that 
axis, as the ſquare © by e ſecond axis is to the ſquare 
of half the rſt ſay, PM“: APa :: CB: CA.. 

Becauſe CX or CA FI: CP: : CP: CA; ſubtract- 
ing antecedent from antecedent, and conſequent from 
conſequent, and comparing the terms of the ſecond 
ratio to the differences FM—AP: CP:: AF: CA; and 
comparing the terms of the laſt ratio to the ſums of the 
antecedents and that of the conſequents 3 I. FM—F vi : 
aP::AF:CA. 

* Tf in the firlt proportion we compare the terms of 
the ſecond ratio to the ſums of the antecedents and that 


of 


, 222 ELEMENTS T Bock 2 
of the conſequents, aP EM: CP: :aF: CA : laſtly, 
comparing the terms of the laſt ratio, to the differences, 
between the antecedents and that of the conſequent, 
II. F MFP: AP: : aF: CA. n 

If the terms of the laſt proportion are multiplied. by 
the reſpective terms of the third, and we take the 
ſquare of PM for the rectangle of the (art. 46) ſum 
and difference of the ſides FM, FP, of the right an- 
gled triangle FPM, we get PM.: APa: CB; CA, 
becauſe (art. 323) AFa=CB:*, This is exactly the 
ſame as in the ellipſis, as well as all the ſucceeding de- 
monſtrations, a few ſigns excepted. 


326. Since the ſquare of any perpendicular PM 
drawn from any point of the hyperbola to the axis, is 
always to the rectangle of the correſponding parts ab, 
AP, of that axis, as the ſquare of half CB, the ſecond 
axis to the ſquare of CA half the firſt; it is evident that 
theſe perpendiculars on either ſide of the axis, equidiſ- 
tant from the center, are always equal. Whence, the 
firſt axis is alſo a diameter, whoſe ordinates MP are at 
right angles to it. 4. | 

327. If the ordinate paſſes through the focus F ſuch 
as FL, then the proportion PM: APa: : CBz: CA: 
becomes L F.: C B.:: CB: CA, becauſe (art. 323) 
CB. = AFa, or (art. 82) LF: CB::CB: CA. There 
fore the ordinate which paſſes through the focus is the 
(def. 6) parameter to halt the firſt axis. 

328. Since (art. 76) CA*: CB*::CA: FL, we have 
PM*: APa:: FL: CA, by equality of ratios. The 
ſquare of any ordinate PM, is to the rectangle of the 
correſponding parts aP, AP, of the axis, as the para- 
meter FL is to half the firſt axis CA. a 

329. If there be drawn another ordinate NQ to the 
firſt axis, then (art. 325) will QN*: Aa: : FL: CA, 

| 
| 


and as PM: APa::FL:CA, we ſhall have QN:: 
AQa::PM»*: APa, by equality (art. 53) of ratios ; or 
alternately, QN*: PM“: AQa: APa; or the ſquares 
of any two ordinates to the firſt axis, are as the rect- 
angles of the correſponding parts of this axis. 


330. The 


* 


2 
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330. The oppoſite hyperbolas MAE, Nan, are 
— ſo that if the one was laid over the other, they 
w_ agree in every point; for if CQg C, then 
=aQ, and AQ gap; therefore, 'APa=AQa, and 
=QN: ; or, PMS ON. But this will happen 
wa where, let the ordinates PM, QN, be drawn 
any where, provided they are equidiſtant from the 
center, they will always be equal Therefore the oppe- 
ſite hyperbolas are equal in all reſpects. 
331. Fig. 16. If from any point M in the hyper- 
bola, a line MR be drawn perpendicular to the ſecond 
axis Bb; then becauſe the rectangle AP a is equal to 
(art. 46) the difference CP CA, of the ſquares of 
CP and CA, we have PM: CP. CA:: CR. CA 


will become CR*: RM. CA“: CB: : CA; and com- 
paring the laſt ratio to that of the ſums of che antece- 
dents and of the conſequents, CB*-+CR+*: RM:: CB. 
CA“, or inverſely, RM: CB*+CR#*:: CA»: CB. 

Which Heros that the ſquare of any ordinate RM. 10 the 
ſecond axis, is to the ſum of the ſquares of half that axis 
and the diſtance CR of this ordinate from the center, as the 
mn of balf the firſt axis is _—_ Jquare of baif the ſecond. 

PR 


. 332. To draw a line MD which ſhall touch the by per- 
bola in a given point M. Fig. 8 7 

oY rom the foci , F, draw Aa * to the given point 

M; in f M take ML equal to MF; then the line MD, 
perpendicular to FL, will be the tangent required. 

From any other point m, in mD, draw lines to the 
foci and to the point L then becauſe mL m, or its 
equal Fm. Fm is always leſs than (art. 23} L, or-its 
(art. 322) equal Aa, and as the difference between the 
lines drawn iS om the foci to any point in the hyperbola 
is always equal to the firſt axis; it is evident that the 
point m is not in tlie hyperbola. The line MD touches 
then the hyperbola only in the point M. 

333. The angles FMD, FMD, made by the lines 
dun from the foci to the point of contact M, are 

equal: 


or becauſe CP RM, and PM CR, that N 
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equal: for becauſe ML MF by ſuppoſition, the per- 
ndicular MD to the baſe FL of the iſoſceles triangle 
ML, will (art. 18) biſect the oppoſite angle M. 
334. If the line CD be drawn, then becauſe Cf is 
equal to CF, and FD equal to DL, the line CD vill 
be (art. 67) parallel and equal to half the line / L, that 
is, (art. 332) equal to CA; if the tangent interſects the 
firſt axis in T and meets the ſecond in t, then by the 
paralleliſm (art. 67 FM: CD, or CA: : TT: CT; 
or ſubtracting the conſequents from their antecedents, 
and comparing the differences with the conſequents, 
FM CA: C:: CA: CT: and if AX be taken 
equal to FM, then FM will (art. 324) be equal to 
a X, and CA: CP: : CF: CX; but CX = fM 
—CA : Therefore CP: CA:: CA: CT, by equality 
of ratios. Which ſhews that the firſt ſemi- axis CA, is a 
mean proportional between the diſtances of the ordinate PM 
drawn from the point of contact and the point T, where 
Ibe tangent meets that axis, from ibe center CO. 
335+ If the line Kk, drawn perpendicular to the tan- 
gent at M, meets the firſt axis in K. and the ſecond in 
| k, then becauſe MK, LF, are parallel, we have (art. 
| | 67) (fFfL)2CA:(fF) 2CF::fFM;fK, or, ſubtract- 
| ing the terms of the firſt ratio from thoſe of the ſe- 
cond, CA: CF:: fM—CA:CK; but (art. 324) CA: 
| CF: : CP: CX M—CA: therefore multiplying the 
| terms of the laſt proportion by the reſpective ones of 
| this, we get CA* CF: : CP: CK. Wh 
336. Hence, ſince CA“: CF*:;CP: CK; we get by 
ſubtraction, CA:: CF*»—CAz, or (art. 323) CB*: : CP: 
PK ; and becauſe (art. 69) PK: PM:: pM or CP: pk; 
we have CA“: CB*: : pK: PM, or CP, by equality of ha 
ratios, - | | 
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337. Becauſe CPC T: PKxCT:: CP: PK, we have AX 
CA“: CB=:: CPXxCT: PKXCT ; and as (art. 334) CPx fu 
CTSC A=; we have alſo CB. =PKXCT : And there- ti 
fore the ſimilar triangles CTt, MPK, give PM: C 
PK:: CT: Ct; and (art. 85) PM or Cp: CB:: CB: Ct, b 


becauſe PK: CB: : CB: CT. Which ſhews that the 


Pro- 
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42 : 
roperties of the tangents are the fame in reſpect to 
hath eds. n „„ 


VN. B. We have hitherto followed the ſame ſteps, in 

the demonſtrations of the ſeveral theorems relating to 
the hyperbola, as in the ellipſis; and what has been 
ſaid in regard to one, may equally be applied to both. 
We might in the ſame manner proceed, were it not ne- 
ceſſary to mention ſome lines peculiar to the hyperbola, 
and as the reſt of the properties of the hyperbola, are. 
more eaſily deduced from theſe lines than by the pre- 
ceding method, we choſe to follow this latter. 


tim DEFINITION. 

Plate XI. Fig. 17. The two lines nT, RS, drawn 
through the center C of the oppoſite hyperbolas, 
parallel to the lines Ab, AB, which join the extremities 
of the two axes Aa, Bb, are called Aſymptotes. 

238. Hence, the tangent EF, drawn through either 
extremity of the firſt axis, and terminated: by the 
aſymptotes, is equal to the ſecond axis Bb, and biſected 
by the point of contact A: for ſince bC, AE, are pa- 
rallel, as likewiſe bA and CE, the figure bE is a pa- 
rallelogram; and therefore the oppoſite ſides bC, AE, 
are equal; by the ſame reaſon the oppoſite ſide CB, FA, 
of the parallelogram FB, are equal. And bB EF. 

| TO EO: RE 8. | 
339. If a line RT, drawn through any point M in the 
byperbola, parallel to either axes, be terminated by tbe 
aſymptotes, the reftangle of its parts will be equal to the 
Jquare of the ſemi-axes to which it is parallel. 
I. For by reaſon of the parallels AE and PT, we 
have (art. 67) CA.: AE* or CB*: : CP*:PT*; and by 
the property of the hyperbola, in reſpect to the firſt 
axis, we have (art. 325) CA: CB* :: CP. CA.: PM. 
ſubtracting the terms of the laſt- ratio in the laſt propor- 
tion, from the reſpective ones of the firſt, we get 
CA“: CB*: :; CA.: PT—PM*. Whence, CB: RMT: 
becauſe (art. 46) PT.— PM. RMT. 1 I 
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II. Becauſe AC is parallel to pr, we have CA.: AF+ 


or CB* ::pr*: Cp*; and by the property of the hyper. 


bola, in reſpect to the ſecond axis, we have (art. 331) 
CA“: CB*: : pM*: CB* + Cp: ; and ſubtracting the terms 
of the laſt ratio in the firſt, from thoſe of the laſt in the 
laſt, we get 'CA+*: CB»; : pM*—pr* : CB*. Therefore 
CA*=rMr ; becauſe (art. 46) p M*i—pre*=rMr. 

340. If there be drawn any where two parallels ad, 
LI, the rectangles of their parts terminated by the 
aſymptotes and the hyperbola, will be __ : through 
the points M, N, where theſe lines interſect the hyper- 
bola, draw RT, Sn, parallel to one of the axis bB; 
then, by reaſon of the paralleliſm, we have (art. 69) 
MR: MI:: NS: Na, and MT: ML:: Nu: Nd; mul- 
tiplying the terms of one proportion by the reſpective 
terms of the other, we get RMT: LMI: : SNn : aNd; 
but RMT = (art. 339) CB*=SNn. Therefore LMIl= 
aNd. | 1 94 

341. The parts ML, ul, of the ſame line drawn 
any how, terminated by the aſymptotes and the hyper- 
bola, are equal. For becauſe (art. 340) LM1I=luL; 
or LMxMu+ul=luxoM+ML ; by ſubtracting the 
ſame rectangle L,Mxul, from both, Wwe get LMxMu 
=luxuM; or LM =u], by diviſion, '- © 

342. Fig.18. Any tangent terminated by the aſymp- 
totes, is biſected by the point of contact; for ſince the parts 
Rm, MT, of any line RT, terminated by the aſymptotes 
and the hyperbola, are always equal, when that line be- 
comes the tangent EF, the points M, m, coincide with 
the point of contact A. Hence, AF=AE, and the 
rectangle TMR or TmR, is always equal to the ſquare 
of half that tangent AE or AF. 

343. The line Mm, parallel to the tangent F.F, and 
terminated by the hyperbola, is biſected by the line 


CP, drawn through'the center C and the point of con-- 


tat A; for ſince AF AE, PT will be (art. 67) = 
PR; and as Rm=MT, it is evident that PM = Pm. 
Whence, aA is a diameter, and Mm its ordinate, 


Which 
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Which fhews that all lines paſſing through — err and 
nett the Hperbolas, are diameters. : ö 


DEFINITION. 


If from the extremity A of a Gan two lines 

AB, Ab, are drawn parallel to the aſymptotes, ſo as 
meet a line Bb, parallel to the tangent at A; this line 
Bb, is ſaid to de the conj ugate diameter to che diameter | 
Aa. 

344. It follows from this definition, that the conju- 
gate diameter Bb, is equal to the tangent EF to which 
it is parallel lince the oppoſite ſides bC, AE and FA, 
CB, of the e ere bE, FB, are equal. 


Eren 


345. The ſquare of an ordinate PM ta any diameter Aa, 
is to the rectangle of the correſponding parts of that dia- 
ameter, as the ſquare of half its conjugate is to the ſquare 
of balf that diameter. I ſay, PM* : APa: : CB*: CA. 

Becauſe (art. 339) TMR, or (art. 46) PT*—PM*=. 
AE* ; we have PT*—AE*=PM:; and the ſimilar tri - 
angles CAE, CPT, give PT*: AE*;: CP*: CA*; or, 
(art. 75) PT. Ak-; CP*—CA*:; AE*: CA. But 
PT*—AE* =PM:, CP. CA. AP . and AE*= 
CB*, Conſequently, PM.: APa: : CB* : CA“. 

346. Since the ſquare of an ordinate PM, to any 


diameter, is always to the rectangle of the correſpond- 


— — . — 


ing parts of the diameter, as the ſquare of half its con- 
Jugate is to the ſquare of half that diameter, whether 
the diameter be an axis or not; it is evident, that what - 
ever has been deduced from that property, in regard to 
the axes, will alſo be true in regard to any diameteis. 


T 


347. Fa line mM inter ſects any diameter Nn, either 
within or without the hyperbola, the rectangle of its parts, 
terminated by the hyperbola And this diameter, will be to 
the _ of Fe, * rs parts of that diameter, 
as the ſquare of half the diameter parallel to that line is to 
the 2 of baif the interſefting diameter. 1 ſay, mSM : 
NSn : ; CB: : CN, | 

| By 
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By reaſon of the parallels LQ, T, we have CO: 
> E. rr 2 


CP or CN: CS: : and therefore 
the ſquares of theſe lines are alſo proportional, as like. 
wiſe the ſquares of the terms CN, CS, are proportional 


ts the differences between the ſquares of QL,, QN, and 


PT, PS; but the difference between the ſquares of QL, 


N, is equal to the ſquare of (art. 342) CB; whence 
= ſquare of CN is to the ſquare of C 


S, as the ſquare 
of CB is to the difference between the ſquares of PT 


and PS: And if we ſubtract the antecedents from their 
conſequents, the ſquare of CN is to the difference be- 


tween the ſquares of CS and CN, or the rectangle NSn, 


as the ſquare of CB is to PT*—CB*—PS: , but the 
difference between the ſquares of PT and CB (art. 339) 


is equal to the ſquare of Pm. Conſequently, CN: 


NSn : : CB*: MS m; becauſe (art. 46) Pm*—PS:= 
mSM, or alternately and by inverſion, mSM : NSn: ; 
CB* : CN», 2 


348. If any other line Kk, parallel to the ſemi-diz 


meter CX, meets the diameter nN, in the ſame point 
S, as Mm, and the hyperbola in K, k; then will (C N.: 
NSn :,:) CB* : MSm : : CX* : kSK; or alternately, CF: 
CX2>:: Mm: KSK. Ss whe; 
349. If the line Hh, parallel to Mm, meets kK, 
roduced if neceſſary, in D; it is evident that (CB: : 
: Mem: en: e, © 

In general, the rectangles of the parts of two pa- 
rallel lines, terminated by the hyperbola and any other 
line, are always as the rectangles of the „ er. 
parts of that line, terminated by the hyperbola an 
theſe parallels; and if one or two of theſe lines be- 
come tangents, the rectangles of their parts will be- 
come the ſquares of thoſe lines. This is a natural con- 
ſequent from the foregoing corollaries. 
| ; T HRE R E M. 

350. F from any point N in the hyperbola two lines, 
NQ, NV, are drawn parallel to the aſymptotes, and being 
terminated by the ſame; their reftangle will be always the 
ſame, let that point be taken where it will, Fig. 17. 
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Let AB interſect the aſymptote in H, then both tri- 
ingles QNS, NVn, will be fimilar_ to the triangle 
CHB, as having all their ſides parallel; and therefore 
NS: NQ: : CB: CH, and, Nn:NV::CB: HB, 
multiplying the terms of one proportion by the reſpec- - 

tive terms of the other, we get SNn: NQxXxNV:: CB*; 
CHxHB ; but (art. 339) SNn=CB*, Conſequently 
NQXNV =CHxHB. HL $5 - 4 

351. Since the oppoſite ſides of the figure VQ are 
parallel, it is a parallelogram, and ſo the oppoſite ſides 
VN, and CQ are equal; and becauſe CH is parallel 
to bA, and bC=CB, AH is alſo equal to HB; and 
therefore COXQN =CHxHA. Which ſhews, hat if- 

from any two points in one aſymptote, two lines are drawn 

parallel to the other ;| and being terminated by the byper- 
lola, the reftangle of one part of the aſymptote, and the 
correſponding line, will be equal to the rettangle of the other 
fart and its correſponding Line.” TE OO ITE RISE 
T HN For N 
352. The parallelogram GH, made by am two conju- 
gate diameters Mm, Nn, is equal to the redtangle made by 

the two axes Aa, Bb. Fig. 19. e 

Let the lines AB, MN, joining the extremities of 
the axes and conjugate diameters, interſe& the aſymp- 
tote in L and R; then becauſe CLxLA\=CRxRM, 
we have CL: CR:: RM: LA, or CL; CR:: NM: 

AB; therefore the triangles BAC, NCM, which have 
Icheir baſes and altitude reciprocally proportional, are 
(art. 93) equal, as well as their octuples, the paralle- 
logram GH, and the rectangle made by the two axes. 

T HE OR E:M. 

353. The difference between the ſquares of any two con- | 
gate diameters CM, CN, is equal to the difference be- | 
tween the ſquares of the two axes CA, CB, 
| Let Ch be perpendicular to MN, interſecting AB 
n a; then the ſimilar triangles CL.a, CR3, give CL: 

R::Le:Rb; and by the property of the aſymp- 
dtes CL: CR:: NM: BA; therefore La: 1 * ; 

K M: 


- 


'! Ypol 2; 
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NM: or LAN AB=RNNM. Hence; becauſe 

the Wa le of the ſum and 1 2007 between the 

ſegments , N, of the 9 CNM, is equal to 
e 


the rectangle of the ſum and difference of the ſegments 
Aa, aB, of the ange CBA; their equals (art. 50) 
the tectangles of the ſum and differences of the ſides 
„„. CM. and CB, CA, are alſo equal, and conſe- 
quently, the difference between the 3 of CM, 
CN, will be (art: 46). equal to the difference between 
the r CA and "A; 2 
1 7 H I O R E M. 
es BMQS, FGRV, terminated by two 


{pac 
parallet Es KA. bs the aſymptotes and the erhalt, 
will be always * Fig. 20. 


For ſince the parts BS, RG, of the ſame 105 RS, 
terminated by — aſymptates and the hyperbola are 
(art. 341) always equal, it is evident, that if this line 
be ſuppoſed to move parallel to itſelf, the equal pan 
_ BS, G, will deſcribe, equal ſpaces at the ſame time; 
and therefore when RS is moved to any fituation VO, 

ſpace BMQS, deſcribed by BS, will be equal to the 
ſpace FGRV, deſcribed by RG. 

355. If che lines BA, MP, are drawn parallel to the 
aſymptote CV, and GD, F E, arallel to the aſymptote 
CQ, the ſpaces ABMP, DGFE, terminated by theſe 
parallels, the alymptotes and the hyperbola are equal: 
For the triangles BAS, RDG, having the ſides BS, RG, 
(art. 341) equal, and all their ſides parallel, are ſimi- 
lar and (art. 25) equal; and by the ſame argument 
the triangles MPQ,, VEF, are equal. By adding the 
equal triangles BAS, DRG, to, and ſubtracting the 
equal ones MP.Q, VEF, from the equal ſpaces 
SBM, GRVF, we ſhall have the ſpace ABMP e- 
qual to the ſpace DGFE. 


356. If from the poiats F,.G, the lines FL, GK, 


are drawn parallel to the aſymptote CV, meeting the Ge 
other CQ in L, K; then becauſe (art. 350) CPxDG 500 | 
is equal to CEXEF, the rectangles CG, CF, are equal; vw a 
by ſubtracting the rectangle CT which 18 _—_— * 

| oth, 


gect. 3. MATHEMATICS. 
both, the remainders EG, TE, are Son and adding 
t 
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to theſe equals the ſame ſpace TGF, the ſums or ſpaces 
LKGF, DGF E, are equal; and ſince the ſpace DG FE 
has been proved (art. 355) to be equal to the ſpace 
ABM, che ſpace LK GF is alſo equal to the ſpace 
357. If from the center C lines are drawn to the 
points B, M. G, F, the ſector CBM will be equal to 
the correſponding ſpace ABM, and the ſector CGF, 
equal to the ſpace DG FE: For ſince tart. 350) CAx 
AB=CPxcPM, the triangles CAB, CPM, are (art. 93) 
from which taking the common ſpace CAH, 
and adding to the remainders, the curvilineal ſpace 
HBM, the ſector CBM, will be equal to the ſpace 
ABMP. __.. | 
And by the ſame argument the fetor CGF is equal 
to the ſpace DGFE. _ 2 | : 
258. Hence, the parts CL, CK, CA, CP, of the 
ſame aſymptote, terminated by the lines which include 
equal ſpaces, are proportional: For fince (arr. 69) 
EF: DG:: VF: RG, and MP: AB:: MQ: BS; 
and becauſe the parts F V, Q, are (art. 69) equal as 
well as RG, BS, we have EF: DG:: ME: AB, by 
equality of ratiosz and as CL is equal to EF, and CK 
to DG, the laſt proportion becomes CL: CK : : MP: 
AB; but (art. 450) MP: AB:: CA: CP: Therefore 
CL: CK :: CA: CP, by equality of ratios. | 
359, If — CL: CK: CA, the ſpace KGFL, will 
be equal to the ſpace KGB A, or the ſector CGF, equal 
to the ſector CBG : For if in the former proportion 
CA becomes CK, and CP, CA, the ſpace ABMP will 
become the ſpace KGBA, and till remain equal to the' 
ſpace KGFL ; ſince the line MF becomes FB in this 
caſe, and BG a tangent at G parallel to FB. * 
If © CL: CK: CA: CP, it is evident from the 
preceding corollary, that the ſpaces: LG, KB, AM, 
are equal; or the ſpace LFGK is to the ſpace LFMP- 
as unity to 3: For ſince = CL : CK: CA, the ſpace 
LFGK is equal to the ſpace KGBA; and as Sw 
4 | K 2 ; 


* 
| 18 
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CA: CP, the. ſpace KGBA is equal to the ſpace 
ABM; therefore theſe three ſpaces are equal. 

It may be proved in general, that if there be any 


number m of continual geometrical proportionals, ſuch He 
as CL, CK, CA, CP, Sc. the lines drawn to the only 
points L, K, A, P, parallel to the aſymptote CV, will {Ml of the 
include -i equal ſpaces ; and therefore the firſt LG, ſubtra 
will be to the ſum of them all, as unity is to the num. W divide 
ber m—1. 1 quoti, 
From this laſt corollary ariſes an eaſy and ſhort me- Inf 
thod for computing logarithms ; and notwithſtanding Wl 4ivid 
that ſome think they ſhould be deduced from the pro- inſtea 
perties af numbers, we ſhall here explain their nacure Ml the d 
and the manner of computing them; in this we follow WW quot! 


Sir J/aac Newton, as may be ſeen in his Works tran. 
lated by Mr. Colſon; and the rather, on account that 
thoſe who pretend to deduce them from the properties 
of numbers, are obliged to make uſe of ſo far-fetched 

principles as I, and 1 believe a great many, could ne- 
ver underſtand. 


DEFINITION. 


The logarithms of numbers, which are in a geome- 
trical progreſſion, are ſuch numbers as are in an arith- 
metical progreſſion ; or, if CL, CK, CA, CP, expreſs 
any numbers, and CL being unity; the ſpaces LG, 
LB, LM, will expreſs the logatithms of theſe num- 
bers CK, CA, CP: And if CA expreſſes unity, the 
ſpace AM expreſſes the logarithm of any number CP 
greater than unity, and AG, the logarithm of any 
number leſs than unity ; and therefore the logarithm of 
unity is nothing. 

The tables of logarithms contain the natural num- 
bers from unity to 10,000 or to 100,000, and againſt 
them ſtand their logarithms ; and by the nature of the 
togarithms the ſum of the logarithms of any two num- 
bers will be that of their product; the difference that 
of their quotient ; and half, or one third of the logarithm 

ot any number, will be that of its ſquare or cube root 
, | an 
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and laſtly, twice or thrice the logarithm of any number, 
will be that of the. ſquare or cube of this number.. 

Hence, inſtead of multiplying numbers together, you 
only add their logarithms, and the ſum is the logarithm 
of their product: To divide a number by another, you 
ſubtract the logarithm of the diviſor from that of the 
dividend, and the difference is the logarithm of the 
quotient. In e 

Inſtead of extracting any root of a number, you 
divide the logarithm by the exponent of the power; or, 
inſtead of ſquaring or cubing any numbers, you take 
the double or triple of its logarithm, and againſt the 
quotient or product the root or power is found. 

oe Ln 

360. To find 1 or which is the ſame, ta 
find the logarithm of any given number CP, greater than 
unity, Fig. 20. 9 
Let GBM be an equilateral hyperbola, fo that the 
alymptotes CV, CP, may be ar right angles to each 
other, and let CA expreſs unity; AB any number a; 
and AP, x; ſo that CP, or 1+x, expreſſes the given 
number: Now as the rectangle of CA, and AB (a) is 
always equal (art. 350) to the rectangle of CP and 
PM, we have a=1-+xXxPM ; or dividing by 1-+x, 


N If this value of the perpendicular PM, 


be reduced into an infinite ſeries. by a continual divi- 
lion, - we . ſhall have PM =ax by I—*x +x#—x3 + x*— 
Ce. and therefore the area ABMP will be (art. 233) 
Sa by x — xX +383 — (* — Cc. or this value 
will be the logarithm of the number 1. 38 

If the logarithm or area, ABGK, of any number 
CK leſs than unity be required, by ſuppoſing AK ; 


then by what has been faid KG=——, and by, the 


lame argument af before ax by x +1x* + 1x? +14 
5 K 3 4 Ge. 
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+ Cc. will expreſs the area AG, or the logarithm of 
the number CK leſs than unity. It muſt be obſerved, 
that as the logarithm: of unity is nothing, and that of 
any number greater than uanry polove, that of an 
number leſs than unity muſt be negative; and ſince ; 
cannot be greater than unity otherwiſe the logarithm 
above become impoſſible: We muſt find an exprel. 
fion, by which the ſeveral logarithms may be found, 
one after another. 7 
361. If the logarithm of 1 be ſubtracted from 
the logarithm of 1-+x, we ſhall have the logarithm of 
1-+x We oth, 
——7 by the nature of logarithms, but as the logs. 


rithm of 1—x is negative, inſtead of ſubtracting, it 
muſt be added, which gives 20x by xt i A +157 + 
Sc. for the logarithm of = or, if A=2ax, B= 
xxA, C=xxB, D=xxC, &c. this expreſſion will be 
come A+5B4;Cc+3D+, &c. 1 
As the number a, or the rectangle AD may exprels 
any number, ſo there may be various ſorts of loga- 
rithms, when a=1, then the logarithms are called hy- 
perbolic, or natural. 
It has been found convenient in practice, that the lo- 
garithm of 10 ſhould be unity, and the common tables 
have been conſtructed accordingly; therefore the num- 
ber expreſſed by a muſt be found, which may be done 
by finding the natural logarithm of 10 in the follow- 
ing manner. 3 * 
et n Expreſs the logarithm of 2, and m that of 
then I ſay, that 10 3m will be the natural logarithm 
of 10; for if x be the logarithm of 2, and y that of 5: 
then becauſe Ends z the logarithm y of 5, minus 
twice the logarithm x of 2, will be equal to the loga- 
rithm z of; that is, y—2x=z ; andſince 27 => ſe- 


125 5” 
ven 
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ven times the ar ahn, x of 2; minus three times 
the logarithm y of 3, will be equal to the logarithm m 
of 423; that is, *; this will appear evident 
from what has been ſaid above, for the logarithm of 
any power of a number is equal to the logarithm of 
that number multiplied bythe exponent of the power ; 
and the logarithm of the quotient of one number divi- 
ded by another, is equal to the difterence between the 
logarithm of the diviſor and the dividend. _ 

Now if y—2x=# be multiplied by 3, it will become 
v6 gu, TR being added ta px—23y =m, gives 
xu Tm; and ſincęe 2 ., gives y=n+2x, by 
tranſpoſition, and * 3 En, Hölgpltef by 2, gives 
2x=6n+3mn ; the ſum of chis and y = τ 2x, gives 
1=7n+2m: and becauſe 2x5 is 10, the ſum of the 
logarithms x and y, gives & Hg rA 924 for the lo- 
garithm of 10. . 

e . n 
N x0 os | 
_ n OT 
Suppoſe i =; by muldelring Tap 
4+4x=5—5x, or 9x=1 by tranſpoligion ; hence 
x=2 ; by writing the value of x into " e of 8, B, 
1 ei 2274 1 2 —— | 
C, Cc. we get AST? B 51 ße D=z; 
Cc. which being reduced into decimals gives, 


(22222, $22.22) 2222 2 * 
274.3484, 249657 = 
3.38701, 736168 = C 
4181,03 162 = D 


5655023496 = F 
28 
. 


K 4 | And 
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N And A +7B +3C+ D +, Ce. gives. *" 
2 "22222,22222,222222 
© 1 91,44947-416552 

Aan 67740, 331234 
0 9 n 69 
1% 52735944 N 
57938 
606 

FW WE EY 5 | 
2231435513, 142097 =#. 
And 2723143, 55131, 420% g 10. 


EXAMPLE U. 


363. To find the logariths: of 125 


** 


5 


Suppoſe 1231 2 by reducing this equation we 


get 4 8255 z and A ==, B E C 2 
D =2= theſe numbers, bang reduced into | Gece 
mals, give Py 


: . = A 
| 333454113215 = B 
4688497 = C 


659 = D 

And . 02 371, 34180, 107628 
— 415937735 
9237699 82 


| 02371, 65206, 173169 n, | 
And .07114-95798,519477=3* 
: | 2,.23143,55131,420970=10n | 


3 2.30258, 0929, 9404510 zm Slog · 10. 


2 a 
1 1 


k 2; 


10. 


Fw «a 7 
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As this number multiplied by a, is equal to unity, or 
to the tabular logarithm of 10, by dividing unity by this 
number we ſhall have 2=0.43429.44819,03252. 
Having thus found the value of a, the om loga- 


rithms are found as follows. 


EXAMPLE mh 


<6 Nr the 2 of 9: Noe” = io 


> be 
. — then will x = 55». A = = 


12 797 C= 797 „Sr. and therefore theſe num- 


bers, reduced i into decimals, give 


.04571,52086, 21395 = A 
12,66349,26926 = B 
3507, 39271 = C 
| 9,71715 = D 
| 2691 = E 
0457 1, 2086,21 $08- 
b e 
' 701,57850 
1,38816 
R 
©04575374905,00675 log, 
As the logarithm of -10 is unity, 47 10 divided 
by 7 gives 9, the logarithm of (V), juſt now found, 


ſubtradted from unity, gives 0.9 542492 5094, 39325 for 
the logarithm of 9. 


And becauſe the ſquare root of 9 is 3, half the lo- 


garithm of 9 gives e eee for the lo- 
garithm of 3. | 


E X A MP IL E u. 
363. To find the logarithm of 8. 


Suppoſe ger 0 then will n 1 16 
32 * . Þ : gives 
d "82g 161 161 


* Ar 


f00539, 4962 5616 
ORE 693,70985 | 
1 ren 1504 ens 
16 00539, 503 18, 904 Slog. 28. „7 
Since 9yeg s 1, and 81 divided by $5 gives 90 
the ** Weh ſubtracted from twice the 
rithm of 9, found above, gives $.90208,949869,91946, 
for the logarithm of 80; and as 80, Aide 125 
gives 8, taking unity the logarithm of 10, from tha 


of 80, we fhall have 0.90308,99869,91946, for th 
logarithm of 8. eee a 


As 2X2X2=8; one third of the logarithm of 8 gi 
0.30102,99956,03982, for the logarithm of 2 
Becauſe 2x3=6, by adding the logarithm of 2 an 
3, we ſhall have 0.77815,12503,83644, for the | 
garithm of 6.1 a od 
Bra © L'E. © 
366. To find the logarithm of 7. | 


1＋* 49 r 26; 
_— — 5 og 1 257 A —=— 
B ==, C= =; and A+3B+3C, gives 
et 97 FARE. Y 
0895, 45254. 002 
iZ ©. $297 eee 


22. Ty 29328 un | 

_ | ,00895,48426, 5292 3 log. 29. 
Becauſe 6x8 =48, and 48 multiplied by 22, git 
49.3 the. logarithm of 22 being added to t 


he ſun 
of the logarithms. of 6 and 8 found above, give 
1.69019,60800,28513, for the logarithm of 4g z or be. 
cauſe 77 4, half this log. £.84509,80400, 14250 

will be the logarithm of 7. * | 
Theſe examples are ſufficient: to ſhew the method of 
computing rhe legarithms of all the numbers; and it 
may be obſerved, that the logarithms of large number 
are found by one ſtep, or two at moſt; or are foo! 
| Oni] 


7 
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only by addition and ſubtraction: For the logarithms 
of even numbers, or which are the product of any 
number of factors, are found by adding thoſe of their 
factors; ſo that thoſe of the prime numbers. are only 
to be found by the ſeries above; and this is eaſily done 
by having the logarithms next under and above them 3 
for, if any three numbers exceed each other by unity, the 
ſquare of the mean will always exceed the product of 
the two extremes, by unity: Thus, to find the loga- 
rithm of 11, the next prime number; the ſquare. of 
11 is 121, and the product of 10 and 12 is 120; then 
finding the logarithm of 433, to which adding the lo- 
garithm of 10X12, and half the ſum vill be the-loga- 
rithm of 11. r Eu bi 
To find the logarithm of 13, the ſquare of which 
is 169, and the product of 12 by 14 is 168, then tho 
logarithm of tt, added to the logarithm of 12143 
half this ſum will be the logarithm of 13; in this 
manner the logarithm of any prime number is found. 

It muſt be obſerved, that when the logarithm of any 
fraction is to. be found, the value of & is always expreſ- 
ſed by a fraction; whoſe numerator is the difference, 
and denominator the ſum of the numerator and deno- 


| 


minator of the given fraction. 


Thus, if LO 4 Ih then will x = — and if 


I-—x 120 
. 1 
W g then will x 2. 


As the right uſe of the tables of logarithms is of 
great importance, we ſhall. explain, in a few words, 
the moſt remarkable difficulties: Eirſt, when the lo- 
garithm of any number is to be found greater than any 
in the tables; when a logarithm is given, and the num- 
ber anſwering to it, is not to be found exactly; or to 
find the logarithms of vulgar and decimal fractions; we 
ſhall explain thoſe four caſes one after another. 

70 5. WA” M8 FEE 1. | 
367. To find the logarithm of any given number, not ex- 


ceeding the number of places, to which the logarithms are 
computed, 'The 


\ 
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The leaft tables are computed to 10. o00; ſo if the 
logarithm of any number leſs than 10.000 is want 
it may readily be found in the tables; thus the loga. 
rithm of 7987, will be found oppoſite to that number 
in the tables to be 3.90238 37. i 4 
Before we find the logarithm of any number of above 
five places, it muſt be obſerved, that the index, or cha. 
racteriſtic, of the logarithms of one place, or under 
10, is o; that of two places, or between 10 and 
100, is 1; that of three places, 2; that of four, 3; 
and ſo on; that is, the index is always unity leſs than 
the number of places of the given number. 
To find the logarithm of a number, as 66789: I di 
vide it by 10; which gives 5678.9. 4 nent 

+ Becauſe the logarithm of 5678 is. 7541964, omit- 
ting the index; and that of 5679, is 7542719; as 
the firſt is leſs and the ſecond greater, than the loga- 
rithm wanted, take their difference, which is 765; take 
likewiſe the difference between the leaſt number 5678, 
and the given number 5678.9, which is. 9; multiply 
theſe differences together, and add the product 688.5, 
or only 688, to the logarithm of 5678, and the ſum 
7542642, will be the logarithm ſought, by prefixing 
the index 4 to it. * 85 
The ſame logarithm will be found by multiplying 
the difference 765, by the difference . 1, between the 
given number and the greater, and ſubtracting the pro- 
duct 76.5, from the logarithm of the greater. Hence 
follows this | $2 29. NO IE | 


'G'ENERAL RULE. 
To find the logarithm of any number greater than 
10.000. | | 


Strike off the figures above four, as decimals 5678.9. 
take the difference 765, between the logarithms of the 
numbers next above and below the given one. 

Multiply this difference by the difference .9 or .1, 
between the given number and that next above or be- 


low it. | 
| Add 
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Add the product to the leaſt, or ſubtract it from 
the greateſt, then the ſum or difference will be the lo- 
garithm ſought | 

e LOE "3h 

368. To find the number of a given logarithm. 

If the logarithm is found exactly in the tables, the 
number will be oppoſite to it; but if it cannot be 
found, obſerve the following 

GENERAL RULE. 

Take the difference between the logarithms next a- 
bove and below the given one. 1 
Take likewiſe the difference between the given loga- 
rithm and one of the others. 1 

Divide this laſt difference by the former; and add 
ot ſubtract the quotient to the former number encreaſ- 
ed by as many cyphers as the quotient contains places, 
according as the logarithm taken is leſs or greater than 
the given logarithm. 85 

Let the given logarithm be - 37890423 

Then the logarithm of 6152 is leſs - 7890163 

And that of 6153 is greater 7890869 

The firſt difference iss 706 

And the ſecond - - - - = - - - 260 

Therefore the number ſought is 6132.367 


EXxzX AMT -ES. 
369. To find the logarithm of any vulgar fraction. 


Subtract the logarithm of the denominator from that 
of the numerator, and the difference will be the loga- 
rithm wanted. 4 

Thus the logarithm of ; is equal to the difference 
1461280, between the logarithms .84 50980 of 7, and 
that .6989700 of 5. | 

But if the fraction is proper, that is, if the numera- 
tor is leſs than the denominator, the numerator mult - 
be multiplied by 10, or 100, ſo as to become greater 
than the denominator ; then ſubtract from the index 
as many units. as there has been cyphers added, thus , 
the logarithm of 4 by multiplying by 10, to get , 

| i | 1 18 


* 
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is .8750613; and ſubtracting unity, —1.3750613 ; 
that of is; or % is o. 35740313; and ſubtracting 2 
gives —2.5740313 for the logarithm required. 

The logarithm of iz, or of 7 is 0.7632109, 
and ſubtracting 3, — 3.7632 109. | 
; B 

370. To find the logarithm. of any decimal fraction. 

Conſider decimals as whole numbers, and ſubtract 
as many units from the index as there are decimal 
figures. 

Thus, the logarithm of .125, conſidered as whole 
numbers, is 2.0969100 ; and ſubtracting 3 from the 
index gives —1.0969100. 5 "yon 

The logarithm of .00126, by conſidering 126 az 
whole numbers, is 2.1003750 z and ſubtracting 5 from 

the index gives —3.1003750. | 

The logarithm of any mixt number is alſo found in 
the ſame manner, by conſidering them as whole num- 
bers, and ſubtracting as many units from the index as 
there were decimals; or prefixing the index of the 
whole number as if there were no decimals. Thus, the 
logarithm of 2.134, conſidered as whole numbers, is 
3.3291944 3 — ſubtracting 3 from the index gives 
3291944; this appears from the numbers alſo, ſince 
there is but one figure, namely 2, of whole numbers; 
the index muſt by courſe be nothing. FIT 

Having given the manner of conſtructing the loga- 
rithms, as likewiſe how to find them in the tables, ſo 
as to anſwer any. given numbers, the application of them 
will be ſhewn in the next ſection; ſo there remains now 
to determine the ſolid contents of hyperboloids. 

VCC | 

371. To find the content of the ſolid deſcribed by the ſeg+ 
ment AMP, about the firft axis CP. Fig. 21. 
Draw the aſymptote CN, the tangent AE, and EL, 
parallel to the axis interſecting the ordinate PM in L; 


and let that ordinate produced meet the aſymptote in N. 


Then becauſe AE or PL is equal to half the ſecond 


axis, and (art. 339) AE? or PL* PN. PMs or, by 


tranſpoſition, 


© , 
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tranſpoſition, PM* ZPN*—_PLz ; and ſince the areas 
of circles are (art. 170) as the ſquares of their radii, 
the difference between the circles deſcribed by PN and 
PL, or the area deſcribed by LN, in the rotation of 
the Ggure, will be equal to the area deſcribed by the or- 
dinate PM; and as this always happens, the ſolids de- 
ſcribed by the triangle ELN, will be equal to the hyper- 
boloid deſcribed by the correſponding ſegment APM. 
Which ſhews, that the hyperboloid deſcribed by any 
ſegment AMP, is equal to the difference between the 
fruſtrum of the cone, deſcribed by the ſpace AENP, 
and the cylinder deſcribed by the rectangle AELP.. 


B OO K II 
Of PLaneE TRIGONOMETRY. 
SECT. I. DEFINITIONS. 


1. MRIGONOME TRM is the ſcience which 

conſiders the ſides and angles of triangles, and 
is divided into plane and ſpheric ; the plane conſiders 
right lined N e and the ſpheric, thoſe which are 
formed on the ſphere by its great circles. It is only 
the former which we propoſe to treat of, the other be- 
ing of no uſe to military gentlemen, for whom this 


J 


work is chiefly intended. 
15 2. In order to ſolve the different problems in trigo- 
nometry, it is neceſſary not only that the circumference 
on of a circle be divided into degrees and minutes, as has 
oe been ſhewn in the ſixth ſection of the firſt book, but 
likewiſe certain lines within ar.d without the circle are 
to be expreſſed by parts of the radius. 
25 3. Plate XII. Fig 1. The ſine of an are is the 
line drawn from one gf its extremities, perpendicular 
ry to the diameter which "paſſes through the other: Thus 
I. if PM be perpendicular to the diameter Aa, this line 


* PM is the fine of the arc AM; and becauſe the arc 
by Ma is likewiſe determincd by the ſame line PM, it is 

| - allo 
n, | 


F 3 -.&. 4 


Rn e , (if . © , — AT” * F 4 . * 
_— 5. * © A”. 


* 
1 
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| alſo the fine of the ſupplement Ma to the 1 

|  4- The coſine of an arc AM is the part CP of ty 

diameter terminated by the center C and the fine PM 

Aww ge ee d 1 

If the radius CB be drawn at right angles to che 
diameter Aa, and MQ perpendicular to it; then | 
cauſe CP and QM are equal, and QM being thy 
fine of the are MB; the coſine CP of an arc AM, i 
equal to the ſine of its complement MB. 

5. The verſed fine of an arc AM, is the part AP, d 
the diameter terminated by its fine and that arc. 

6. The tangent of an arc AM, is the line AT, whid 
touches it at one extremity A, and is terminated by 
line drawn from-the center C through the other M. 

7. The ſecant is the line CT drawn through th 
center, and terminated by the tangent. , 

8. Laſtly, the cotangent and coſecant of an ar 

AM, are the tangent Bt, and ſecant Ct, of its con 
plement BM. Fd FLEE 
There are tables which contain the fines, tangent 
and ſecants of every arc, from a minute to go dt 

grees, expreſſed by parts of the radius divided inu 

10000000 equal parts; the principles on which the 

computation depends are contained in the following 
propoſitions. | 


- 
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372. Am arc AM being given or expreſſed by parti 
the radius, to find its fine PM. Fig. 1. | 
I the arc AM be called z, and its fine PM, x; 
then becauſe (art. 252) Z=x+3x) +#x5 +, Cc. by 
cubing each ſide we get 2* =x*3-+3x5, neglecting the 
higher powers, and 25=xs , the firſt divided by 6 
gives z =zx3 Tir; and the ſecond by 120 
xz 25 = 236 X5, Theſe val of x and its pow 
ers being ſubſtituted into the Value of the arc, gives 
* S Z— z +5625, nearly. 
The higher powers of x and z have been neglected, 
becauſe the expreſſion of the ſine is ſufficiently exact, 
| *. 
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will a} r hereafter”: for, when the arc is but ſmall, 
the difference between the arc and the ſixth part YT its 
cube, will give the ſine of that are nearly. | 


P R O B. 


73 Any arc AM being given or expreſſed 7 
(373. 4 to find the coſine CP of that Ka ” par 7 


Let the coſine CP be called v; then becauſe of he 
right angled triangle CPM, the difference between the 

ſquares of CM (1) and. PM (x) will (art. 48) be equal 
to the ſquare of the conſine; that is, we have vv=1 
Xxx, Or V=Zz/1—xx * and the ſquare root of I—xx,, 
by the rule given in algebra, will be v=1—ixx—jxt— 
Sc. Now becauſe we have (art. 372) x=2z—i#+, 
Ec. the ſquare of which is xx =zz—524, and x+=2*%—, 
&c. by neglefting the higher powers. Theſe 'va- 
lues of xx and. x, being ſubſtituted into v=1—1:xx 
—1x+,” give i -T * 2+ nearly for the coſine CP 
required, 

It is. evident that the verſed fine AP i is equal to (CA 
CP) 3zz—2* nearly. | 

374. If the tangent AT be called 7; then becauſe 
the coſine CP is to the ſine PM, as the radius CA is to 
the tangent AT; it is evident, that the fine PM (z—42z3 
Te) divided by the coſine CP hes Lis gives 
N TZ +28 nearly. | | 
P R 0 B. n 

375. Any arc AM being given in degrees, fo cipro 
that arc in parts of the radius. 

The circumference is to the diameter; or the ne 
cumference to the radius, as (art. 244)3. 14159, 2683389 
is to unity: if, therefore, we ſay as the ſemi-cir- 
cumference, or 180, is to the 3 of degrees of 


* arc, ſo is the number 3.14159, to that arc expreſſed 
of the radius. Wherefore, if the arc be one 


n p 
inute, then as 180X60, or 10800 minutes is to one 


ninute, ſo is 3. 14 189, Cc. to that arc o. oog, 
086 * ad in parts of * radius. A | 
| | 7 


: * 
- 
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1 LLEMENT I 7 Ink 
By means of the a 1 and che fol 
nts, and ſecants, may 


2 


lowing deore Hh the ſines, tange 
be computed, as will appear by the following 
. PLE. | 
So 376. To find the fine, c0, ine, and tangent of « an arc of 
one minute. 
If the value of the arc 2, found i in the laſt pro pro blem, 
be ſubſtituted into (art. 372) x =z—E&c. we ſhall find 
o. :00029,08882,086, for the ſine; if the ſquare of that 
value be ſubſtituted into (art. 373.) v=1—1zz, we 
ſhall find 0.99999,99576,92 for the cofine; and lafth, 


tr, gives 0:00029,0888 2,086 for the tangent requir- 
arr: laſt figure. l 


"THE O'R EM. 


477. If there be taken three arcs AN, AM, AL in 


an arithmetical progreſſion, the radius being unity; the ſun 
of the fines of 18 extremes will be equal to twice the rell. 
angle made by the fine of the mean — the cofine of half 
their difference; and the ar of thzir caſines to twice the 
reftangle made * the caſine of the mean and "that of half 
their difference... 

Draw the chord d, to the difference between the 
leaſt AN and the greateſt AL; let the radius CM 
biſect at right angles the chord NL in R; then if the 
ſines LD, MP, NQ, of theſe arcs are drawn, RI pa- 
rallel to them, and EF , FN, parallel to the radius CA; 
the ſimilar triangles CPM, - CIR, gives (art. 67) CM: 

P:: CR: Cl, and CM: PM: CR: IR. Therefore 

CI=CPxCR, IR=PMXCR, becauſe the radius CM 

iS unity. EE, 

Now becauſe LR, RN, are equal, and ER, FN, 
parallel; LE and EF are alſo (art. 67) equal; 40 then 
DL, IR, and QN are in an arithmetical progreffion; 
that is, the ſam of DL, QN, the extremes is e ual to 
twice the mean IR: Therefore DL +QN-=2PM$(CR. 
And fince LE and EF are equal, ER or DI is half 
of FN or DQ; that is, DI and IQ are equal 1 and fo 
8 Ge (=2C1) * 


378. If 


* 
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378. If the arc MN or ML. be one minute, its co- 
fine CR will be (art. 356) 0.99999, 99576, 920: there- 
fore LD+NQ=PMx1.99999,99153;84, and CD+ 
CQ=CPXx1.99999,991 53,84- e 
By means of theſe two laſt equations, the ſines and 
coſines of any arc from a minute to 30 degrees, may be 
found by a ſingle multiplication. | 
„ | 

75 Let LD be the radius; then will PM be 
che fine of 89: 59"; that is, PM will be (art. 
36) -99999,99576;92 ; and the coſine CP, 
0.00029,08882,086 ; theſe values being ſubſtituted in- 
to the former equations; give NQ= .99999,98665,067 
for the fine, and CQ= .00058, 18760, 36 for the coſine 
of the arc 899: z8*. | 

The next fime and coſine is found by ſuppoſing DL 
to be the ſine of 89: 59", and PM that of 89*: 58'z 
and the operations may be thus continued to the find- 
ing of ſines and cofines of arcs from a minute to 30 
degrees. | 3 

380. If the arc AM be 3o degrees, its fine PM will 
be equal to half the radius; or, becauſe the radius is 
unity, that fine will be ; : therefore the equation (art. 
377) LD+NQ =2PMXCR, will become LD+NQ= 
CR in this caſe. Which fbews that the ſum of the ſines 
of two equidiftant arcs from 30 degrees, is always equal to 
the cofine of balf their difference. | g 

And becauſe of the ſimilar triangles CPM, LFN, 
we have CM (I) : PM (1) :: LN: FN or .:2LR: 
DQ : Therefore LR= (DQ) CQ=CD. Conſequent- 
ly, the difference between the caſines of any two equidiſtant 
arcs from 30 degrees, is always equal to the fine of baff 
their difference. Ae — — 

By means of theſe equations the ſines and coſines of 
any arc between 30 and 60 degrees, may be found by 
ſubtraction only, when the fines and coſines of all the 
arcs from a minute to 30 degrees are known. 

The tangents may be found much in the ſame man- 
ner as the ſines and coſines, by the expreſſion given for 

| L 2 that 
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that purpoſe ; or becauſe the coſine CP (Fig. 1.) is to 
the ſine PM, as the radius CA is to the tangent; the 
ſine and coſine of an arc being given, the tangent is 
eaſily found by this laſt proportion. | 
Ihe coſine CP is allo to the radius CM as the radius 
CA to the ſecant CT. Conſequently, the coſine of an 


arc being given, the ſecant may be found. _ 
| EXPLANATION of the TABLES. 


At the top of the page is placed the number. of de- 
grees; in the firſt vertical column to the left, the * 
nutes; in the ſecond vertical column the fines ; in the 
third the tangents ; in the fourth the ſecants; and then 
follow the logarithmical fines and tangents; and in the 
oppoſite page are the ſines, tangents, and ſecants of their 
complements, in the ſame order as in thefirſt, 
Thus, if the fine, tangent, and coſine of 392 : 15' 
is required, look for 39 degrees at the top of the page, 
and for the 15 minutes in the firſt vertical column to the 
left ; then the number 63270.53 againſt 15, and under 
the word ſine, will be the fine; the number 81703, 43, 
againſt 15, and under the word tangent is the tangent; 
and in the oppoſite page the number 77439, 26, in the 

{ame horizontal line under the word ſine, is the coſine 
of the arc _— ART 1 
Again, the ſine of 34 degrees 40 minutes, is 36880, 11, 
the tangent 69137, 24, the ſecant 121384, 23, and co- 
fine 82247,51. | | 
If the ſine or coſine of any angle greater than 90 
degrees is required, ſubtract from 180 the given num- 
ber, and the ſine or coſine of the difference will be that 
required: for it has been ſhewn, that the ſine or coſine 
of any arc under go degrees, was alſo the ſine or coſine 
of its ſupplement.. Thus, if the ſine of 100 degrees 
is wanted, ſubtract 100 from 180, and the fine 98480,77 
of the difference will be that required. 8 
As the tables are computed to minutes only, and it 
is ſometimes required to find them to a greater accura- 

Cy, we (hall ſhew how to find them nearer by approxi- 


mation, 


- = 
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mation, or from the given ſine or tangent to find the 
angles correſponding thereto to a great exactneſs. Fig. 3. 
81. Let EFG be ſuch a curve, that if the ordinates 
BE, CF, DG, to the axis AD, expreſs any fines or 
tangents, the diſtances AB, AC, Al the correſpond- 
ing angles to theſe ſines or tangents ; from the extremi- 
ty E of the leaſt ordinate draw a line parallel to the 
axis. AD, meeting CF in I, and DG in H; then if the 
interval BD between the extremes is not above a mi- 
nute, the differences between the ſines will be propor- 
tional to the differences between the angles nearly. - 
That is EH: HG:: EI: IF, nearly; and if FL be 
drawn parallel to EH, there will alſo be EH: HG: : 
Mi, nee nde 0 9 | 
Example I. Let the angle AC be 30%: 50: 50" ; then 
if, AB be 30%:.50, and AD 30: 51; becaule the fine 
BE is 5125425, the fine DG, 5127922, and their dit- 
ference HG, 2497; BD or EH will be one minute or 
bo ſeconds, and CD or FL, 10: therefore EH (60) 
HG (2497): : FL (10): LG (416); this being ſub- 
trated from DG, gives 5127506, for the ſine CF re- 


* 


e 5 
5 It muſt be obſerved, that if the ordinate CF is nearer 
DG than BE, the difference LG is to be found and 
ſubtracted from the greater DG, in order to get CF; 
but if CF is.nearer'to BE than DG, the difference IF 
is to be found and added to the leſs BE. | 

Example II. Let 4567890 be the fine whoſe correſ- 
ponding angle is required; as this ſine is greater than 
4565804, that of 27: 10“; and leſs than 4568392, 
that of 27: 110; if we ſuppoſe BE to be 4565804, 6, 
4568392, then will GH be 2588; LG, 502; and 
therefore HG: (2588): EH (60):: LG (302): FL 
(11.64); this being ſubtracted from EH (110, gives 
10': 48.360. Conſequently, AC, 27% 10“: 48.30”, 
will be the angle required. 5 

The ſame rule is to be obſerved for the tangents or 
their logarithms, Having thus ſhewn the uſe and con- 

IE L 3 ſitruction 
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| firution of the tables, we ſhall now proceed, P the 15 
lution of triangles. 


Solurion of RicuT ANGLED Tsa 


Fe e WD 

382. Fig. 4. If in any right angled triangle CDE, 

from one of the acute angles C as center, the arc AM 
be deſcribed with any radius, and the tangent AT to 
that arc be drawn, as likewiſe the ſine PM,; then by 
reaſon of the ſimilarity of triangles (art. 69) we "Wa 
CP: PM:: CA: AT:: CD: DE, = CP: CM: CA: 
CT:: CD: CE. Which ſhews, that the cofine is to the 
fine, or the radius is to the tangens as the adjacent 2 
CD to the angle, is to the oppaſic fide DE. 
And the caſine is to the radius, or the radius is to th 


| Jecant, as the adjacent fide CD is 20 the ren DE. 
C A8 E, T. 


8 
1 F 5. Let the Ades CD, DE, of « trianglt 
Ye * at D be given, 10 find tbe acute angles at C 
an 
x CD=100, and DE Go, then as CD (ioo) isto 
E (60) ſo is the radius 1009000 to the tangent 60000 
f the angle C: now looking into the tables. of the 
ines, and tangents for the angle correſponding to. that 
. tangent 60000, we ſhall find 30® :.58', nearly, There- 
fore the adjacent angle C is 302 : 385 and the angle E, 
the complement to the angle C is 59*: 2 
4 CG: A: S Ei fools, 
| 384. Let one of the fides CD and an acute angle C, be 
o find the other fide DE. 
the fide CD 100, and the dials C 40 degrees; 
* the radius 100000 is. to the tangent 83909 of 40 
degrees, as the ſide CD (100) is to the ſide DE (83.909) 


required. 
a C A S EBEN 


385. Let one of the acute angles C and one fide CD l 
given, to find the bypothenuſe CE, i 
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ir dhe angle C be 40 degrees; and. the fide, CD 
oo; then the radius 100000 is to the ſecant 130340 
rü. Wof 40 or of the angle dee fide e 

f is to the hypothenuſe CE (130.54) required, | - 

| Theſe are all the caſes that 0 in right angled 
for when one of the acute angles is given, the. 
other, which is its complement, will alſo be given ; 
and when the two ſides are given, the ſum of their 
quares is (art. 47) equal to the ſquare of the po- 
thenu | 


_ T H E OR E M al 
386. In any triangle ABC, the fide: are to each other 

6s the fines of the oppofite angles. ig. 6, 7. 3 

| If from any of the angles B, thefe be Jaws a per- 

e pendicular BE to the oppoſite fide AC; then if the 

E. Wl radius be called R, and the ſines of the angles A, Cz 


= ſC, 
angl JA: Rt: BE: AB g Therefore (a7. 850 
at dis C: R.: BE: BC J A: C:: BC: AB: 


| I routine KEE WW 
8.0 87. In any triangle where a perpendicular CD is Saus 
000 5, 
7 to the baſe, the baſe AB is to the ſum of the fides AC, BC, 
b 4 their difference is to the difference dae tbe Armen 
, AD, DB. 'Fig. 8. als >> " 
852 This N roved in art. 30. o.corg? 
E H . a O R E M. * 
38. In gs triangle ABC, the ſum of the: his AC; 5 
., is. to their difference as the tangent | of balf the fam 
„ of the oppoſite angles. A, By is jo rhe tangent of boi Wale % 
difference. Fig. 9. 

es; Let there be the ſame conſtruction as before, draw 
40 AE, AF, and FG parallel to EA; then as the exter- 
209) val angle ECA is equal to the two internal (art. Sy op- 


poſite ones A, B; and the angle EFA, which is at the 

circumference, is (art. 109) half the angle ECA at the 

0 * center; the an gle EFA is half the ſurn of the angles A 
and B; and fre the angles CAF, CFA, in, the toſce+ 

if les criangle ACF, are © the _—_ Vis which by 


L-4,. 


» 4 
. 
29 Al 18 
2 


reſt of the angles and fide. Fig. 10. 


we ſay (art. 386) as AC (100) is to AB (60) ſo is the 


69193 of the angle A, as the ſide AC (100) is to the 


fore this caſe can be ſolved. 


1 
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the difference between the greater angle CAB and half 
the ſum CAF or CFA, will be half their difference. 

Now becauſe the angle FAE is contained in a ſemi. 
circle, it will be a (art. 114) right angle; and ſince FG 
is parallel to AE by conſtruction, the angle AFG will 
allo be a right angle : if therefore AF be taken forthe Ar 
radius, AE will be the tangent of AFE, half of the 
ſum, and FG the tangent of half the difference FAG, che fi 
of the angles A and B; and by reaſon of the parallels 


AE, GF, we have (art. 67) BE: BF, or BC+AC: 
BC—AC:: AE: GF. n 1 


80 LUT To of OBi1Qus TRIANGLES, 
389. Two fides of any triangle ABC being given, loge. 
ther with an angle oppoſite to one of theſe fides, to find the 
If AC g ioo, AB Go, and the angle B 100 de- 
grees, then as 80 degrees is the ſupplement of 100, if 


fine 98480 of 80, to the fine 59088 of the angle C, 
which therefore is 36%: 13“; and ſubtracting the ſum 
136: 137, of the two known angles B, C, from 180, 
we ſhall have (art. 12) 43*: 47 for the angle KA. 
Whence the fine 98480 of the angle B, is to the fine 


fide BC=70.20 .. 

N. B. If the acute angle A is given, and the fides 
AB, BC, then if the ſide BC is leſs than BA, the an- 
gle C oppoſite to the fide AB, may either be acute or 
obtuſe; for there may be drawn another line equal to 
BC, ſuch that the angle it makes with AC will be the bet 
ſupplement to the angle BCA; and therefore it muſt be 


known whether the angle ſought 1s acute or obtuſe be - 48 


S E H. of 


390. Two angles and a fide of am triangle being given, I to 
to find the other idem. m ng OA 2 


If the angle A is 25'degrees, the angle B, 80, and : 
the fide AB, 120; ſubtract the ſum 105 of the two iÞ 6 
—_ 1 | | g1ven 
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angles A, B. from 180 degrees, then the differ- 
"> 92 5 will be the value of the angle C; therefore the 
fine 96592, of the angles C (75) is to the fine 98480 
of tke angle B (80) as (art. 386) the fide AB (120) is 
to the fide AC=122.34. 
Andthe fine 96592 of the angle C (75 is to the ſine 
42261 of the angle A (25) as the fide AB (120) is to 
the ſide-BC= 52.5. 
F 


391. The three fides of any triangle being given, to fund 
the angles. 


If the ſide AC=120, BC=80, and AB=100; then 
the (art. 387) baſe AC (120) is to the ſum 180 of the 
fides AB, BC, as their difference 20 is to the difference. 
between the ſegments AD, DC, which is 30. This 
being added to the baſe 120 ; then half the fum which. 
is 75, will be the value of the greater ſegment AD. 

Now in the right angled triangle ADB, having the 
fides AD and AB, the angle A is found by ſaying, (art. 
382) as AD (75) is to AB (100) ſo is the radius 100000, 


to the ſecant 133333 of the angle A, which will be 41 
degrees and 25 minutes. 


And in the triangle ABC, the ſides AB, BC, being 
given, the angle C will be found by faying as BC (80) 
1s to AB (100) ſo is the ſine of the angle A (66153) to 
the ſine 82691 of the angle C, which therefore is 55 
degrees and 47 minutes; and the difference 822 : 48 
between the ſum 97: 12 of the angles A, C, and 180 
degrees will be the value of the angle B. 

ENS Mo... 

392. Two fides with the including angle of any * 
being given, to find the other angles and fide. 

Let AC=100, AB=60, and the angle A, 53*: 
48'; then as (art. 388) the ſum 160 of the ſides AB, 
AC is to their difference 40, ſo is the tangent 197110 
of 63: 6 half the ſum of the oppoſite angles B, C, is 
to the tangent 49277 of half their difference; this an- 
ſwers to an angle of 23: 54 

Now if we add this angle 23: 54', to half the ſum 
63*: 6, we ſhall have 87”, for che greaceſt angle B þ 

an 


\ 
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and ſubtracting 23 : 54' from 63®; 6, we ſhall get 39"; 
12', for the leaſt angle C. 


Hence the ſine 99862 of the Big B (89) is to the fine 
80696 of the hes A(53*: 48) the fide AB (100) 
to the fide BC 80. 87. 

Theſe are all the different caſes that can happen in 
any plane triangle; and to ſhew their uſe we ſhall add 
the following problems, which moſt commonly occur 


On; 
PROBL E M. 


393. To find the diſtance from an inacgeſſ ble objet 
A, placed beyond a ri ver, or precipice, to @ given point B, 
Fig. 12. 

Gn a level ſpot of ground meaſure the baſe BC, place 
the inſtrument at B, and take the angle CBA; carry 
the inſtrument to the other extremity C of the baſe, and 
take alſo the angle ACB : Then having the baſe BC of 
the triangle ABC, and the adjacent angles B and C, the 
diftances AB, AC, may be found by caſe I. _ 

If the angle B de 70 degrees, the angle C, 68, and 
the baſe BC, 120 yards, by ſubtracting the ſum 1 38 of 
the angles B and C from 180, the difference 42 will be 
the value of the angle A. Therefore, the ſine 66913 


of the angle A (42) is to the fine 92718 of the angle C 


(68) as he baſe BC (120)is to the diſtance AB=1 66.27 
yards, | 


If the triangle ABC be laid down by a ſeale of equal 
parts and a protractor, and the ſides "AB, AC, Boing 


carried on the ſcale with your compaſſes, they will be 


found pretty near the ſame. as by compuration. 
EROQO BREE M. 

394. To find the diſtance between any two th ble 
| objetss A and D. 

In a convenient place meaſure the baſe BC, as 
likewiſe the angles made by that baſe, and the lines 
drawn from its extremities to theſe objects; then in 
the triangle ABC, having the baſe and the adjacent 
angles, the fide AC may be found by caſe I. And in 
the triangle BCD, having the baſe BC with the adja- 

cent 
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cent angles, the fide CD may be known. Laſtly, in 
the triangle CAD, having the ſides CA, CD, with the 
included angle, the inacceſſible diſtance AD may be 
found by. cale IV. 

If the baſe BC=125 yards, the angles ACD (50), 
ACB (42), ABC (86), 2 BD (40) z then the difference 
between the ſum 128 of the angles ABC, ACB and 180 
gives 52 for the angle BAC; and therefore, the fine 

78801 of the angle A «7 is to the line 997 56 of the an- 
de B($6) as the baſe BC (125) is tothe ſide, CA =1 58.24. 

The ſum 132 of the angles BCD, DBC. being ſub- 
tracted from 180 gives 48 i the angle BB, nce, 
the fine 74314 of the angle D (48) is to the foe 64278. 
of the angle B (40), as the bale BC (125) is to the ſide 
CD=108. 

Laſtly, the fora 266.24 of the Udes CA, CD, is te 
their difference 50.24 as the tangent 214450 of 65 half 
the ſum of the angles A, D, is to the tangent 40340 of 
half their difference, YER is 21: 58; this bein 1 1 
to and ſubtracted from half the ſum 65, gives 800 
for the greateſt angle CDA, and 43% 25 » for the ka 
CAD. - Conſequently, i the ſine 68242 of the angle CAD 
(43®: 2") is to the ſine 76602 of the angle ACD (so as 
the ſide CD (108) is to the diſtance required AD=121. 

P'R'OB LEM. 
: 395. To find the height of an acceſſible objet AB. Fi ig · 13. 

Place the inſtrument at a convenient diſtance from the 
object as at C; let C be the height of the Inſtrument, 
00 obſerve the angle BDE made by the horizantal line 
DE and the line DB; meaſure the diſtance CA or DE : 
then as all the angles in the right angled triangle DER 
are known, as alſo the baſe DE; the perpendicular EB 
(art. 384.) may be found, to which adding the height 
AE of the point E from che ground, and you will have 
the height required. 


' Let the bats CA or DE be 100 feet, and the angle 


EDB, 60 degrees; then as the radius 100000. is to the 


tangent 173205 of the angle D (60) ſo is the fide DE 
, (O97: to the perpendicular EB (173.205) to which ad- 


ding 
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ding 4 feet forthe height of the point E from the ground 
you will have AB=177.205. * hoes 
N O 
396. To find the height of an inacceſſible object AB. 
Place the inſtrument in a convenient place as at C, 
and obſerve the angle BDE, made by the horizontal 
line DE and the line DB; then go backwards in a di- 
rect line with the points D and 


diſtance FD: then having all the angles of the triangle 
FDB and the baſe FD, the fide DB may (art. 390) be 
found; and having the ſide DB and the angle BDE, 
the height EB may (art. 384) be found. 
If the angles BDE (62*: 300), BFD (48: 300) and 
the baſe DF, 100 feet, then becauſe the exterior angle 
BDE is equal to the ſum of the two interior oppoſite 
ones F and B; the difference 14: 20, between the an- 
gles BDE, BFE, will be the angle FBD. Therefore, 
the fine 24766 of the angle B (14: 200 is to the ſine 
74895 of the angle F (48: 300) as the baſe FD (100) 
is to the ſide DB=302.53 ; and the radius 100000 is 
to the ſine 88968 of the angle BDE (62: 50') as. the 
fide DB (302.53) is to the perpendicular EB=269.15 ; 
to which adding 4 feet for the height of the point E 
from the ground, you will have AB=273.15 for the 
height wanted. De ee "Nook Koran, by. 
n E 
397. The aiſtance between three objefts A, F, B, H- 
inp in a right line, being given together with the angles 
under which they are ſeen from any place D, to find the 
diſtances from this place to the three objects. | 
Suppoſe a circle to paſs through the two extreme ob- 
jets A, B, and the point D; let a line be drawn from 
the point D and the third object F, meeting the cir- 
cumference in E, draw AE, BE; then becauſe the 
angles EAB and EDB, inſiſting on the ſame arc EB, are 
(art. 113) equal, as well as the angles EBA and EDA, 
we have the three angles of the triangle AEB and the 


fide AB, and fo the fide AE may be found; and hav- 


ing 


„at a convenient dif. 
tance as at F, and take the angle BFE and meaſure the 


Set. 3. | 
ing the ſides AE, AF, with the included angle, the an- 
le AFE may be found. Laſtly, in the triangles ADñF, 
DE, having the angles at D and F, and the ſides AF, 
FB, the required diſtances may be known. 


MATHEMATICS. , tsy 


If AB=180 fathoms, AF = go, the angle ADF. 
21e: 15, and the angle BDF, 38; then will the angle 
AEB be 120%: 45; whence, the fine 85940 of the 
ſupplement 59*® : 15 to the angle AEB, will be to the 
fine 36243 of the angle ABE, or of its equal ADE 
(21%: 15) as the fide AB (180) is to the fide AE = 
75.9 or 76 fathoms. Now the ſum of 126 of the 
fides AE, AF, is to their difference 26 as the tangent 
290421 of 71 half the ſum of the angles E, F, is to 
the rangent 59928 of half their difterence, which an- 
ſwers to an angle of 30%: 66, this added to 71, gives 
101: 56&', for the greateſt angle AFE or BFD. 
Therefore, the ſine 61566 of the angle FDB (38) is 
to the ſine 97838 of the ſupplement 78: 4, to the an- 
gle DFB (lot: 56) ſo is the ſide FB (130) to the ſide 
DB=206.5. 

And the ſine 61566 of the angle FDB (38) is to the 
ſine 64367 of the angle DBF (40: 41') ſo is the fide 
FB (130) to the fide FD=136,, © 

Laſtly, the fine 36243 of the angle ADF (21: 13) 
is to the ſine 97838, of the angle AFD (789: 4) fo is 
the fide AF (50) to the diſtance AD 133. 

This problem is very uſeful in the attack of a place: 
for by means of Dr. Hadley's reflecting quadrant, the 
points of the baſtions before the attack may be ſeen as 
well as one of the ſhoulders, by looking between two 
ſand bags; the diſtances from one point of the baſtion 
to that of the next, as well as to the ſhoulder, are ge- 
nerally known from the author's method that fortified 
the place; and from thence, the diſtance from the 
trenches to the place are eaſily known; for though theſe 
three points are not exactly in a line, yet they are near 
enough to cauſe no great error. 

If the point D is choſen in the capital of the ravelin 
produced, the line DF will be perpendicular to the ex- 

rerior 
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terior ſide AB; then the problem will be much eaſier , 
ſince the radius will be to the ſecant of the angle DAB 
or DBA, as half the exterior ſide AB is to the fade AD 
08 PR O B L E NM. | 
388. The diſtances between three objezts A, B, C, nt 
. placed in a right line being given, together with the an- 
gles under which" thty are ſeen from any place D; to find 
the diſtances from That place to the three objets. Fig. 11, 
Suppoſe a circle to paſs through any two of theſe ob- 
jets A, B, and the point D, and let the line CD in- 
terſect or meet the cirumference in E, draw AE and 
BE; then as the angles EAB, EDB, inſiſt on the ſame 
arc EB, they (art. 113) are equal, as likewiſe the angles 
EBA and EDA; whence, in the triangle AEB, the 
ſide AB, and the adjacent angles are given, as bein 
equal to the angles at D, therefore the fide AE is alſo 
given: and becauſe the three ſides of the triangle ABC 
are given by ſuppoſition, the angles are (art. 391.) like- 
wiſe given; and ſo the angle CAE, which is the ſum 
or difference of two given angles CAB and BAE, is al- 
ſo given; then as the ſides AC, AE, and the included 
angle are given, the angle ACE may (art. 392) be found. 
Laſtly, having the ſide AC and all the angles of the 
triangle DAC given, the ſides DA and DC may (art. 
390) be found; and having in the triangle DBA, the 
ſides AB, AD, and the angles at A and D, the fide 
BD may be (art. 389) found. | | | 
If AB=100, AC=66,: BC=70, and the angles 
ADC, 27, CDB, 32, then as the fine 85716 of the ſup- 
plement 59 to the angle AEB is to the fine 45399 of 1 
the angle EBA (27) ſo is the fide AB (100) to the 
ſide AE=53 : to find the angle CAB ſay, as the baſe 
AB (100) is to-the ſum 136 of the ſides AC, BC, fo 
is their difference 4 to the difference 5.44, between (art. git 
384) the ſegments of the baſe, this being ſubtracted {tr 
from the baſe 100; half the difference 47.28 will be 
the ſegment next to the angle A; but this ſegment 
47-28 is (art. 386) to AC (66) as the radius 100000 is 
ot WE 


tet. 3. MATHEMATICS. . £59 
to the ſecant 13959 of the angle A, which therefore is 
44*: 14', and hence the angle CAE is 12®: 14, as be- 
ing the difference between the angles BAC, (44%: 140 
and BAE, or its equal BDC (32). Now as the ſum 
119 of the fides AC, is to their difference 13, ſo + 
is the tangent 933154 of 84*: 53, half rhe ſum of the 
angles C, E, to the tangent 101941 of half their dif- 
ſerence; which anſwers to an angle of 45* : 33“; this 
being ſubtracted from half the ſum 83*: 53, gives 
38: 20 for the leaſt angle ACD. ; 


Therefore, the ſine 4.5399 of the _ ADC (27) is 
to the fine 62023 of the angle ACD (38: 20'), as 
the ſide AC (66) to the fide AD=90.16. And as the 
fine 45399 of the angle ADC (25) is to the ſine 90875 
of the ſupplement 65* : 20 to the angle DAC, fo is the 
fide AC (66) to the fide DC=132.2. Laſtly, in the 
triangle DAB, the ſine 85716 of the angle ADB (59) 
is to the ſine 94225 of the angle DAB (70: 26), as 
the fide AB (100) to the ſide DB=110. - | 
If the point C falls any where in the circumference, 
the problem is indetermined ; for the angles CAB,CBA, 
are in this caſe equal to the alternate angles at D; and 
ſo any point in the arc ADB will ſatisfy the problem. 
This laſt problem is uſeful in ſurveying the plan or 
map of a country ; for having once the diſtances between 
three towns, thoſe to any other from which theſe are 
ſeen may be found; and in this manner the diſtances 


between all the towns may be found one after another. 


5 TRIGONOMETRY applied to Fox IIc AT IO. 
of When a plan of a fortification is to be traced on the 
he ground, the maſonry to be computed, or an eſtimate is 
ale to be made, it is neceſſary to know exactly all the lines 
4 and angles which compoſe it; for which reaſon we ſhalb 
FT 


: give the following ſpecimen, applied to a front con- 
ed ſtructed according to Mr. de Vauban's firſt method, which 
being well underſtood, may eaſily be applied to any 
Nt other conſtruction whatſoever. 

Fo | PROB- 


* 
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399. To find the lines and "ts th. the front of a forti. 
Fheation, conftrufted according 10 de Vauban s" firſt 
method. Plate XIV. Fig. 9 
The exterior ſide AB is ſuppoſed to'be 180 fathoas or 
toiſes; the perpendicular CD, 30; the faces AE, BH, 
50; and the lines EH, EG, and FH, are equal ; we 
are from theſe data to determine ſhe reſt of the lines 
and angles. 

The firſt ching to be found is the angle CAD, made 
by the exterior ſide and the faces of the baſtions : As 
in the right angled triangle ACD, we have the ſides AC 
(90) and CD (30) the angle A will be found to. be 18 
degrees and 26 minutes; twice this angle, ſubtracted 
from the angle of the polygon, gives the flanked angle 
of the baſtion: In an exagon, the angle of the polygon 

5 120 degrees 3: and therefore the flanked angle is 83 
degrees and 8 minutes. 

The ſide AD is to be found next, which is 94.87 fa- 
thoms; and ſubtracting the face AE (30) from AD, 
we ſhall have 44.87 for the line ED; whence, the ſimi- 
lar triangles ACD, EPD, give 42.57 fathoms for EP; 
and therefore EH and EG, which are double of EP, 
will each be 85.14 fathoms. 

Now in the iſoſceles triangle EH, having the angle 
EHF equal to the angle CBD (18: 26) the angles at 
the baſe EF will each be 80 degrees and 47 minutes; 
whence, having the two ſides EH, FH, and all the 
angles, the flank EF will be found to be 27.27 fathoms. 
But in the triangle GFE, having the ſides EF, EG, the 
angle FGE, equal to its alternate one DAC, (18: 26') 
and the angle GFE at the curtain is equal to the ſum of 
the angles HFE (802 : 47) and GFH (18: 26') and fo 
18 99 degrees and 13 minutes, and the angle FEG 62 
degrees 21 minutes; by 'whichithe length of the 
curtain FG is found to be 76.39\fathoms ; and ſubtract 
ing the angle FEG of 62 degrees and 21 minutes from 
two right angles, we ſhall have 1x7 degrees 39 minutes 


for the anglc AEF of the ſhoulder, 
Theſe 
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d „ MATHEMATICS, 0 
Theſe are all the lines aid angles which egtnpoſte the 
body of a place: but as they are often made with oril- 
ons and retired flanks, We ſhall ſh&w how they are to 
xe found. ct [1 v6 


* 
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400. To find.the length of the are RS, which forms. the 
tired au... Ana HA Delid 


This flank is conſtructed in the following manner; 
the ſtrait flank GH is found as uſual, and divided into 
three equal parts, fo that GT is two of them, and 
TH one; from the oppoſite flanked angle A, adine AT 
is drawn, in which the part TS is taken equal to 5 fa- 
thoms; and in the line of defence AG, produced, the 
part GR is taken equal to TS; then on the baſe RSais 
deſcribed an equilateral triangle Rpõ, and from the 
oppoſite angle p, as center, the retired flank is deſcribed. 

As the face AE is 30 farhoms by conſtruction, and 
EG has been (art. 399) found to be $5.13, the fide1AG 
will be 135.13 fathoms; now in the triangle AGT, 
having, the ſides AG, GT, with the included angle 
A6 T, of 80 degrees 47 minutes, the angle ATG: will 
be found (art. 392) to be gi degrees 29 minutes, and 
the angle GAT 7 degrees 44 minutes: and from thence 
the ſide AT is found to be 133.36 fathoms.”” © 

If ro AT we add TS, or 5 fathoms, we get 138.36 
for AS; and if ro AG (135.13) we add GR (5) we 
have AR equal to 140.13 fathoms. Now in the tri- 
angle RAS, having the ſides AR, AS, with the in- 
cluded angle A of 7 degrees 44 minutes, the angle 
ARS at the baſe will be found (art. 392) te be 80 de- 
grees 45 minutes; and having the fide AS, and the an- 
gles of the triangle ARS, the ſide RS is found to be 
18.86 fathoms. | hp 5 

As the radius Rp is equal to the chord RS by con- 
ſtruction; if we ſay as (art. 352) unity is to 3.1416, ſo 
is the Fadius pR (18.86) to its ſemi-circumference, we 
ſhall have g9.25 for the ſemi-circumference of the radi- 
us pR: And ſince the arc RS is 60 degrees, or one 

M | third 
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third of men right angles, dis retired fnak RS will h. 


19-; 3 da — — 0 
7 * N a we 


the orillon TH, according to Mr. de Va. 
ban's conſtruction. | 

I from the extremity H of the face BH of the bal. 
icular Hun is drawn, and another which 


tion, a 


biſects TH at right angles; their interſection n is the 


- center from which the orillon is deſcribed. | 
If from the angle of the ſhoulder (art. 399) BH 
4(117*: 39) we ſubtract the tight angle BHn, we get 
27 39, for the angle n Hr; and as TH is go 
-one card of the flank GH, half of this gives 4.545 
For Hr: Therefore, in the right angled triangle Hen, 
having one ſide H r and all the angles, the radius Hn 
of the orillon will be found to be 5.13 fathoms. Noy 
if we fay as unity is to 3.1416 ſo is the radius Hn 
(5:13) to its ſemi- circumference 16. 116 re v and 
8. 


as the angle Hur is 60%: 21, twice that angle 12: 
42' or _ will expreſs the orillon in degree 

If therefore we ſay as 180 degrees is to 16.416 fa- 
tnoms, ſa is 120.7 degrees to the orillon 10..8 fathoms, 


PROBLEM. 


402. To find the length of the counterſcarp ILR. 
The arc LR or round part of the counterſcarp befor: 
the flanked angle of the baſtion, is deſcribed with: 
radius of 20 fathoms ; and the counterſcarp produced 
meets the ſhoulder H. If AL be drawn perpendicular 
to IL, and joining be line AH, we have in the right 
angled triangle ALH the ſide AL and the right angle, 
which is not ſufficient to determine the reſt; for which 
reaſon the fide AH muſt be found by ſome other triangle 
In the triangle AEH, having AE 5o by conſtruc 
tion, and EH equal (art. 399) to 85.14, with the in- 
cluded angle AEH, the 4 49 to GEH of 18 de 
F grees 26, minutes, we ſhall find the angle AHE tot 
6 degrees 48 minutes; and from thence the ſide AH 
comes out to be 133.53 fathoms. Now, in the rig 


angle 1 
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angled triangle ALH, having the ſides AH and AL, 


the angle AHL will be found to be 8 degrees 37 mi- 


nutesz and its complement LAH, 81 degrees 23 mi- 
nutes. Hence the fide LH is 132 fathoms. | 
In order to get the length IL. of the counterſcarp, the 
part IFF muſt be fotind, which is done by conſidering 


" - 4 g 


that in the right anged triangle HPT, the angle EHA 
has been found to be 6 degrees 48 minutes, and the 
le AHL 8 degrees 37 minutes; ſo that the angle 
Tis 15 degrees 25 minutes; and ſince the fide PH 


and this ſubtracted from LH (132) gives 87.85 fathoms 
for the ſtrait part IL of the ce e 

To find the arc LR, or half the circular part before 
the haſtiog, it is neceſſary to know the external angle 
RAC, whien in an exagon is 120 degrees; and as the 
angle HAC is equal to the alternate angle AHE, 6 de- 
grees 48 minutes; by adding this $ e to the angle 
CAR ' 120) we ſhall have 126 rees 48 minutes for 
6 6M angle HAR, from which TubtraQting the angle 
2 I HAL, 81 degrees 23 minutes, we ſhall have 45 degrees 
25 minutes for the angle LAR; or becauſe 43 is nearly 


equal to .4171 decimals of a degree, the arc LR will 


x de 45.417 degrees. 
befor ll Now if we fay as unity is to 3.1416 fo is the radius 
with «MAL (20) to its ſemi-circumference, 62.832; and then 
4 180 degrees is to 62.832, ſo is 45.417 degrees to the 
ac LR=15.853 fathoms. | a 
PROBLEM. 5 
403. To find the ſeveral parts of the ravelin NQM. 
We ſuppoſe the capital IQ to be go fathoms, and the 
| {Wfaces produced to meet thoſe of the baſtions, in a point 
onſtruc· O within three fathoms from the ſhoulder E. Hence, 
i. if we find DI we ſhall have in the triangle DQO the 
{des DQ and DO, with the included angle, by which 
the reſt is determined. | 


angleFthoms, the fide PI will be 11.74 fathoms; and by 
M 2 the 


$42.56, the ſide IH will be found to be 44.15 fathoms; 


7% 


! 
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the ſimilarity. of the triangles ACD, EPD, we get PD 
14.19 fathoms this being added to PI (11. 74) gives 
25.93 fathoms for PI; and if to DI we add the capi. 


tal IQ 50) we get 75.93 fathoms for the ſide DQ, 
I 


The ſide DE has been found (art. 399) to be 44,87 fa 
thoms, to which adding EO (3) gives 47.87 for DO; 
and ſince the angle ADC is the complement to the angle 
DAC (art. 399) 18 degrees 26 minutes, that angle vil 
be 71 degrees 34 minutes, the angle DQO will be 
found to be 36 degrees 45 minutes; and therefore the 
ſaliant angle NQM of the ravelin is 73 degrees. 

The angle PHI was found (art. 403) to be 15 degrees 
25 minutes, its complement PIH, or NIQ, will be 
74 degrees 35 minutes; and therefore, in the triangle 
INQ, having the ſide IQ ' go) by conſtruction and the 
adjacent angles, the ſide QN or the face of the ravelin 
will be 51.75 fathoms; the ſemigorge IN, 32.12 ; and 
the angle I N Q, 68 degrees 40 minutes. 

It remains now to find the counterſcarp of the ditch 
before the ravelin, in order to which draw QT, CV, 
perpendicular to theſe counterſcarps ; then as they arc 
parallel to the faces of the ravelin, the lines QT, OV. 
are alſo perpendicular to the faces; and ſince the four 
angles at Q are (art. 4) equal to four right angles, and 
the angles NQV, MQT, being right ones, the angle 
Le be 107 degrees, the complement ta the angle 
NQM, 73 degrees. Whence, if we ſay as unity is to 
3-1416, ſo is the radius QT (12) to the ſemi-circumte- 
rence 37.6992; and again, as 180 degrees is t0 
37.6992 ; ſo is 107 degrees to the arc TV =22.46 fa 
thoms. 

If N be drawn perpendicular to the counterſcarp 
aV, the part bV will be equal to the face NQ (51.7; 
fathoms) and the angle N a will be 68 degrees 40 mi- 
nutes equal to the angle INQ, its complement a N., 
21 degrees 20 minutes. Whence the fide Na g 2.88, 
and 40 =4.26 fathoms. 


SECT. 


ation B, lay the 
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SECT. Il, Of SURY.EYING.. 
F all the inſtruments invented for the uſe of  ſur+ 
() veying, there is only the Plain Table, and the 
new improved Theodolite, that are worth mentioning, 
the reſt being more for ſhow than for any real uſe ; for 
which reaſon we ſhall deſcribe the manner of uſing theſe 
two only. 2 05:9 
The plain table is a retangular board of about 20 
inches long, from 15 to 18 broad, and about half an 
inch thick ; it is made of fir, mahogony, or any other 
dry wood which does not warpe; about this board is a 
frame of about an inch broad, let into it, in order to 
faſten the paper; this inſtrument is ſupported like all o- 
thers, by a three legged ſtaff, having a ball and ſocket. 
There is alſo a long braſs ruler with ſights, ſo placed, 
as to anſwer one of the edges which ſerves to find the 
directions bf objects. There is likewiſe a needle and 
compaſs fixed to it, and the degrees of ' a cirgle' are 
marked on the frame of ſome; but theſe things are of 
no real uſe, for which reaſon I never have them made. 
For, if at 12 o'clock a thin wire or pin is ſtuck-up- 
right on the paper, its ſhadow gives the meridian line of 
the ground much better than the needle. 15% 
| rF KOB LL E MM 1 Miel 
404. To ſurvey a ſpot of ground with a plain table, 
Before you begin it will be proper, tho” not abſolute- 
ly neceſſary, to go round the ground with ſome perſan 
who is acquainted with its boundaries, in order to ob- 
ſerve the moſt convenient place for the ſtations, which 
ſhould always be as near to them as poſſiblegpſomettmes 
within and ſometimes without, according as the nature 
of the ground will permit it; thoſe are to be pitehed up- 
on where dne can fe fartheſt, forwards and backwards, 
and where the chain may be carried ip a direct oe from 
one to another. 1 
This being 


premiſed, place the table At the ſecond 
plane of it as nearly level as youjcan, 
place alſo two ſtàtion ſtaves, the one at A and the other 
M 3 ; a 


* * 
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at C chuſe a point on the paper to repreſent the place 
B turn the braſs ruler about it till you ſee, through the 
Gght, the ſtation A, and draw a pencil line along the 
edge; then turn the ruler ſtill about the point B, til vc 
ſee the ſtation C, ang draw another nine the 
of the ruler ; theſe two lines will make the fame a 
on the paper as the three places A, B, C, make with 
each other on the ground, e 
This done, two men with a chain meaſure the Uiftances 
from B to C, and from B to A; the foremoſt takes: 
dozen of arrows, or ſticks, and fixes one at every chain 
length in the ground, which he that follows, holds the 
end of the chain near, till it is ſtretched, and then take 
it up; and they continue thus till the fore partof the chan 
reaches the ſtation; if it exceeds it by ſome links they 
muſt be. taken notice of; and the number of arrows 
taken up by him who follows the chain, will give the 
number of chains meaſured between the ns. 
Cage muſt be taken that the chain is carried in a ſtrit 
line, and as nearly horizontal as poſſible ; he who follows 
the chain muſt dire& him that precedes; and, on the 
contrary, the firft by looking backwards will be able to 
direct himſelf : It is neceſſary to have theſe diſtances 
very exact, becauſe the exactneſs of the ſurvey depend; 
chiefly thereon, | 
In the fame time that the diſtances from one ſtation to 
another are meaſured, the offsety at every chain's end 
are alſo meaſured, or ſometimes at a leſs or greater 
diſtance, according as the boundary is more or les 
crooked, and marked in a pocket-book, together with 
the turnings of hedges, lanes, houſes, ſtiles and gates, 
and the names of the adjoining fields; for all theſe things 
muſt be repreſented in the plan. + 
Suppoſe that the diſtance AB has been tha down on 
paper, draw perpendiculars to AB at every chain's length, 
on which ſer off the ſeveral offsets noted in the book, 
and through their extremities the boundaries are drawn 


ſo as to repreſent a hedge, ditch, lane, or whatever el: 
is on the ground, © * 
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This being dons the ſtation-Raff at A is carried to By 
and ſome mark left there to find the place again, if fe- 
quired ; the inſtrument is removed to the ſation. „And 
mother ſtation at D, the table being laid level, or hear. 
ly fo, it mult, be turned fo as the line CB on the paper. be | 
exaftly in the direction of that line on che ground; then 
the braſs rulet is turned round the paint C, wll the 
fourth ſtation D is ſeen through the lights; draw the 
line CD; then the line CD being meaſured with the 
ſame care and exactneſ we mentioned before, as like - 
vile all the offsets, and notice taken of every remarkable 
object; and when theſe things are marked on the pa- 
per, the inſtrument is to be rem to the fourth ſta- 
tion D, the ſtaff ro O. and another to NR 27 rr 

The inſtrument being laid level, and turned ſo as the 
lat line CD on the paper be in the direction of chat fine 
on the ground, the braſs ruler, ig turned about the laſt 
point D, till the next ſtation E is ſeen through the ſighis; 
then draw the line PE; proceed in the ſame manner at 
every ſtation, till you come to the laſt, where you direct 
the line to the firſt ſtation A, and if the diſtance between 
the firſt and laſt ſtation anſwers exactly on the paper, ou 
ue certain that the ſurvey is rightly performed; hut if 
it does not, ſome errors have been committed, either in 
taking the angles, or in meaſuring the diſtances. 

If the ground be divided into {mall fields, and there 
are any buildings, ponds, or rivers, in ſuch a caſe. it is, 
beſt to take the boundary of the whole at firſt, if it can 
be brought into one ſheet of paper; which being found 
exactly and laid down, the internal parts are ſurveyed 
afterwards, by ſetting out from ſome of the former ſta- 
tions: But if the extent of the ground is conſiderably, e 
lage, ſo as not to be taken all on one ſheet, it will be 
more convenient to take the fields and other objects ons 
after another, till the whole is finiſ nec. 

If there are but a few objects within the limits of the: - 
ſurvey, ſuch as trees, buildings, and gardens; in the 
manner marked at P; then from any ſtation as G, 


Where the corner of the houſe may be ſeen, you direct 
M 4 the 
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the. ruler to it, and draw wa line; and if if you do the ſame 
thing from ſome otfler ſtations as H, I, K, the interſe, 


5 7 1 . lines wil give the firgation. of the build. 


lad. abs” 


Frthere 1 a hivir, ſich? _ 18 ma cked [here ; from the 


next, ſtation D ou direct the ale 05 8 ſtation L; the 
diſtance from D to I. 5 off, \roceed thience 
along the tiver from I. 0 and ff to N, quite 


to thẽ End of the bebhdlry x * and as 7 $0 along take 
the offsets, eſpebially where the river hends moſt, and 
here and there the breadth, by W the courſe of the 
river will be determined. 


0 the 1 * E OD OL T E. 


IH IS inſtrument is compoſed of a braſs role g or 
 *19-inches diameter, divided into degrees, called 
the Limb, and of a braſs ruler which turns about the 
center; having one end divided, according to Nonius, 
called the Index; and upon this index! is fixed a vertical 
ſemt circle divided into degrees, with a teleſcope ſliding 
up and down, having likewiſe an index under it divid- 
ed according to Nomus. © There is alſo fixed a box and 
needle to the index, with two-fpirit-leyels at right an- 
gles to each other, to lay the plane of the inſtrument 
truly horlzontal: The inſtrument is ſupported by 2 
three-legged ſtaff in the fame manner as the plain ta- 
ble; and inſtead of the ball and ſocket, four ſcrews, 
playing between two braſs plates, are uſed, which keep 
it much ſteadier and firmer, 

In order to ſurvey with à theodolite, it is neceſſary to 
have a field- book divided into three columns; the mid- 
dle one ſerves to mark the angles and diſtances from one 
ſtation to another, atid the other two to inſert the off 
ſers, either on the right or left, according as they aft 
ſtuated; the name and title of the land muſt be mark- 


ed, with the pariſh where 1 15 lies, and the year it was 
| ſurveyed. 11 „ 


The Ration are 1 O Wich the numbers 


* 
I, 2, 3, 4 Sc. ſhewing their order affixed to them; 
a and 
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and when it is neceſſary to return to any of the former 
ſtations, in order to cloſe ſome particular part, that ſta- 
tion is ſet down again with a number prefixed to it, 
ne wing how often the inſtrument has been placed there; 
oppoſite to the number of degrees and minutes of the 
angles is marked a hook thus , or A thus, to ſhew- 
which way the angle turns, either to the left or to the 
right; for if this ſhould be neglected, it would not ea- 
0 be known which way the next ſtation lies when the 
ſurvey is protractee. . eee 
6% 2%. i we Oy of 

405. To ſurvey with the new improved theodolite. 
Having made the neceſſary preparations, mentioned 
before, place the inſtrument at the firſt ſtation A, and. 
level it by means of the croſs levels and [crews undet- 
neath; fix the index to 360 degrees on the limb, turn 
the whole inſtrument round till the north end of the 
needle hangs over the flower; de- luce, or 360 degrees, 
in the box, there fix the limb of the inſtrument by 
means of a ſcrew underneath, then diſcharge the index 
and turn it about till the vertical hair in the teleſcope 
cuts the ſecond ſtation B, there fix the index to the limb 
by means of a ſcrew, and the north end of the needle 
will ſhew, the bearing of the line drawn through the firſt 
and ſecond ſtations, which will likewiſe be cut by the 
index on the limb: This angle is to be entered into the 
field-book, under the firſt ſtation, with the hook > at 
the ſide of it, as has been mentioned before. | 
The diſtance AB between the firſt and ſecond ſtations + 
being meaſured with a chain, in the ſame manner as has 
been mentioned in the laſt problem, as like wiſe all the 
offsets from and perpendicular to the line of direction 
to the ſeveral bendings of the boundary, and entered in 
the field - book, with notes in the margin of the hedges, 
ditches, ſtiles, gates, lanes, and houſes, which occur 
between theſe ſtations, and are to be expreſſed in the 
plan; the inſtrument is removed to the ſecond ſtation B,. 
and after having levelled it,” and ſo placed as the ;teleſ- 

cope cuts the firſt ſtation A; then the limb is ay Io 
a * that 


| 
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that poſition; the index diſcharged, and turned about 
till the vertical hair of the teleſcope cuts the third ſtation 
C; there fix the index again and enter the number of 
degrees and minutes it cuts on the limb; the ſame angle 
will likewiſe be nearly pointed at by one end or other of 
the needle in the box, if no miſtakes have been made. 
Care tuft be taken that the index has not been mov. 
ed by carrying the inſtrument from one ſtation to ano- 
ther ; this may be known by ſeeing whether tlie angle 
it cuts on the limb is the ſame with that marked in the 
field-book : It muſt likewiſe be obſerved, that when the 
index is moved, the limb of the inſtrument remains in 
its place; and when the limb is moved that the index 
moves with it, ſo as to point always at the ſame num- 
ber of degrees. | wt 

The diſtance detween the ſecond and third ſtations 
being meaſured, as well as the offsets, and entered into 
the field-book, together with all the remarks concern- 
ing the objects which are to be inſerted in the plan; the 
inſtrument is removed to the third ſtation C, where the 
ſame operations are performed as at the ſecond; that is, 
the inſtrument bein. laid level, and turned about till the 
vertical hair of the teleſcope cuts the ſecond ſtation B; 
the limb is fixed there and the index diſcharged, which 
being turned about till the vertical hair cuts the fourth 
ſtation D; there it is fixed, and the angle it cuts on the 
limb is entered into the field-book, as well as the di- 
ſtance and offsets between the third and fourth ſtations, 
together with all the neceſſary remarks. 

This being continued all round to the laſt ſtation, 
where the inſtrument is turned to the firſt in order to 
cloſe the work, and to find whether there has any mi- 
ſtakes been made in the taking of the angles ; the in- 
ſtrument is placed again at the firſt ſtation, and the angle 
it makes with the laſt and ſecond is taken; which, if 


the ſame or nearly ſo as that taken there before, you are 


certain that no errors have been committed in the tak- 
ing of the angles. 


When there is any occaſion to return to a former ſta- 
tion, 
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tion, in order to thence for cl forme 
articular fields, it is to be entered again in the field- 
as has been mentioned before ; for which reaſon 
marks are left in thoſe places where there is occaſion to 
There is a great nicety required in keeping ri 
the field-book, ſo as to mark diſtinctly all the — 
lars which are to be expreſſed in the „ and in as 
ſhort a manner as poſſible; and for better under. 
ſtanding, there ought to be ſketches added to the re- 
marks, which may be placed on ſome other leaf, and re- 
ferred with notes to the ſtations and offsets where they 
Thus for example, the houſe and gardens marked P 
in the plan, being ſketched on a piece of paper, and the 
— of the building marked on it; then there is 
no more required than to take angles from three or four 
ſtations to the corners of the houſe; as ſuppoſe from 
the ſtations G, H, I, K, by which the place in the 
plan of this houſe will be determined. 5 
In order to ſuryey the river, the inſtrument is placed 
at the fourth ſtation D, and the index turned till it cuts 
on the limb the ſame angle as at the third ſtation C; then 
after the inſtrument is levelled, and turned about till 
the Mrtical hair in the teleſcope cuts the third ſtation C 
there the limb is fixed, the index diſcharged, and turned 
about till that hair cuts the ſtation L; the angle marked 


by the index on the limb being entered in the field-book 


under the ſtation D, with the number 2 prefixed to it, to 
ſhew that the inſtrument has been placed twice there; the 
diſtance from D to L being meaſured, and entered into 
the field-book, together with the proper offsers and notes, 
the operations are continued as before. | 

To render the preceding diſcourſe as intelligible as 
poſſible, we ſhall ſubjoin a ſpecimen of a field-book, in 
order to ſhew how the ſeveral particulars are to be entered, 
and afterwards, how the plan is to be laid down from this 
book, by which it is hoped, that the intelligent reader 
may ſurvey by himſelf whenever occaſion 1 777 8 
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FIELD-BOOK of part of the' manor, c. "in 
the pariſh M, N at the lane N, Feb. 16, 
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N. B. The diſtances are marked in chains and links; 
the chain is 66 feet, or 4 poles, divided into a hundred 
links, invented by one Gunter, for which it is called 
Gunter's Chain: The- offsets are meaſured by a rod of 
ten links; this way of meaſuring the diſtances and off- 
ſets, is much better than with any other chain of yards 
or feet; becauſe the ſeveral parts are ſet down with more 
eaſe, by means of a ſcale divided into 100 equal parts. 

If there occurs ſeveral objects oppolite to the lame 
diſtance, which are to be taken, it will be better to ſer 
down that diſtance ſeveral times, by which all confuſion 
is avoided, 
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406. To protrat? the obſervations on paper, or, which 

: = ſame, to draw the plan of a ſurvey from the felg- 

OX. (+ | _— 
Draw a line at pleaſure, repreſenting a meridign, 

mark one end of it with a flower-de-luce, repreſenting 

the north; place the diameter of. the protractor on this 
line, fo as the number 360 on the limb be towards the 
flower-de-luce, and there faſten it with ſome pins, or 
ſhort nails: This being done, turn the braſs ruler about 
till the index marks on the limb the angle 75 degrees 


and 15 minutes, taken at the firſt ſtation; draw a pencil 


line along the edge of the ruler, and mark it with the 


number one; then turn the ruler about till the index 


Points at the angle 219 degrees 30 minutes, taken at 
the ſecond ſtation ; draw a pencil line, which mark with 
the number 2, turn the index till it points at the angle 
245: 50, taken at the third ſtation, draw a line and 
mark it with the number 3. DES 

Continue thus, in laying down all the angles, with- 
out moving the protractor; but if there are ſo many 
that ſome of the lines come too near one another, one 
or more meridians may be drawn parallel to the firſt, 
and the protractor placed on them, by this means all 
the angles may be marked without N 7 

Having marked all the angles, chuſe a convenient 


you for the firſt ſtation A ; then laying the edge of a 
ong parallel ruler on the line marked 1, open it fo 
till the ſame edge paſſes through the: point A, or the 
firſt ſtation, where you draw a line, on which ſet off the 
diſtance 1650 between the firſt and ſecond ſtations ; that 

is, 16 chains and go links, which gives the ſecond ſta- 
tion B; lay the edge of the ruler on the line marked 
with the number 2, and ſlide it ſo as the fame edge 
paſſes through the point B, where you draw another 
line, on which ſet off the diſtance 1500, that is 15 
chains, between the ſecond and third ſtations; this 
gives the third ſtation C; lay the edge of the ruler on 
the line marked 3, and ſlide it ſo till it paſſes through 


the 


* 
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the point C, there draw a line, and ſet off the diſtance 
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1150 between the third and fourth tations, which gives 


the fourth ſtation D: Continue thus to lay down all the 


ſtations to the laſt ; then if the laſt line paſſes through 
the firſt ſtation, and the diſtance on the paper anſwers 
that in the field book, you are certain that no miſtake 
has been made; but if it does not, and all the angles 
have baſh found right, on the ground, as we have 
mentioned in the article of ſurveying, ſome error has 
been committed in meaſuring the diſtances, 

In order to diſcover where the miſtake lies, protra& - 
backwards, till you come to a line which falls on the 
ſame line which was found before by the firſt protract- 
ing; then you are certain that you are right; and this 
will always happen, if the angles are right. 

The ſtations being laid down exactly, you begin at 
the firſt ta mark the ſeveral offsets through which the 
boundaries are drawn, fo as to repreſent hedges or 
ditches, according to the notes in the field-book. | 

Every thing being marked on the plan, ir will be 
7 * to ſee whether nothing has been omitted; and 
if there is any thing wanted, it muſt be inſerted by 
gueſs only, if not very material, or otherwiſe it muſt 
be meaſured, | 

P R OB L EM. | 
407. To find the number of acres contained in a ſurvey. 
As the boundaries are generally irregular, it is neceſ- 
ary to draw pencil lines, ſo as to reduce the plan into a 
rectilineal figure in ſuch a manner,thar the parts cur off 
are nearly equal to thoſe taken in; the reader may eaſi- 
ly perceive that this cannot be done otherwiſe than by 
gueſs, but as a geometrical exactneſs is not required in 
this work, it may be done ſo near as to cauſe no con- 
liderable error. | 

This being done, divide the figure, by pencil lines, 
into ſquares, rectangles, and triangles, in the manner 
moſt convenient, and find the areas of the ſeveral parts 
ſeparately, add them into one ſum, and you will have 
the-contents of the whole. | 


The 
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The area of a ſquare or rectangle will be found by 
multiplying their fides together, expteſſed in num 
and that of a triangle is half the (art. 35) rectangle of 
the ſame baſe and altitude, or equal to half the product 
of its baſe and altitude, *' + (DONS 201 

A ſtatute acre is 40 poles long and 4 broad; that is, 
4X40, or 160 ſquare poles ; and becauſe the Gunter 
chain is 4 poles long, an acre is 10 chains in Toben and 

1 in breadth; but this chain is divided into 100 links; 
10 chains make 1000 links, which being multiplied by 
one chain, or 100 links, gives 100000 for the content 
of an acre expreſſed by ſquare links. Which ſhews, 
that if the area of a ſurvey is expreſſed in ſquare links, 
by ftriking off the five laſt figures to the right as dei. 
mals, the remaining ones will expreſs the number of acre; 
contained in the ſurvey. | . 

For example, if 1765436 expreſſes the number of 
ſquare links contained in a ſurvey, by ſtriking off the 
five laſt figures 65436, we ſhall have 17 acres, and 
65436 decimal parts of an acre, which being multi- 
Plied by 4, gives 2.51744 or 2 poles, four of which 
make an acre, or 2.5 nearly: Therefore the content 
of this ſurvey is 17 acres and 2.5 poles. - 

We have not given any figure to ſhew in what man- 
ner an irregular ſpot of ground may be reduced into a 
rectilineal figure, becauſe it is quite arbitrary, and the 
reader who has read the former part of this work will 


be able, upon occaſion, to perform it without any 


trouble. 1 2D 
P R O&B- L EM. 

408. To ſurvey or take the plan of a fortification. 

The manner of ſurveying a fortification does not 
differ-from that deſcribed before; it is rather more 
ealy, by reaſon of its regularity: Of all the different 
ways of proceeding, the following one appears to me 
the moſt ſimple and practicable. Place the inſtrument 


ſo as that you may take the angle made by the curtain 
and the flanks, take alſo the angle from that ſtation to 
the next, in the ſame baſtion near the other curtain ; 

| meaſure 
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by WW ncaſure the curtain and flanks; and if you go round 
ry, WW the rampart and continue the ſame operations near each 
of curtain, you will get the plan of the body of the place: 
ut For becauſe the faces of the baſtions when produced ge- 
nerally meet the curtains at their extremities; therefore 
is, Na line drawn through the extremity. of the curtain and 
dat of rhe oppoſite flank will give the direction of the 
ind face, and the line drawn through the extremity of the 
s; Mother flank: of the ſame baſtion, and that of the adjacent 
by cartain, will detekmine both faces. | wad 
ent If the faces produced do not meet the curtains at 
Wy, their, extremities, the diſtance from the extremity of the 


curtain to the point where the face produced meets it, 


cres the operations will be the ſame as before. : 
Having determined the body of the place, the next 
of ding to be done is to find the counterſcarp of the great 
the Nach; in order to which, obſerve whether it meets the 
and ſhoulder of the baſtion when produced, as it generally 
does, then take the angle it makes with the flank, or 
the face of the baſtion; and if the place is regular; 
tent this will be ſufficient fo. determine the breadth of the 
ditch all round : For, if lines are drawn from the ſhoul- 
Han- ders, ſo as to make the given angles with the flanks or fa- 
ces, and from the ſaliant angles of the baſtions, perpen- 


the eiculars are drawn to theſe lines, they will be the radii 
will Nor the round part of the counterſcarp, - _ . 
any If the place is irregular. theſe angles muſt he obſerved 


all round; and if the counterfcarp does not meet the 

baſtions at the ſhoulders, the diſtance from that point 

to the ſhoulder muſt be meaſured, and then the reſt of 

not the operations are the ſame as before. © | 
more The ravelins, the counterſcarp of their ditches, and 
the covert way, are all determined in the ſame manner 
o me Wa the counterſcarp of the great ditch ;, that is, the point 
ment Where they. meet the faces of the battions, or any other 
known part, being obſerved, and the angles they make 
on to With theſe parts meaſured, then there is no more required 
than to draw lines thro' the given points, fo as ty Nane 

| | x > TS 


ec · ¶ nuſt be meaſured ; which being done, the reſt of 
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the given angles, in order to have the outlines of theſe 
works: As to the parapets and ramparts, they are al. 
ways of the ſame breadth as thoſe of the body of the place, 

If there are any outworks which do not meet the body 
of the place, when produced, they muſt be taken from 
without; the directions of the branches of horn and 
crown-works muſt be taken from within the place, and 
the other patts from without. 

The gates of the town, magazines, ſtore-houſes, and 
barracks ought to be inſerted in the plan of a fortifice 
tion; and if they are of any note, their front elevation 
| ſhould be given on a particular ſcale : In ſhort, ever 

thing belonging to the government ſhould be taken no- 
tice of, 3 
PR. O'S 1 E M. 
409. To take the map of a country. | 
As the ſurvey of a large extent requires much mor 
exactneſs and care than a {mall one, it is neceſſary u 
have ſuch inſtruments as will meaſure the angles to: 
reat nicety ; for which reaſon a ſector or quadrant mult 
be had, whoſe radius is about 5 or 10% feet, and 5 
contrived as to meaſure ſeconds: For a few ſeconds, 
more or leſs, in large ſurveys, will cauſe conſiderable 
errors at the end of the work. 
Having proper inſtruments for ſuch an undertaking 
a large plain is pitched upon, nearly in the middle d 
the country, 1d as a baſe of at leaſt a mile long may be 
meaſured ; this ſhould be done with the greateſt exact 
_neſs poſſible, and with which a triangle is to be formed 
with ſome ſteeple in a town; then rhe diſtance from one 
end of this baſe to the town is to be found by trigono 
metty ; and with it, and any other adjacent towns, ano 
ther triangle is to be formed ſo as to get the diſtance be 
| tween theſe two places: And it is this laft diſtance which 
is to he taken for the baſe, to form triangles from 2 
the different towns. As the exactneſs of the whole {ur 


vey depends on this baſe, there cannot be too muc 
caution uſed to meaſure it; for which reaſon I would 


chuſe to form ſome other triangle by means of a diffe 
| real 


# 
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z. | | 
beſe rent baſe; then if the ſame meaſure is found for thi: 
al. diſtance, one may depend on its exaftneſs. = © 
ace, Having the exact diſtance between any two places, it 
ody will ſerve as a common baſe to form from thence trian- 
rom Wl gles to all the circumyacent places; and the diftances be- 
and Wl tween theſe places, as baſes to form other triangles to 
and Wl fome others; and in this manner a chain of triangles 
may be formed, fo as to go thro' all the conſiderable 
and places of the whole country: | _ 3 
ifica- It may ſometimes happen, that from two ftations, 
tions WM another cannot be ſeen; in which caſe a pyramid « 
even WW wood, or high poles are erected on ſome hill, from whence 


n 00- the triangles may be carried on; when the diſtances 

are very. great, fires are lighted upon eminences, to guide 

the obſervations by, eſpecially if the objects cannot o- 

therwiſe be ſeen. r 
mon As there cannot be too many cautions uſed, in order 
ary toil to avoid errors, it is neceſſary to find the latitudes of 
sto 1 all the principal towns, by obſervations. This may 
t mul: be done by obſerving the altitude of the ſun at 12 o'clock 
and exactly; and by a table of the ſyn's declinations, you 
conds, Wl find the elevation of the equator in that place; and the 
complement of this angle will be the latitude required. 
There are various methods for finding the latitude of a 


taking place, which thoſe who are employed in ſuch a work as 
adle d this, ought not to be ignorant of. | —= 

may be Having determined the exact poſitions of all the prig- 
; exact-Bf cipal places, the next thing to be done is to determine 
formed the high-roads, and the courſes of great rivers: This 
om one may be done with a theodolite, in the ſame manner 4s 
rigono i has been ſhewn in prob. II. only there is no occaſion to 
15, ano take the offsets ſo frequently; it will be ſufficient to 
ince bei take the principal bendings. The plans of all the re- 

e which markable places ſhould be taken, and it ſhould particu- 
from 2 larly be obſerved, on which fide of the principal ſtreets 
role (ur the church ſtands, becauſe the diſtances are determined 


o muc 
{ would 
a diffe 

real 


by their poſitions. | 
If there are any conſiderable woods, their limits ſhould 
be determined ; as like wiſe all the great roads which 
| a | | paſs 


a 
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paſs through them; high hills muſt likewiſe be marked 
in the map; and if they are of an extraordinary height 
or ſize, ſketches are to be made of them, to be placed 
by themſelves in ſome corner of the map. 

As in a country the variety of objects is infinite, ſo 
it is impoſſible to give particular directions concernin 


the manner of,. obſerving them: It requires great ſkill in 


making the obſervations, and to chuſe proper places for 
the ſtations: But as works of this nature are never un- 
dertaken by unexperienced people, we hope what has 
been ſaid on this ſubject will be ſufficient to ſuggeſt ſuch 
means to them, as will be a great help in carrying on 
the work with ſucceſs. | 57 


+ SE CT. III. Of LEVELLING. 
| HERE are two ſorts, the water and ſpirit, or 
a air · level; the firſt is commonly made of a plaſs 
tube of about two feet long, ſometimes ſhorter, of 
an inch diameter, the ends of which are bent at 
right angles for the length of two inches or thereabouts, 
and ſtopt with braſs ſtoppers, to prevent the water from 
running our. ; 

This level is ſupported by a three legged ſtaff, in the 
ſame manner as the theodolite, fixed to the middle of 
the tube with a braſs ring. 

In the country, where a glaſs tube is not eaſily to be 
had, they make a tube of tin about the ſame dimenſions, 
to the ends of which are fixed two viols with ſealing wax, 
the bottoms being broke, ſo as the water in the tube may 

have a free communication with that in the viols. 


+ #2 fa Wo 4 


410. To level with the water level. 

Place your level at a convenient diſtance from the 
place of your ſetting out, ſo as the water riſes in both 
ends of the viols; direct your eye over the two ſurfaces 

of the water, towards the firſt object, where ſomebody 
muſt ſtand with a white ſheet of paper, to raiſe or deprels 
it, according to the motion of your hand, . 

: ation- 


. — 8 
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ſtation-ſtaff, till the black line drawn acroſt the paper is 
cut by the line of obſervation; this being done, the 
height of this line from the ground is meaſured, and 
jou go to the other end of the level and look forward, 
to the next ſtation, where the height of the black line 
from the ground is alſo meaſured. 

The inſtrument being carried forward, as much = 
yond the ſecond ſtation as you can conveniently lee, and 
another ſtation placed farther, you make the ſame ob- 
ſervations backwards to the laſt {tation, and forward to 
the next; and you continue in the ſame manner till you 
come to the object, whoſe level, in reſpect to the firſts 
is wanted. | 

This done, all the heights 1 back ward being 
marked in one column, and all thoſe taken forward in 
another, then the ſum of the one ſubtracted from the 
other, will give the difference between the levels of the 
firſt and laſt object: It the ſum of the heights forward 
exceeds the ſum of thoſe backward, the firſt object is 


higher than the ſecond, by the difference between theſe 


ſums, and on the coatrary. 

Becauſe of the roundneſs of the earth, the level 
found between any two objects in the preceding manner 
is not the true one, for which reaſon it is called the ap- 


parent level. 

„„ I: 0 Ge i 8. Þ 

411. To find the difference between the true and appa- 
rent levels of any two places, Plate XIII. Fig. 3. 

Let O be the center of the earth, OA, OD, any two 


radii, AB a tangent to the ſurface ADE, at A: Now | 


if the level be placed at A, it will give the apparent le- 
vel AB, between the places A and D; whereas the true 
level is the arc AD: So that the apparent level exceeds 
the true one by the line BD : For which reaſon this line 
mult be found and ſubtracted from the apparent level, 
in order to get the true level between the places A and D. 
_ By the property of the circle, we have (art. 116) 


20D +DBxDB=AB' ; ; or, becauſe” the diameter of 


the earth is ſo great in reſpect to the line BD, at any 
N 3 | diſtance 
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diſtance not exceeding 30000 yards, that 200 may 
ſafely be taken for 20D +DB, without any ſenſible er. 
ror, as may be found by calculation: Therefore we have 
20D DB AB“, according to this ſuppoſition; which 
ſhews, . that the difference between the true and apparent 
level is equal to the ſquare of the diſtance between the objefts, 
divided by the diameter of the earth. 

Ihe diameter of the earth is 653869 toiſes or fathomg, 
French meaſure, according to Mr. Picard, or 13077388 
yards; and as the Engliſh foot is to the French royal 
foot as 107 to 114, according to the moſt accurate com- 
pariſon, the diameter of the earth will be 13932824 
yards Engliſh meaſure. 

Now ſuppoſe we want to know the difference between 
the true and apparent level, at a diſtance of an Englih 
mile, or 1760 yards; the ſquare of this number is 
3097600, which being divided by the diameter of the 
earth 13932824 expreſſed in the ſame meaſure, pives 
0.222 decimals of a yard; or multiplying this number 
by 36, the number of inches in a yard, gives 7.999, ot 


8 inches for the ſaid difference. This agrees with what 


other authors ſay on this ſubject. 

In order to ſave the trouble of computing every time 
the difference between the true and apparent level, we 
ſhall inſert the following table of corrections from 2 


diſtance of 210 yards to 1000, expreſſed in inches and 
decimal parts of an inch, 


AT aBLeE, ſewing the correttions to be made between 
the true and apparent level. 
210 220 230 240 250 260 270 286 290 300 Di. 
41 1 f 6 17 19 20 . 23 C. 
310 320 330 340 350 360 370 380 390 400 Dil. 
24 26 38 30 32 33 35 +37 39 4] os 
410 429 430 449 450 460 470 480 490 goo Dit 
43 +45 +47 49 +52 «54 +57 59 61 64 on 
510 520 530 549 550 560 570 580 590 600 Dil. 
07 70 +72 7 78 .81 8 .8& 90 92 Co. 
610 620 630.640 650 660 670 680 690 700 Dil. 
95 .99 1.02 1.05 1,09 1.12 1.15 1.19 1.23 1.27 Ca 


7¹⁰ 


\ 


diſtan 


Cd 
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710 720 730 740 750 760 77a 5780 790 Boo Diſt. 


30 1.34 1.38 1.41 1-45 1.49 1.53 1.57 1.61 1.65 Cor. 
$10 820 830 840 8530 B86o 870 880 890 goo Diſt. 


1.69 1.74 1-78 1.82 1,86 1.91 1.95 2.00 2.04 2.09 Cor. 


gio 920 930 940 950 gin 970 980 990 1000 Diſt. 
2.14 2.19 2.23 2.28 2.33 2.38 2.43 2.48 2.53 2:58 Cor. 


By means of this table the apparent level may be cor- 
rected, for any diſtance (not exceeding 1000 yards: If 
the diſtance is not to be found exactly in this table, that 
which comes neareſt to it mult be taken, for the differ- 
ence will hardly be ſenſible. | 

Becauſe moſt ſurveyors uſe the Gunter's chain in ſur- 
veying and levelling, and compute the corrections by the 
diſtances expreſſed in chains, we ſhall inſert the followin 
table where the diſtances are expreſſed in chains, 1 


the corrections in inches and decimal parts of an inch. 


CLARET 82 10 11 12 13 14 Diſt, - 


03 .04 .06 . o8 10 12 15 .n8 „21 24 Cor. 
nm nr ne 
28 . 32 36 +40 45 50 5 60 67 72 Cor. 
a6 26 37 af 9, $0 38 $3 ee. 
78 84 91 98 .log 1.12 1.19 1.27 1.35 1.44 Cor. 


38 36 37 38 39 49 41 42 43 44 Diſt. 
1.53 1.62 1.71 1.80 1.90 2.00 2.11 2.21 2.30 2.42 Cor, 


Theſe tables are computed in an eaſy manner by 
means of logarithms ; for the logarithm of the diame- 
ter of the earth 13932824, expreſſed in yards, is 
7.14404 3 no more figures are neceſſary; which being 
conſtantly ſubtracted from double the logarithms of the 
diſtances, the differences will be the wi 1 cr of the 
corrections expreſſed in decimal parts of a yard; which 
being multiplied by 36, the number of inches in a yard, 
gives the corrections in inches and decimals of an inch. 


Having explained the nature and uſe of the water 


level, as likewiſe in what manner the apparent level is 

corrected, we ſhall now give the deſcription of the ſpi- 

rit level, with the manner of correcting and uſing it. 
| F N 4 | . 


Of 
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This level is a glaſs tube of about 6 inches long; 
half ah inch diameter, filled with ſpirits almoſt quite 
full, ſo as to leave a little air in it; this tube is fixed to 
a teleſcope of about two feet long, with croſs hairs in 
it; and the whole inſtrument is ſupported by a three- 
legged ſtaff, in the ſame manner as the plain table or 


theodolite. | | 
© The ſtation ſtaves uſed in levelling are tworulers, each 
about 5 feet long, ſliding along each other by means of 
two braſs ferules fixed to their ends; theſe rulers are di- 
vided into inches and tenths of inches; at one end iz 
fixed a board of 6 inches long and 4 broad, called Vane, 
which ſlides likewiſe along the ruler, and ſerves to paſte 
a piece of paper upon, one half white and the other 
black, placed horizontally. | | 
PM O'<B:; L+ £56. 
412. To reftify the ſpirit level. | | 
The firſt thing to be done is to fix the interſection of 
the croſs hairs exactly in the axis of the ' teleſcope; in 
order to which obſerve a point as far off as may be ſeen 
diſtinctly ; then turn the teleſcope round its axis, till the 
lower part comes .uppermoſt ; and looking again to 
{ce whether the interſection of the croſs hairs cut till 
the ſame point ; if it does, the hairs are rightly fixed; 
but if not, ſlide the horizontal hair ſo as their interſec- 
tion cuts in a. point between the two former, and turn 
the teleſcope round its axis till the upper part is again 
the lower. | 
Obſerve again the point where the croſs hairs cut an 
object; if it is the ſame as the laſt obſerved, the telel- 
cope is rectified; if not, ſlide the horizontal hair fo as 
its interſe&ion cuts a point between the two laſt ob- 
ſerved, and continue in this manner till the interſection 


of the croſs hairs cuts always in the ſame point which 
ever way it is turned. 


The next thing to be done is to bring the level pa. 
rallel to the axis of the teleſcope; for which, ſet the in. 


ſtrument 


4 , 
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glaſs tube be in 


$A) 3. 
ſtrument ſo as that the bubble in the 
the middle; obſerve through the A where the 


croſs hairs cut an object; then take it o 
inſtrument round its axis, ſo that the part which was 
next to the eye be towards the object; place the teleſ- 

cope on the inſtrument, and ſee whether the interſecti- 
on of the croſs hairs cut the ſame point as before; if 
not, raiſe one end of the teleſcope, or the level, by 
means of a ſcrew made for that rpoſe ; then ſer the 

inſtrument” again, ſo as the bubble be in the middle of 
the glaſs tube, and obſerve. where the croſs hairs cut an 
object; take off the teleſcope; turn the inſtrument. 
round to its former place, and ſee if the croſs. hairs' 
cut {till the ſame point; if not, raiſe or depreſs the te- 


and turn the 


 leſcope or level, and continue the ſame e till che | 


inſtrument is redtified, 

When the level is fixed to the croſs bar which ſup- 
ports the teleſcope, it is much better than when it is fix- 
ed to the teleſcope itſelf ; for the braſs tube being very 


thin, the ſcrews cannot have hold enough to Keep it 


firm: the forks which ſupport the teleſcope, ſeem to me 
ill contrived, becauſe the ſcrews that fix them are not 
ſufficient to ſupporr ſuch a weight as the teleſcope and 
the forks together; beſides, I think that the ing | 
does not ws ſteady as it ought to do- | 
2: BP AG QB, 38. Matias | 
” 31. To find the difference between the levels of any two 


Places, P and S, which are at a rau diftance * each . 


other. Plate XIII. Fig. 2 

Having found a convenient place between the two firſt 
ſtations P and Q to place the inſtrument, raiſe it ſo as 
the air: bubble be exactly in the middle of the glaſs tube; 
direct the teleſcope to the firſt ſtation P, where a. Per- 
ſon ſtands to raiſe or depreſs the vane, according to the 
motion of your hand, till the horizontal line which ſe- 
parates the black part from the white is cut exactly b 
the interſection of the croſs hairs, which ſuppoſe to be 
at number 1; then the height of that point from the 
ground is n in a 8 and you direct the 


ia 
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inſtrument to the ſecond ſtation Q; ſeeing that the bub. 
ble remains in its proper place, if not, the level muſt 
be rectified; then obſerve the place 2, where the croſ 
hairs cuts that ſtation; and having taken the height of 
that point from the ground, and marked it in the book, 
the diſtances from the level to each ſtation are likewiſe 


meaſyred ; this done, the inſtrument is removed to 


- ſome convenient place B, between the ſecond Q and 
third ſtation R; ſet the level fo as the air-bubble be in 
the middle of the glaſs tube, and direct the teleſcope 


back to the ſecond ſtation Q, the point 3, where the in- 


terſection of the croſs hairs cut the ſtation, being ob- 
ſerved, and its diſtance from the ground entered in the 
book, turn the inſtrument and direct it to the third ſta. 
tion R, ſeeing that the bubble remains in the middle of 
the tube, the point 4, where the croſs hairs cut that ſta- 
tion being obſerved, and its diſtance from the ground 
entered ; the diſtances from the inſtrument to the ſta- 
tions being alſo meaſured and entered, the inſtrument 
is removed to a convenient place C, between the third 
and fourth ſtations, where the ſame operations are per- 
formed as before, and are continued to the laſt ſtation. 
This done, ſet all the heights obſerved backwards in one 
table, and all thoſe obſerved forwards in another; 
do the ſame thing in regard to the diſtances, from 
the inſtrument to the ſtations ; correct the apparent 
levels by the foregoing tables, chen ſubtract the leaſt 


ſum of all the heights corrected of one ſide, from the 


greater ſum of all the heights corrected of the other, 


and the remaigder will be the difference between the 


heights required of the two places. If the ſum of all 
the heights forward exceeds the ſum of all thoſe back- 
ward, the firſt place is the higheſt, as has been obſerved 
before. ; | | 


N. B. Mr. Burton, mathematical inſtrument-maker, 
facing the New Church in the Strand, makes the molt 
compleat levels that have been made. 


E X- 


* 
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E X A P M I. E. 
/ Heights Cor. 


> | 9.83 


| 

0 — — — — 
| 
| 


2.90 4 : 


| 3 87.69 


Dit. Heights. Cor. 


| 5.69 


Firſt ſum 920.43 
Second ſum 33.97 


— — 


Difference 13.54 


Whence the firſt place P is 1920 yards diftant from the 
ſecond'S, and is higher by 13.54 inches. | | 
It may be obſerved, that if the diſtances from the 
level to both ſtations are equal, there requires no cor- 
rection; but it is not always convenient to place the in- 

ſtrument in this manner. 9 
It is not neceſſary that this level ſhould be in a right 
line with the ſtations, as in the water level ; for whether 


it makes any angle therewith or not, it ſignifies nothing. 


Levelling is of great uſe in draining marſhes, making 
rivers navigable, and bringing waters to a town fro 
ſome river or ſpring : in this caſe it has been found, 
that if the water has a deſcent of about g inches in a 
mile, it is ſufficient ; and when it is much more, the 

| current 


4 
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current becomes ſo rapid as to deſtroy the banks of the 


river. | 


S ECT. IV. Of MENSURATION. 

ID Y Menfuration is commonly meant the manner 
| of meaſuring and computing the dimenſions of 
the ſeveral parts ot a fortification, or of any other build- 
ing both in civil and military architecture : every coun- 
try has its particular meaſures; here in England the foot, 
yard, fathom, or pole, are the meaſures generally uſed, 
which being well known, need no father explanation, 

Menſuration is either lineal, plane, or ſolid ; the li- 


neal is uſed in ſurveying and levelling ; the plane, in - 


finding the contents of fields, floors, paintings, glaſſes, 
and, in general, of every thing where the. ſuperficies 
are only required; and the folid, in meaſuring walls, 
timbers, excavations, Sc. 

It has been proved (art. 40) in geometry, that paral- 
lelograms or rectangles which have equal baſes and 
equal altitudes, are equal: hence ariſes the common 
rule, that the area of a rectangle or ſquare is found by 
multiplying their ſides together. It has alſo been (art. 
35) ſhewn, that a triangle is equal to half the rectangle 
of the ſame baſe and altitude: and as all rectilineal fi- 
gures may be reduced into triangles, it is evident, that 
their areas or contents may he found by the ſame rule. 

Though the reaſon of this rule is obvious, yet why 
one length multiplied by another ſhould produce ſquare 


ſuperficies, has either been much neglected, or unknown 


to moſt authors and teachers of arithmetick, who gene- 
rally propoſe the erroneous queſtion of multiplying 

money by money. | 
Plate XIII. Fig. 4. In order to make this plain, 
ſuppoſe the ſides of a ſquare ABCD to be divided into 
any number of equal parts, ſuch as AE, by lines pa- 
rallel to the ſides ; then, whatever the number of patts 
are into which AD is divided, it its evident, that the 
: rectangle ABFE, whoſe baſe AE is one of them, will 
contain juſt as many ſmall ſquares; that is, if AB be 
' at 
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divided into ſix equal parts, the rectangle AF will con- 


tain ſix ſmall ſquares : it is no leſs evident, that the 
ſquare ABCD contains alſo as many rectangles, ſuch 
as AF, as the ſides are divided into equal parts: there- 
fore, if the number of ſquares contained in the rectan- 
gle AF, be multiplied by the number of the rectangles 


contained in the great ſquare ABCD, the product will 


expreſs the number of ſmall ſquares contained ig the 


great one Ac. 2 5 
If ABCD be a rectangle, and the ſide AD is to the 
fide AB, as 10 to 12; it is evident, that if the 


baſe AE be the tenth part of AD, the rectangle Ax 


will contain 12 ſmall ſquares, whoſe ſides are equal to 
AE ; and the figure ABCD will contain ten reCtangles 
ſuch as AF. Conſequently, if the number 12 of the 


ſquares contained in AF be multiplied by the number 


io of the rectangles, the product 120 will expreſs the 
numberof ſmall ſquares contained inthe rectangle ABCD. 
If the baſe of a triangle be 8, and the perpendicular 


12, then the rectangle of the ſame baſe and altitude will 


contain 8 times 12, or 96 ſmall ſquares, whoſe ſides are 
unity; and as the triangle is half this rectangle, half 


of 96, that is 48, will expreſs the number of the 


ſquares contained in the triangle. 1 
Hence, a ſquare foot contains 12 times 12, or, 144 
ſquare inches; a ſquare yard 3 times 3, or 9 ſquare 


feet; and a ſquare fathom 6 times 6, or 36 ſquare 


feet : therefore, if the area of any figure be expreſſed 
in ſquare inches, by dividing it by 144, the number of 
ſquare inches in a foot, the quotient will expreſs that 
area in ſquare feet; if the area be expreſſed in ſquare 
feet, by dividing it by 9 or 36, the quotient will expreſs 
the number of ſquare yards or fathoms contained in 
that area. | FE | 
This method of finding the areas of figures is eaſy, 
when the dimenſions are expreſſed by numbers of the 


ſame denomination ; but when they are expreſſed by 
feet, inches, and decimal parts of an inch, they mult 


be reduced into the loweſt denomination ; and after- 
: | ? | | wards, 
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wards, the product divided by the number of ſquare 
inches in a foot, yard, or fathom, according as the 
area is to be expreſſed in feet, yards, or fathoms; by 


Which the operations become very, tedious and trou- 


bleſome. | 

It is on this account that the following method is 
uſed, which is both ſhorter and eaſier; and is, that the 
parts of a lower denomination are adapted to that of a 
higher, in the ſame manner as in lineal menſuration: 
That is, 12 inches make always a foot, 3 feet a yard, 


or 6 feet a fathom, - Which ſhews, that all the parts of 
the ſame ſuperficies are reduced to the ſame height; ſo 


that a ſuperficial foot, referred to yards, is a rectangle 
whoſe baſe is a foot and height a yard; an inch referred 
to'yards, a rectangle whoſe baſe is an inch and height 
a yard ; if an inch or foot be referred to fathoms, their 
heights are a fathom ; and fo on, Conſequently, a foot 
or inch multiplied by a yard, gives a ſuperficial foot or 
inch of a yard; or if a foot or inch be multiplied by a 
fathom, the product will be a ſuperficial foot or inch of 
a fathom, \ 7 * 

Fig. 5. The ſame thing is to be underſtood in regard 
to ſolid contents; for if the cube AB be divided into 
any number of equal parts, ſuch as ADC by planes, 


parallel to one of the ſides AC, and ADC be the ſixth 


part of a cubic fathom, it is called a ſolid foot of a fa- 
thom ; therefore a ſolid foot of a fathom has a ſquare fa- 


.thom for its baſe, and a foot in height; in the ſame 


manner a ſolid foot or inch of a cubic yard has a ſquare 
yard for its baſe, and a foot or inch in height. Conſe- 
quently, a ſquare yard multiplied by a foot or an inch, 
gives a ſolid foot or inch of a yard; and a ſquare fathom, 
multiplied by a foot or an inch, gives a ſolid foot or 


inch of a fathom, 


EX A MP £8 
414. A floor being 6 yards 2 feet 6 inches long, and 5 


yards 2 feet 4 inches broad, what is the content of the fler 


expreſſed in yards ? 
* ; Say 


"i 


dl. . MATHEMA 


Say 5 times 6 inches gives 30 inches, 6 2 6 
of 2 feet 6 inches, ſet down 6 inches and 5 2 4 
carry two; then 3 times 2 feet gives 10k --?! 
feet and 2 carried is 12, or four yards; 34 © 6 
ſet down o and carry 4; and 5 times 5 4 1 8 
gives 30, and 4 carried, is 34 yards. 2 24 


5 6 2 feet are 2 thirds of a 
yard, 
two thirds of 6 yards are 4, ſet down 4 


\ 


. 


rards 3 the two thirds of 2 feet are 1 foot 4 inches, ſet 
down 1 foot and carry 4; and the two thirds of 6 inches 


are 4, and 4 carried make 8, ſet down 8 inches. 
As 4 inches are the ſixth part of 2 feet, or 24 inches, 
we are to take the ſixth part of the laſt product for 4 
inches, by ſaying, the ſixth part of 4 yards or 12 feet 
is 2 feet, the ſixth part of a foot, or 12 inches, is 2 
inches; and the ſixth part of 8 inches is 14, Wich, 
with the 2 carried, makes 34 inches. 8 
Now all theſe products being added, by carrying 
1 foot for 12 inches, and 1 yard for 3 feet, we mall 


have 39 yards 1 foot and 5 x inches for the content of the 
floor. | 2 18 25 


DEMONSTRATION _ 
We have ſhewn. that yards multiplied by feet and 
inches give ſuperficial feet and inches of a yard ; and 
becauſe 1 yard multiplied by 6 yards 2 feet 6 inches, 


gives the ſame number of yards, feet, and inches, it is 


evident, that 2 feet, which are two thirds of a yard, 


will give alſo the two thirds of theſe numbers; and by 


the ſame reaſon 4 inches, or one ſixth part of 2 feet, 
will give the ſixth part of the product of 2 feet. 


E N A MPR N. 


415. If a piece of painting is 12 yards 1 foot 9 inches 
long, and 7 yards 1 foot 4 inches broad, bow many yards 
does this ſuperficies contain ? | | 


Say 7 times 9 inches is 63 inches, or g feet 3 inches, 


ſet down 3 inches and carry 5 7 times 


gin with the yards and ſay, the 39 1 33 


" * we — = — — 
* — 
- — — — - — — —— 


1 foot 


—— — _ —— = - - — 
— as OT . — —— 


ae ELEMENTS of Book 


a We | 1 foot is 


| | 9 


5 and 5 carried is 12, ſet down 12 19 
Wand ö 3 ds: „ 28 =_ % : 2. 

O, anc rry 4 yards; 7 times 2 15 14, PF Y 
and 4 carried is 118, fet down 8 and carry 


—_ 
- 


I 
1; 7.times'1 is 7, and 1 carried is 9. 88 0 
As I foot is a third part of a yard, ſay 4. © 
one third of 12 yards is 4, ſet down 4 1 51 
yards; one third of one foot, or 12 - 
inches, is 4, ſet down © and carry 4; one 93 ® o 

third of 9 is 3, and 4 carried is 7, ſet _ 

dowa 7 inches. _ | | 

And becauſe 4 inches are one third of 1 foot, or 12 
inches, take one third of the laſt product, by ſaying 
one third of 4 yards is i yard and'1 four, ſer doyn 1 
yard, and carry 1 foot to the feet; and one third of 
ſeven inches is 2 4 inches, ſer down this to the inches; 
add all theſe products together, and there will be 93 

* 


* and 3 of an inch. | 
N. B. It muſt be obſerved that floors, wainſcotting, 
painting, and window glaſſes, are all meaſured by ſquare 
| ards3. and their dimenſions. are taken by applying a 
ON loſe to all the moldings ; and the ſides of a room 
are taken as if there were no vacancies z and the open- 
ings of the windows are taken ſeparately and ſubtracted 
from the firſt ſum, in order to have the true content of 


the work. | 2 5 

| COERCE: 

416. Let a wall be go fathoms 3 feet long, and 3 fa- 
' thoms 4. feet 6 inches high ; how many ſquare fathoms does 
this wall contain ? © © ©: en: 
Say 3 times 3 feet is 9 feet, or 1 fa- 50 3 0 
thom and 3 feet, ſet down. 3 feet, and 3 4 6 
carry 1 to the fathoms, &c. then as 4 —— — 
feet are the two thirds of a fathom, and 151 3 © 
two thirds are not eaſily taken in large 16 5 © 
numbers, I take one third for 2 feet, and 16 5 © 
ſet the product down twice; and fince 6 41 $3 
inches are one fourth of 2 feet, or 24 — 
inches, take one fourth of the product of 189 2 3 
2 feet, and the ſum of all theſe products, 


gives 
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3. gives 189 fathoms 2 feet and 3 inches for the content 
9 required, | 
4 | 

2 417. If an area is 24. fathoms 2 feet ꝙ inches one way, 
- and 7 fathoms 9 inches another; how much is the content 


expreſſed in fathoms ? | 

Here I multiply the upper factor by 24 2 9 
- fathoms, in the uſual manner; then 7. 0 9 
as there are no feet in the multiplier, 1 — — 


ſuppoſe 2 feet, which gives 8 fathoms 171 x 3 
12 and 11 inches; this product muſt be croſſ- $ s xr 
ng ed, as not belonging to the area ; then I 2 0 27 
11 take for 6 inches the fourth part of this 1 0 14 


product, and for three inches half tſũe 
product of 6; and the ſum, excluſive of 174 1 7 

93 me product of 2 feet, gives 174 fathoms, 

| 1 foot, and 7 4 inches, for the content of the area re- 


18, quir ed. ' * 
are E X A NM UV. 
2 418. Let the dimenſions of a ſolid be ſuch as expreſſed in 


x the margin, to find its content. 
we Here you multiply any two di- Tas. 20 2 6 
e pefions together, as before; ſup- 3" "I 
i, poſe the ſecond and third, which 8 42 9 
gives 86 yards, o feet, 1 inch, and = — 
| this ſum is again multiplied by the 74 | 
17 firſt dimenſion 20 yards, 2 feet, 8 O 10 
* s inches, in the uſual manner, and „ 
the product will be as in the 3 
; margin. L394 — — 
It muſt be obſerved, that inſtead of 86 © TI 
"© IN faking the two thirds for 2 feet, we 20 2 6 
o bave taken one third for one foot, and 1720 1 5 
„er ne product down twice, as being 3 
| eaſier in large numbers; we have al- 1 1 8 
» 3 lo neglected the fractions of inches, 14 1 0 
„ s being of no manner of conſe: 
3 quence. | 1792 © 8 
O E X A M- 
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419. Let there be an excavation of earth, whoſe dimen- 


ions are expreſſed in the margin; to find its folid content, 
Here the firſt denomination is fa- Fath. 10 1 


thoms. and the firſt and ſecond di- 25 2 
menſions are multiplied together, = 1-4 
then the product by the third. — — 
It muſt be noted when a multi- 256 3 7 
plier is of more than one figure. „5 2 6 
It is more expeditious to multiply 1 0 10 
them ſeparately, and then reduce — — 
them to a higher dimenſion; as here 261 on 
25 fathoms multiplied by 7 inches gives 11 
175 inches, which being divided by 12 — — 
gives 14 feet and 7 inches; the inches 1566 5 6 
are ſet down, and the feet carried to 43 3 1 Mack 
the place of feet in the uſual manner. 14 3 0 


vity 1 
point 


In the application of menſuration to —. 
maſonry, it is the cuſtom to reduce, 1624 5 7 


the thickneſs of the wall to a brick and | A 

a half; for which reaſon, having found the ſuperficial WW g- 

contents, ſay as 3 is to the thickneſs of the wall exprell- "4 

ed in half bricks, ſo is the ſuperficial content of the wall, I en 
reduced to a brick and a half thick. 9 

u 0. F. N 

Meru p for Meaſuring SURFACES and $0- ann 

LIDS, by means of their centers of gravity. A r 

| DEFINITIONS. re 


1. H E center of Gravity, is a point whereby 2 WW thefir 


body being ſupported or ſuſpended, all its parts WW by th 
will remain at reſt. 


2. Momentum of a body is its tendency towards a W 
plane, in reſpect to its diſtance from it. 10 
| Tho! lines and ſurfaces have no real weight, yet 3 be K 
their centers of gravity are very uſeful, their contents mite 
will be conſidered inſtead of weights. 


420. Hence 


oy. - 
2 

= 
„ 
* 
= 
* 
2 
N 

AQ 


„s che point C 
| which biſeQs 
1 Wl it: For were 
15 ſupports 
+ Wl by chat point, 
— WW there would be no rea! | 
/ than another. If another point F be tak 
andthe unequal parts AF, FB, biſected | 
10 s AC=2DF—CF, CB=2FE+CF, and AC=CB, 
by ſuppoſition, we have 2DF-CF=2EF+CF, . 
u DP=:EF+2CF, by cquality of ratios, and 
+ WDF=EF+CF, by divifion; hence DF CE an 
1 CD=EF : Therefore CD : CE : : (2EF : 2DF) FB: AF. 
421. Hence, if two weights P, proportional to 
de lines AF, FB, were ſuſpended at the centers of gra- 
© Wig D, E, they would have the ſame effect upon t 
7 point C, as theſe lines re- united 1 their centers of 
cial 
reſl- 


Jy THEOREM. | 
422. The ſum of the momentums of any number of weights 
, c, d, is the ſame as if they were reunited into their 
O- WM common center of gravity. / Fig. AT , 
h 


From theſe weights draw lines perpendicular to the 
plane AB, as alſo from the center of gravity x of the 
weights a, 5, and In, an perpendicular to ox; then 

by a thefimilartriangles amx, bnx, give (ax: x:: ) α ::: 


parts by the laſt, or axmx=bxnx ; but ao=mo, bo=no, and 
nrg ao, nx =bo—x0 : hence aXxo—ao =bxbo o, 
0 er n +bxbo=a +bXx0, by tranſpoſition, 1 
et 28 Join the weight c to the center of gravity x, and let y 
rents be the center of gravity of the weight c, and @+8,. re- 


united into their center of gravity x; then by what has 


Jenct been proved before, a co, will be the momentum 


I — — 


O 2 of 


— — — 5 — 
—_— — — — — — 


—  _———_ — — - — 
* . lh. ond — — ok 
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of the. weights 4, 5, c. Join the weight d to the cen- 
ter of gravity y, and let z be the center of gravity of 
the weight 4, and the ſum a+b+c reunited into the 
center of gravity y; then, for the ſame reaſon, 
TTS will be the mpmentum of the weights 
a, b, c, d; the ſame thing may be proved, whatever 
number of weights may be : only obſerve, that if any 
weights are placed on the contrary fide of the plane AB, 
in reſpect to the others, their momentums mult be made 


negative. 
423. Hence, if the figure ABC, 
revolves aboutaline DLE as an axis, B 


and the arc ABC, be ſuppoſed divided 
into an innumerable equal ſmall 


0 


arts or elements; the ſum of all 
the products of theſe elements, each 
multiplied by its diſtance from the D L E 


axis DE, will be equal to the pro- 
duct of that arc multiplied by the diſtance of its center 
of gravity from that axis: or if inſtead of theſe diftances 
or radii, we take the circumferences they deſcribe inthe 
rotation; the ſurface deſcribed by the arc ABC, will be 
equal to the rectangle made by that arc and the circumference 
deſcribed by its center of gravity. * 15 

424. Again, if the area ABC, be ſuppoſed divided 
into an innumerable ſmall parts or elements parallel to 
the axis DE: the ſum of the products of all theſe ele- 
ments, each multiplied by its diſtance from the axis 
DE, will be equal to the product of this area, multiplied 
by the diſtance of its center of gravity from that axis; 
or it inſtead of theſe diſtances or radii, we take the cir- 
cumferences they deſcribe in the rotation; the ſolid di. 
ſcribed by the area ABC, about the axis DE, will be equal 


td The ſolid made of that area and the circumference deſcrid- 
ed by its center of gravity. hn 


GENERAL RULE. 


425. The content of a ſurface or ſolid deſcribed by a cir- 
cular motion about any line as an axis, is always equal , 
* gee” the 


rating 
gives 
gravi 


the d 
reaſo 


* 


the troduꝭ of the generating quantity multiplied by the cif= 
cular arc deſcribed by its center of gravity. . © 
426. Hence, any two of the three dimenſions which 
enter into the computation, viz. the generating quanti- 
ty, its center of gravity or the quantity generated, be- 
ing given, the third may be always found. 


F EY 
427. To find the center of gravity, of a redtangle BD, 
or that of a right angled triangle AHB, from the ſide HB, 
Fig. 7. 
14 a cylinder deſcribed by the rectangle HC, 
and a cone by the triangle AHB, both about. the axis 
HB ; let the radius of the baſe AH or HD, be a, half 
its circumference c, and the axis HB, 5; then will ac 
expreſs the area of the baſe, and abc the content of the 
cylinder, which divided by the rectangle ab, gives c for 
the circumference deſcribed by the center of gravity, this 
being half that of the baſe, its radius is alſo one half of 
HD. The content of the cone is zac, and its gene- 
rating plane zab, and therefore abc, divided by zab, 
gives ic for the circumference deſcribed by the center of 
gravity : which being one third of 2c, gives AH, for 
the diſtance required from the axis HA. By the ſame 
reaſon the diſtance of the center of gravity of the rectan · 
gle from HD is equal to half of HB, and that of the 
triangle one third of HB. 4 3 


F 3 
428. To find the content of a right cylinder P, from 
which a fruſtum of a cone has been ſubtrafted. | 
Let ABCD be the ſection of this ſolid, or the gene- 
ting plane; GL the axis of rotation; draw BH parallel 
to CD; then the ſolids deſcribed by the triangle ABH, 
and the rectangle HC, muſt be found ſeparately, and 

their ſum will be the content required. | 
If AG be 4, AH, 6, HD, 8, and DC, 12, then 
the triangle ABH will be half of 6x12 or 36; and the 
diſtance from its center of gravity to the axis of rotation 
GL is equal to AG (4) and to two thirds (art. 425) of 
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AH (6) er 8; and if 7:22: ; 16: 50}, this fourth term 
will be the circumference deſcribed by the center of 


yity. Therefore 36, multiplied by 307, gives 1810; 


for the content of this ſolid. _ : 

The rectangle HC is equal to 8x12, or 96, and the 
diſtance from its center of gravity to the axis GL of 
rotation, equal to GH (10), and to half of HD (8) or 
14; and if 7: 22:: 28: 88, this fourth term multiplied 
by 96 gives 8448 for the content of the ſolid. Conſe. 
quently, the ſum of 18107 and 8448 gives 102583 for 
the content required. | 1 

ERS MP L E.. 
429. To find the content of a fruſtum of @ right co 
Q, from which a cylinder has been ſubtratted. 

Let ABC be a ſection through the axis of this ſolid, 
EF the axis of rotation: If ED be 3, and the reſt a; 
before, then the center of gravity of the rectangle from 
the axis EF is equal to ED (3), and to half of DH (8) 
or 7; therefore, the circumference deſcribed by thi 
center of gravity is 44, and the rectangle 96, multi- 

lied by 44, gives 4224 for the content of the ſolid de- 
Eribed by that rectangle. The diſtance from the center 
of gravity of the triangle ABH, to the axis EF of ro- 
tation, is equal to EH (11), and to one third of AH 
(6) or 13; and if 5:22::26: 815, then 815, multi- 
plied by the triangle 36, gives 29415 for the content of 


the ſolid. Conſequently, the ſum of 294143 and 4224 


gives 7165; for the content required. 
Theſe two laſt examples are particularly uſeful in the 
meaſuring of the orillons and retired flanks, 
EX AMPLE. 
430. To find the content of the ſolid deſcribed by the ro- 
tation of the ſemi-circle ABC, about the tangent AT, per- 
pendicular to the diameter AC. Fig. 8. 


It is evident that the center of gravity of the ſemi- i 
circle is ſomewhere in the radius OB, parallel to AT, 


fince that radius biſects all the lines that can be drawn 
parallel to the diameter AC. 


AO is 14, the circumference of that radius will be * 
an 


If therefore the radius 


tange! 
the d1 
be kn 


dect. 5. MATHEMATICS. 199 
and the area ABC will be 14x22, or 308, which being 
multiplied by 88, gives 27104 for the content required. 

Whether the axis AT of rotation touches the circle, 
or is at ſome diſtance from it, the content of the. ſolid 
deſcribed about that axis is always found in the ſame 
manner; provided the circumference deſcribed by the 
center of gravity be rightly found, that is, according 
to its diſtance from the axis of rotation. 

But if the ſolid deſcribed by the ſemi-circle about the 
tangent T'B, parallel to the diameter AC, be required, 
the diſtance of the center of gravity from that line muſt 


be known. 
| EXAMPLE. 
431. To find the center of gravity L of the ſemi-circle. 
If the radius AO be a, the ſemi-circumference c; then 
the area of the circle (art. 173) will be ac, and the ſolid. 
content of the ſphere (art. 216) 4aac : Now as this ſolid; 
is likewiſe equal (art. 425) to the product of the gene- 
rating quantity ABC, multiplied by the circumference: 
deſcribed by the center of gravity L, if the ſolid 4aac 
be divided by the area zac of the ſemi-circle, we ſhall 
have 3a for the circumference deſcribed by the center: - 
of gravity ; and if 2c: 421: ho this fourth term 


| "© $ 'v | 
will be the diſtance required from the center O of the 
circle, 


EZ AMPLE. | 

432. To find the content of the ſolid deſcribed by the ſe- 
mi-circle about the tangent TB, parallel to the diameter AC. 
The ſame thing being ſuppoſed as before, if OL. 


37 be ſubtracted from OB (a) we fhall have AY 


equal to LB; and if 4: 26 ge. 2c—Jaz this 
fourth term will be the circumference deſcribed by the 
center of gravity about the axis TB; which being mul- 
tiplied by the area Zacof theſemi-circle, gives; ce 3-4 
tor the content of the ſolid required, 

O 4 It 


bo 
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If the radius AO (a) be 7, then the ſemi-circumfer, 


| ence c will be 22; and therefore 722X123 or 1950 


will be the content of the ſolid, 
This laſt example is uſeful in finding the ſolid con. 
tent of a vault, called by the French, Bonnet de Pretre, 
What has been faid here is ſufficient to ſhew the man- 
ner of applying the center of gravity to the finding the 
contents of ſurfaces and ſolids, in a moft compendious 


and conciſe manner; ſome part of its uſe will appear in 


what follows. 


MENSURATION applied to FoRTIFICATION, 


Plate XIV. Fig. 10. When the plan of a fortification 
is traced, there 1s a line -which is called the Principal, 
or Majiſtral, on which the length of the parts are ſet 
off; and it is this line which is repreſented by the cor- 
don, marked by the letter C in the profil: For inſtance, 
when it is ſaid that the faces of a baſtion are 50 toiſes, 
it is to be underſtood near the cordon, where the ſlope 
of the wall begins. 

Fig. 12. In orderto meaſure the revetementof the faceof 
the baſtion AD, we muſt conſider the profil (fig. 10) ABCD, 
which we ſhall ſuppoſe, according to Mr. Vauban, to be 
30 feet, or five toiſes high from the foundation AD to 
the cordon BC, 5j feet at BC, and 11 at AD; adding 
theſe numbers together we get 16 feet for their ſum, 
half of which, 8 feet, or 1 toiſe and 2 feet, being mul- 
tiplied by the height AB (5) gives 6 toiſes 4 feet ſquare 
for the area ABCD. 

The foundation ADIH muſt be meaſured by itſelf, 
and cannot be determined here, as depending on the na- 
ture of the ground, but being always rectangular may 
be computed eaſily ; the upper part of the wall EFGC 
muſt likewiſe be meaſured ſeparately. 

Now ſuppoſe. the twelfth figure repreſents the wall 
from the foundation to the cordon ; from the inner an- 
gle A, draw AB, AC, perpendicular to the faces, thro' 
which ſuppoſe to paſs two vertical planes; then the an- 
gular part cut off will be a fruſtum of a pyramid, 5 

W 522 the 


Wi 


A 


3 j 


Nu mn 


4 Ninn 


| 
| 
i 


c | 


| 


0 | 


— — — — 


— — — — 


Mae 


0 
MAW 18 AY 
WIA HV PT TY! 


Ae 
Au 


e 


tra 


| 


— — —_ — 
— 
— — — 


aa 


, 


| 
' 


— — 


BD 


S „ 
* 
. R 


_— — — 2 
Fa 

an 

9 

| 


ſolid c 
ing the 
baſtior 
toiſes 4 


of the 


orillon 
2 cer 

5 
* 
be (ar 
center 
that h: 
the ori 
the cer 
10.5 t&( 
gravit) 
cauſe 
orillon 
and th 
orillon 


the fig. 11 3 where AB and AD are each 5 feet, the an- 
gles at B and D right ones, and the angle C equal to that 
of the faliant angle of the baſtion, which has been (art. 
309) found to be 83 degrees and 8 minutes in the ex- 
agon ; and ſince the ſides CB, CD, are equal, they will 
be found by trigonometry to be 5.6 feet. 
The contents of the upper and lower baſe, are equal 
to the rectangles made by the unequal ſides, and the 
mean plane to that made by the leaſt ſide of the one, and 
the greateſt of the other. MET NY 
The angle L at the baſe being equal to the angle C, 
that is, of 83 degrees and 8 minutes, the ſide EF, 11 
feet as well as its equal EN, the ſides FL and LN; 
will be found to be, by the ſimilarity of the triangles 
ACD, EFL, 12.32 feet. Therefore, having the 
height, the lower and upper baſe of this fruſtum, its 
ſolid content is found to be 11.42 toiſes. And ſubtract- 


ing the fide CD (5.6) feet, fig. 11, from the face of the 


baſtion, fig. 12, or from 50 toiſes, we ſhall have 49 
toiſes 4 tenths of an inch tor the part CD of the face 
of the baſtion to the orillon : this length multiplied: by 
the content 6 toiſes 4 feet of the profil, gives 327 cubic 
toiſes, for the content of the face AD. | 

We have found (art. 401) the radius with which the 
orillon is deſcribed to be 5.13 toiſes, the diſtance from 
the center of gravity of the rectangular part ABCL, 
fig. 10, of the profil, whoſe baſe AL is 5 feet, to 
the center of that arc, or to the axis of rotation, will 
be (art. 422), 28.28 feet, and the diſtance from the 
center of gravity of the triangle LCD is 32.78 feet: ſo 
that having the arc of (art. 401) 11.16 toiſes, which 
the orillon makes near the cordon, the arc deſcribed by 
the center of gravity of the rectangle ABCL will be 
10.5 toiſes nearly, and that deſcribed by the center of 
gravity of the triangle LCD is 11.88 toiſes; and be- 
cauſe the rectangle ABC is 43 toiſes, the part of the 
orillon deſcribed by that rectangle will be 43.75 toiſes, 
and the triangle LCD being 2.5 toiſes, the part of the 
orillon deſcribed by that triangle will be 29.7 toiſes. 


Con- 
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20% ELEMENTS of Bock 3. 
Conſequently, the orillon contains 73. 43 cubic fathoms 


or toiſes. | | 
The ſtrait part FE, fig. 12, of the wall between the 
orillon and retired flank, being 5 toiſes long by con- 
ſtruction, is eaſily found, for which reaſon we ſhall omit 
it hege. | BEL 

As to the retired flank EL, its radius has been found 
to be (art. 400) 18.86 toiſes, and the arc 19.75 toiſes; 


the radius of the arc deſcribed by the center of gravity of 


the rectangle ABCL, fig. 10, will be 20.27.toiſes, and the 
arc deſcribed by that center 21.23 toiſes nearly ; the ra- 
dius of the arc deſcribed by the center of gravity of the 


triangle LCD is 19.36 toiſes; and the arc deſcribed by 
that center 20.27 toifes. Therefore, the part of the 


retired flank deſcribed by the rectangle ABCL (45) will 
be 88.46 toiſes z and the part deſcribed by the triangle 
LCD (2.5) is 50.68 toiſes. Conſequently, the retired 
flank contains 139. 14 toiſes. | 
The broken part LH, fig. 12, of the curtain, and 

the curtain itſelf, being ſtrait walls, are eaſily found, 
by multiplying the profil by their lengths. bs 

It muſt be obſerved, that in all the ſaliant angles the 
parts cut off by planes perpendicular to the walls from 
the inner angles are always fruſtums of pyramids, like 
that repreſented by the 11th fig. whoſe upper and lower 
baſes are known from the given dimenſions of the pro- 
fil; and the parts cut off in the re-entering angles are 
ſuch fruſtums as are repreſented by fig 13, from which 
there is cut off a ſmall pyramid, ariſing * aha the ſlope 
of the wall; and as theſe parts of the wall are always 
regular ſolids, their contents may be found in the man- 
ner ſhewn before ; the ſame thing may be ſaid in regard 
to the counterforts, which are regular priſms. 

What has been ſaid in reſpect to the body of the 
place, may likewiſe be applied to all kinds of outworks; 


the round parts of the oy arty are found in the 
or 


ſame manner as the retired flanks, 


which reaſon we 
ſhall inſiſt no longer on this ſubject. 
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MEeNn$SURATI Sk applied to VAULTS and 
5 ARCHES, FINER 
There are three ſorts of arches, the circular, the el- 

liptic or oval, and the gothic ; we ſhall begin with the 

menſuration of the firſt, as being moſtly uſed, eſpeci- 
ally here in England. rt ty 

The firſt thing of this kind to be conſidered in a for- 
tification are the powder magazines; their planes are 
generally as is repreſented by fig. 14, and the ſection 
as fig. 153 the outſides of the roofs being always in the 
form of a right angled triangle. Plate XV. Fig. 14, 15, 

The common method for meaſuring theſe arches is to 
conſider the part EDF as a ſolid pyramid, whoſe baſe 
is the triangle EDF, and whoſe altitude the length of 
the magazine; then the content of the ſemi-cylinder, 
whoſe baſe is the ſemi-circle APB, and the axis the 
ſame as that of the pyramid, being ſubtracted from the 
pyramid, the difference gives the content of the upper 
part of the magazine, cut off by the horizontal line 
EF. But the work will be ſhorter if the content of 
the ſemi-circle APB be ſubtracted from that of the tri- 
angle EDF, and the difference multiplied by the length 
of the inſide AC, fig. 14, of the magazine. 

Fig. 14. The fide walls are mealured by multiplying 
the plane or baſe ABCD by the height LA, fig. 15, 
of the peers; the contents of the foundations and the 
two gable ends, are eaſily found, as being regular ſolids. 

The ſally ports being likewiſe arches much like the 

ing one, only the outſide being circular and concen- 
tric with the inſide, inſtead of triangular ; fo there is no 
more to do than to fubtract the content of the inner 
ſemi-circle from that of the outward one, and multi- 
plying the difference by the length of the arch; the fide 
walls are found as before. 

If the arches. are elliptical, ſuch as moſt gateways 
generally are, then becauſe the area of the circle deſcrib- 
ed with the greater axis as diameter is to the area of the 


clliplis, 
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ellipſis, as (art. 316) the greater axis is to the leaſt 
Theſe kind of arches may be Meaſured with as much 


. Eaſe as if they were circular. 
Fig. 16. In order to meaſure the gothic arches, it is 


neceſſary to know their conſtruction : the opening AB 


of the arch is divided into three equal parts AO, OC, 
and CB; from the point C, as center, with CA the 
two thirds of AB as radius, the arc AL is deſcribed; 


and from the other point O as center, with the ſame ra. 


dius as before, the arc BL is deſcribed. 

Hence, if the line DLP biſects AB at right angles, 
CP being the half of one third of AB will be the ſixth 
part of AB; and as CA or CL is two thirds of the 
ſame line, if we ſay as 3 is to 3, or as 4 is to unity, ſo 
is the, radius 100000 to the coſine 25000 of the angle 
LCP; this angle will be 75 degrees 31 minutes; the 
perpendicular PL is likewiſe found to be .065 parts of 
AB: Now if the content of the ſector CAL be found, 
and the area of the triangle CPL ſubtracted, the dif- 
ference will give the area ALP of half the inſide arch; 
ſo that if twice that difference be ſubtracted from the 
area of the triangle EDF, and the remainder multipli- 
ed by the length of the arch, you will have its ſolid 
content. | 

The moſt difficult part of meaſuring arches is when 
there are ſeveral that croſs each other at right angles, 
and are ſupported by pillars, ſuch as thoſe under the 
treaſury near St. James's park; and above all, when 
they are made in the gothic manner, as thoſe at Veſt- 
minſter: but as there are but few or none built now in 
that manner, we ſhall only inſiſt on the method of mea- 
ſuring the former. 

The 17th figure repreſents the manner in which they 
are joined or meet each other; this is nothing elſe than 
two ſemi-cylinders interſecting each other, 15 that the 
only difficulty conſiſts in ans, e the part ABCD. 

If the line FG be drawn through the point of inter- 
ſection E of the arches, parallel to AB or DC, and we 
ſuppoſe a plane to pals through that line, perpendicular 

; | to 
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to the baſe ABCD; it is evident that this plane biſects 
the fourth part BEC of this arch; and therefore, having 
found the part BEG or GEC by multiplying it by 8, 
we ſhall have the content of the whole. 
Fig. 18. Let AKC be a ſemi-cylinder, whoſe diame- 
ter AC is equal to that of the arch; and let ABC be a 
ſection, ſo as its altitude Bn be equal to half the diameter 
AC; if DBE be a ſection parallel to the baſe AnC, it is 
eaſy to perceive that the part CBE or ABD is equal to 
the part BEG, fig. 17, of the arch; and therefore the 
two parts, CBE, ABD, together; or, which is the 
fame, the difference between the ſemi-cylinder ADBEC, 
and the part ABC cut off, will be equal to the fourth 
part BEC, fig. 17, of the arch. 74 
If the part ABC be cut by any two parallel planes 
OnB, Pmr, perpendicular to the baſe AnC of the cy- 
linder, they will form two right angled ſimilar triangles 
OnB, Pmr : For the lines nB, mr, being parallel and 
perpendicular to the baſe AnC of the cylinder, by ſup- 
polition, will be perpendicular to the parallels On, Pm 
and fince BO,r P, are likewiſe parallel, and in the ſame 
plane, they will make equal angles BOn, rPm, with 
the parallels On, Pm. | i 
Now becauſe ſimilar triangles are as (art. $8) the 
ſquares of their homologous ſides, the areas OnB, Par, 
are to each other as the ſquares of the lines On, Pm; 
that is, as the ſquares of the ordinates of a ſemi-circle : 
But the ſquares of theſe lines are likewiſe as the areas of 
(art. 170) the circles which they deſcribe in the rotation 
of the ſemi-circle AnC about the diameter. Therefore 
the part ABC will likewiſe be as the ſphere deſcribed by 
the ſemi-circle AnC. And becauſe the content of the 
ſphere is found (art. 216) by multiplying the area of the 
circle deſcribed by the radius On, by the two thirds of 
the diameter AC; by a parity of ratios, the ſolid ABC 
will likewiſe be found, by multiplying the area of the 
2 triangle OnB by the two thirds of the diameter 
AC. 
Hence, becauſe the lines On, nB, are equal by ſup- 
| polition, 
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poſition, and On is the radius of the ſemi- eircle And, 
the area of the triangle OnB will be half the ſquare made 
by the radius; and this multiplied by two thirds of the 
diameter AC, gives the two thirds of the cube made by 
the radius, equal to the content of the ſolid ABC. 
If the radius OC or OA bez the ſetni-circumference 
AnC, c; then will a expreſs the content of the ſolid 
' ABC, and (art. 245) 4aac, that of the ſemi- cylinder 
ADEC : Therefore 3aac—3a* or $42X3c—44 will be 
the content of their difference ADBEC, or the fourth 
part of the arch ABCD, fig. 17. Conſequently, 
Jaa qc -A Will expreſs the content of the whole, which 
gives this r 9 PE} 


GENERAL RULE. 

Subtraf twice the diameter of the baſe from three times 
the ſemi-circumference, and multiply the difference by the 
two thirds of the ſquare made by the radius. 

If the diameter be 14 feet, the circumference will be 
443 and 28 twice the diameter ſubtracted from 66 three 
times the ſemi-circumference 22, gives 38 for the differ- 
ence ; and as the ſquare of the radius 7 is 49, the two 
thirds of this is 323, which being multiplied by 38, 
gives 12413 for the content of the ſolid. = 

The figure 18, of which we have juſt now given the 
content, is the vacant part of theſe kinds of arches, and 
therefore is to be ſubtracted from the whole ſtructure, 
conſidered as all ſolid. wn 

The part or ſolid ABC is called the Hoof or Ongled, 
and its content is neceſſary in the meaſuring of round 
towers placed on Batardeaux. 

There is a kind of arches called by the French Bonnet 
de Pretre; the cielings of round towers are ſometimes 
made in this manner, and are ſupported by a round pillar 
when the building is ſpacious. | 
| The vacant part of theſe arches is a ſolid deſcribed by 
the rotation of a ſemi-cirele about an axis, which is 
perpendicular to the diameter, therefore may be mea- 
lured by what has been ſaid in article 430. 
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d. MATHEMATICS. 207 

ook w. 

O MOTION. 
SECT. TI, 


DEF UENDFFIION % 


OTION is a continual ſucceſſive change of 
places. 

2. Velocity is that affection of motion by which a 
zody moves over more or leſs ſpace in equal times. 

3. Uniform motion is when a body moves over equal 
paces in equal times. 

4. Accelerated motion. when the velocity continually 
ncreaſes, and retarded when it continually decreaſes. 
g. Momentum, or quantity of motion, is the power 
xr force by which a * body ſtrikes any obſtacle 
or impediment which oppoſes its motion. 
6. Abſolute motion is the change upon immoveable 
places, and relative, the change upon moveable places. 
It ſeems to be plain that there is no abſolute motion, 
or all heavenly bodies move continually in their orbits, 
far as we know, and therefore the motion of 'bodies 
pon them muſt be relative in reſpect to their motion; 
but let this be as it will, the laws are the ſame in both 
ales, as has been confirmed by experiments; for which 
eaſon we ſhall treat of abſolute motion only. 


| e 
Effects are always proportional to their adequate cauſes; 


riple, triple, Cc. 


Of UNIFORM MOTION. 


. 
433. Spaces deſcribed with an uniform motion, are as 
ve times in which they are deſcribed, 
For ſince bodies move over equal ſpaces in equal 
Imes, by defin. 3, a body will move over twice the 
| ſpace 


hat is, a force double produces an effect double, a 


x 
+ 
2 
, 
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ſpace in twice the time, thrice the ſpace i in thrice 2 
time, and, in general, » times the ſpace in » times. 
Therefore, ſpaces moved over with an uniform motion, 


are as the times in which they are deſcribed, 


Thus a man keeping conſtantly the ſame pace, if he 


walks a mile in one hour, will walk two in two, three 
in three, and ſo on. 


T HE OR E M. | 

4.34. Spaces deſcribed with an uniform motion in equal 
times, are as the velocities with which they are deſcribed. 

It is plain that with a greater velocity a greater ſpace is 
moved over at the ſame time, and that with a velocity 
double a ſpace, double will be moved over at the ſame 
time; with a velocity triple, or quadruple, a ſpace tri- 
ple, or quadruple; and, in general, with a velocity x 
tuple, a ſpace # tuple. Conſequently, ſpaces moved 
over with an uniform motion in equal times, are as the 
velocities with which they are deſcribed. | 

T H EE OR E.. 

435. Spaces uniformly deſcribed are in the compound ra- 
tio to that of the times and velocities. 

If two bodies A, B, deſcribe the ſpaces S, s, with 
the uniform velocities V, v, in the times T, t, reſpec- 
tively : I ſay, that 8: s:: TV: tv. 

For let another body C deſcribe a ſpace x, in the time 
T, of the body A, with the velocity v of the body B; 
then, becauſe the bodies B, C, deſcribe the ſpaces s, x 
with the ſame velocity v, they are (art. 433) as the 
times; that is, x: s:: T: t: And ſince the bodies A, C, 
deſcribe the ſpaces 8, x, at the ſame time they are (art. 
434) as the velocities V, v, viz. S:x::V:v, No if 
the terms of theſe proportions are multiplied together 


reſpectively, we (art. 80) ſhall have Sxx : sx, or (art. 


95) S:8:: TV : tv. Conſequently ſpaces uniformly de- 
{cribed are in the compound ratio to that of the times 
and velocities.” 

436. Hence, if two bodies A, B, deſcribe equal 
ſpaces with an uniform motion, the velocities are reci- 


procally as the times. F or becauſe S=s by ſuppoſition, 
we 


rektion 
For 
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we have TV tv by equality of ratios; and therefore 
(art. 74) Tt: v: V. FR” | | 4. 
437. It is evident that the times are as the ſpaces di- 
retly, and velocities reciprocally; for if in 8: s:: TV: tv, 
the antecedents are divided by V, and the conſequents 


by v, we mall (art. 54) have 95 :: T: t. And, by the 


ame manner of reaſoning it may be proved that the ve- 
locities are as the ſpaces directly and times reciprocally. 
Of COMPOUND MOTION. 
T H E OR E AM. 

438. Whatever motion, or change of motion, is pro- 
duced in a body, it muſt be proportional to, and in the di- 
region of the force impreſſed. 

For ſince a body, by reaſon of its inactivity, cannot 
contribute to the production of its own motion, or of 
any change therein, it is evident that whatever motion 
or change of motion is generated in bodies, it muſt en- 
tirely proceed from the force impreſſed; and as effects 
are always proportional to their adequate cauſes, it muſt 
be proportional thereto, and it muſt likewiſe be directed 
towards the ſame part with the generating force. 

439. Therefore, if the body whereon the impreſſion 
is made was in motion before the impulſe, that motion 
will be accelerated or retarded, according as the force 
impreſſed conſpires or oppoſes it. 5 


ren 

440. If a body be urged at the ſame time by two forces, in 
the directions f and proportional to the fides AB, AC, of 
8 parallelogram, it will by this compound motion deſcribe 
ihe diagonal AD. Plate XVI. Fig. 1. 

For while the force impreſſed in the direction AB 
cauſes the body to move from A towards B, the force 
impreſſed in the direction AC will cauſe the body to 
move from A towards C; but the ſpace moved over in 
the direction AB is to the ſpace moved over in the di- 
rection AC, as the force impreſſed in AB to the (art.438) 

P orce 


i 
* } ' 
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force icpreſſed in NC, or as AB to AC or BD, by ſup. 
oftion. If therefore, from any point E in AB, a line 
F be drawn parallel to BD, meeting the diagonal AD 
in F; then becauſe (art. 67) AB: BD: : AE: EF; 
and ſince the ſpace. moved over in AB, by the force 
impreſſed in that direction, is to the ſpace moved 
over in AC, by the force impreſſed in that direction, 
as AB. to, BD; it is evident, that if AE repre- 
ſents the ſpace moved over in that direction, FF will 
expreſs the ſpace moved over in the direction AC at the 
ſame time. Conſequently, the body will be in the dia- 
gonal AD; and as this proportion always ſubſiſts, whe. 
ther AE is great or little, the body has moved in the 
diagonal AD from the beginning A, and never was out 
of it. | 
This proportion is of the utmoſt importance in mechanics, 
and in natural philoſophy z for it ſhews bow to eſtimate the 
joint effect of ſeveral powers atling together on the ſame ab- 
jeft, and in what manner am given number of powers may 
be applied, ſo as to produce a deſired effect. 

441. Hence, the body moves over the diagonal AD, 
by the compound motion in the ſame time that it would 
move over the ſide AB or AC, by the ſingle force im- 

preſſed in thoſe directions. For we have proved, that 
while the body moved from A to E by the force impreſſ- 
ed in that direction, it moved from A to F in the dia- 
gonal by the joint forces; and therefore, while the body 
moved from A to B by the force impreſſed in that di- 
rection, it moves from A to D in the diagonal by the 

Joint forces. . | | 
442. The force impreſſed in the directign of the di- 
agonal AD, by the joint forces, is to the ſingle force 
impreſſed in the direction AB, or AC, as AD is to AB 
or BD: for becauſe the effects are proportional to their 
adequate cauſes, the force impreſſed in the direction 
AD, would cauſe the body to move over the diagonal 
AD in the ſame time that the force in the direction A; 
would cauſe the body to move over AB; and ſince the 
4 Joint 
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joint forces in the directions AB, AC, move likewiſe 
the body over the diagonal in the ſame time that the 
force impreſſed in the · direction AB would move it over 
the fide AB, it follows, that a ſingle force, expreſſed 
by the diagonal AD, produces the ſame effect as the 


joint forces expreſſed by the fides AB, AC, of the pa- 


rallelogram. | 

443, As the angle CAB, made by the directions of 
the two forces, decreaſes, ſo does the effect ariſing from 
the joint impreſſion increaſe ; becauſe the diagonal AD, 
which expreſles their effect, increaſes as that angle de- 
creafes.: and therefore, when the angle CAB. vaniſhes, 
or the ſides AC, AB, coincide with the diagonal, the 
effect will then he the greateſt of all that theſe joint 
forces can produce. 

444. On the contrary, as the angle CAB, made by 
the directions of the two forces, increaſes, the effect of 
their joint endeavours decreaſes; and when the ſides 
CA, AB, become one continued right line, the effect 
of theſe dint forces is the leaſt of all; which gives the 
two following caſes. ; 

I. If the fides AB, AC, are equal, the diagonal AD 
vaniſhes, when theſe ſides become one continued right 
line; and therefore the two forces being equal, and 
ating in oppoſite directions, deſtroy each other. 

IT. If the fide AC is leſs than the ſide AB, the dia- 
gonal AD coincides with the greater ſide AB, when theſe 
lides become one continued right line, and is equal to the 
difference between the ſides, AB and BD, or AC, Con- 
ſequently, the body will move in the direction AB of 
the greater force, with a force impreſſed equal to the 
difference between the forces expreſſed by AB and AC, 

Fig. 2. 445. If from the oppoſite angles B, C, the 


lines BE, CF, are drawn perpendicular to the diagonal 

AD, the force impreſſed by AB in the direction of the 

diagonal AD, will be expreſſed by AE, and the force 

impreſſed by AC in the diagonal by AF. For if the 

parallelograms EH, FG, are compleated, the forces 

expreſſed by the ſides AE, AH, or EB, will produce 
2 


the 


- 
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dect. 
the (art. 440) ſame effect in the direction AB as the force In the 
expreſſed by that line; and the forces expreſſed by the ¶ ge ref 
ſides AF, AG, or FC, will likewiſe produce the ſame 
effect as the force expreſſed by the diagonal AC; and Of 1 
becauſe DC, AB, are parallel and equal, the right an- 
gled triangles AEB, DFC, are (art. 25) equal in all re- N 
ſpects; ſo that BE and FC, or HA and AG, are equal: a « 
and ſince the forces expreſſed by HA, AG, are oppoſite height 
and equal, they will deſtroy each other: and conſequent- Naber 
Iv, AE, AF, expreſs the parts of the forces AB, AC, face 3 
which act on the ſame body in the direction of the dia- diſtanc 
gonal; and ſince AE is equal to DF, the ſum of theſe 2 
parts AF, AE, is equal to the diagonal. Which con- wh 
firms, that a force expreſſed by and acting in the direc- I Or 
tion of the diagonal, is equivalent to the joint forces 
acting and expreſſed by the two ſides AB, AC. 447 
Fig. 3. 446. Laſtly, If a force AB acts upon a MW #7" v 
body, and ir is required to find the part of that force 5 s 
which acts upon this body in any other direction DC; * 


by drawing AD perpendicular to the direction DC, the Partic 


abſolute force will be to the part relative to the direction at 17 
DB, as AB is to DB, or as the radius to the coſine of 5 pu 
the angle ABD, made by theſe directions. wee 


SCHOLIUM. N impre 


Pig. 1. It may eaſily be proved from what has been ſtant 
ſaid, that relative motion obſerves the ſame laws as ab- N. 
lolute motion; for if we ſuppoſe that the figure ABCD Ill * I 
moves with an uniform motion in the direction AB, and , 4 


a force acts upon a body in the direction AC; it is plain 
thar whilſt the line AC moves from A to E, or B, the porti( 
body will by the impreſſed force move from E to F, d 
to D, in the line AC : ſo that a ſpectator ſtanding at A .. #4 
will ſee the body move in a right line AC; for when the 
line AC comes into the poſition BD, the ſpectator vil 
be at B. and ſtill ſee the body move in the ſame direct. wy 


on, although the body moves in reality over the diag# => 
nal AD; and hence, whether our earth be in motion 0 clap 


at reſt, the motions of bodies will appear to us always 
in 
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ce Win the ſame manner, becauſe we move the ſame with 
he Wl the reſt of the objects placed on the ſurface. 

MA Ns eye 1 21 77 

nd F MO T7 1 O N, wniformly accelerated or 
my | | , retarded. Nin 
1. Notwithſtanding that gravity is different at different 
* heights from the ſurface of the earth, and farther or 
ute | i | 7 0 

nt. nearer the equator, tho* equally diſtant from the ſur- 
0 face; nevertherleſs, the difference is ſo little at a ſmail 
ia. diſtance from the ſame point of the ſurface, that it pro- 
eſs duces no ſenſible error in computation ; we ſhall there- 
on. Wl fore ſuppoſe with Galileus and others, that gravity acts 


rec. uiformly and conſtantly the ſame in every. part of time. 
n &: R070 84 A6 XS 
447. Fa body begins to fall freely from reſt, it will ac- 
an a Wl {re velocities proportional to the times, from the beginning 
of the fall. | | 
DC: Suppoſe the time to be divided into very ſmall equal 
he particles or inſtants; then as in each particle the force 
gion of gravity makes equal impreſſions on the body by ſup- 
ne ot boſition, whatever force therefore the body receives from 
the impreſſion of gravity in the firſt inſtant, 'it muſt 
receive as much in every other inſtant; and ſince the 
impreſſions remain, the velocity acquired in the firſt in- 
been tant will be doubled in the ſecond, tripled in the third. 
rr and quadrupled in the fourth, and ſo on continually 
BCD through every inſtant of the fall. Therefore, ſetting 
. and #09 all reſiſtance, the velocity of a falling body, free - 
plain ly from reſt, will conſtantly increaſe in the ſame pro- 
2 the 3 the times of its deſcent from the beginning 
or tne tall. | 
11 448. Fig. 4. Hence, if the line AB expreſſes the 
den the me of the fall, BC perpendicular to AB, the velocity 
1 acquired during that time, by drawing AC, and from 


reti. A zu point D, in AB, DE parallel to BC ; then will DE 
diago- expreſs the velocity acquired in the time AD. For be- 
tion Of Cauſe the velocities acquired are as (art. 447) the times 
always clapſed from the beginning of the fall; and by reaſon 


of the ſimilar triavgles ADE, ABC, we have (art. 69) 
5 3 BA : 


in 


g 
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AB: AD: : BC: DE. It follows that DE expreſſes the 
velocity acquired in the time AD. 5 


T H E OR E M. 


449. The ſpaces moved over by a body falling freely from 
a ſlate of reſt by the force of gravity, are as the times and 
© velocities conjoint ly. 

Let. the line AB be divided intoequal parts indefinite- 
ly ſmall, and from each of thoſe diviſions ſuppoſe lines, 
as, DE, drawn parallel to BC : it is evident, from what 
has been ſaid, that thoſe lines expreſs the velocities ac- 
quired in their reſpective times; and as the velocities 
acquired in very ſmall particles of time may be conſider- 
ed as uniform, the ſpaces deſcribed in theſe ſmall parti- 
cles of time (art. 435) will therefore be as the times and 
velocities: but the ſum of the ſpaces deſcribed in all the 
ſmall portions of time is equal to the ſpace deſcribed 
from the beginning of the fall; and as the ſum of al 
the rectangles of the lines, as DE, and the fmall parts 
of AD, are equal to the triangle BDE; it follows, that 
the ſpace deſcribed in the time AD is to the ſpace de- 
ſcribed in the time AB, as the triangle ADE is to the 
triangle ABC; that is, as the retangle of AD and DE 
to (art. 91) the rectangle of AB and BC. 

450. Since the ſimilar triangles ADE, ABC, are to 
each other as (art. 88) the ſquares of their homologous 
fides AD, AB, or DE, BC; it is evident that the 
ſpaces deſcribed by a falling body, from a ſtate of ref, 
are as the ſquares of the times elapſed from the begin- 
ning of the fall, or as the ſquares of the velocities ac- 
quired during the fall, | 

451. If the rectangle ABCF be compleated, then 
the ſpace deſcribed uniformly with the velocity, AF or 
BC, in the time AB, will be (art. 435) as the retangle 
ABCF; and the ſpace defcribed by the accelerated mo- 
tion of a falling body, in the ſame time AB, as the 
triangle ABC; and ſince the rectangle BF is (art. 35) 
double the triangle ABC, it follows, that the ſpace de- 
ſcribed uniformly with a velocity acquired by a * 

ody 


2 4 


8 
body from a ſtate of reſt, is double the ſpace defcribgd 
by * ſame time by the falling body. -- 
" ar Run dE e ter) is 
It has been found by experiments, that a body fal- 
ling in the latitude of London from a ſtate of reſt, de- 
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ſcribes a ſpace of 16. 1 feet, Engliſb meaſure, in a ſecond. 
of time; this being ſuppoſe 
above, we may find the ſpace a falling body will de- 
ſcribe in any other time. For example, the ſpace. de- 
ſcribed in 4 ſeconds, will be found by ſaying, as the 
ſquare 1 of 1 ſecond is to the ſquare 16 of 4 ſeconds, 
ſo is the ſpace 16.1 feet deſcribed in 1 ſecond to the 
ſpace 257.6 feet deſcribed in 4 ſecondss. 
On the contrary, we find the time required by a fal- 
ling body fo as to deſcribe any ſpace 144.9, by ſaying 
as 16,1 is to 144.9 feet, ſo is the {quare of one ſe- 
cond to the ſquare of the time required, which .will be 
9, whoſe ſquare root 3 will be the time required, 
£2 <2 e 5B K-08 Mio uw) nid 
452. If a body be thrown direfily upward, the time of 
its riſe will be equal to the time AB, wherein a body falling 


freely from a ſtate of reſt acquires the ſame velocity BC, 


wherewith the body is thrown up. e 
For ſince the action of gravity is conſtant and uniform 
in whatever time it generates any velocity in a falling 
body, in the ſame time, in a riſing body, by reaſon of 
its acting in a contrary direction, it muſt deſtroy that 
velocity: therefore, if the time AB of a falling body 
be divided into equal particles or inſtants, whatever 
velocity is acquired in each part of time in the falling 
body, the ſame velocity is deſtroyed in the raiſing body 
at the ſame time: and conſequently, at the end of the 
time AB, the whole velocity BC of the raiſing body 
will be deſtroyed. | | 
T HE OR E M. ns 
453. The height to which a body thrown direfly up- 
ward riſes, is equal to the height from which a body Fall- 
ing freely from a ftate of reſt, acquires a velocity equal 10 


that wherewith a body is thrown upward. 51 
| P 4 | | For 


d, by what has been faid - 
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For ſince the times in which the velocity of a falling 
body is generated, and that of a raiſing body deſtroyed, 

are equal; and becauſe of the two equal velocities, one 
is generated and the other deitroyed, by the conſtant 
unitorm action of gravity : It is manifeſt, that what- 
ever the ſpace through which the falling body moves, 
in order to acquire its velocity, the riſing body muſt 

aſcend through-an equal ſpace in order to loſe its velo- 
City ; that is, it muſt rife to the ſame height from which 
the other falls. e 


| T HE OR E NM. 
454. All badies falling from a ſtate of reſt, thraugh e- 
qual ſpaces, atquire by the force of gravity equal velocities, 
that is, two bodies of different weights acquire the ſame ve- 
locity in the ſame time, ſetting aſide all external obſtacles 
and j,. ee RG e 
Suppoſe two bodies of the ſame kind, one of which 
being double in weight to the other, if they are let fall 
from the ſame height, at the ſame time, they will both 
together arrive at the ſame inſtant to the ground; for 
the greater body may be divided into two bodies, each 
equal to the leſſer, which being let fall together will 
deſcribe equal ſpaces in the ſame time; but whether this 
body be ſeparated into equal parts or not, it is evident 


that the force of gravity acts the ſame; therefore a bo- 


dy, double another body, falls with the ſame velocity. 
If one body is to the other in any proportion, the 
greater may be always divided into a certain number of 
equal bodies which are equal to the leaſt ;. and if theſe 
parts are let fall together, they will paſs over equal 
ſpaces at the ſame time; but as the gravity of the parts 
is equal to the gravity of the whole, the forces in the 
parts ariſing from the action of gravity, muſt be equal 
to the force of gravity in the whole. Conſequently, all 
bodies accelerate equally at the ſame time. 

It is alſo confirmed by experiment, that all bodies, 
light or heavy, fall equally ſwift, in an exhauſted re- 
ceiver, as gold and a feather : So that if there is any 

difference 
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difference in the open air, it is owing to. tle reſiſtance 
of the medium 1 in which they move. 6 


Of the C OLLISION of hard non-elaſtic 5 5 


By hard non- elaſtic bodies we mean, thoſe which, 
if they ſtrike any obſtacle, do not change their figure, 
and are void of all ſprings or elaſticity. 


THEOREM. 


455. Reattion is always equal to action; that js, the 
aftions of two bodies upon one unother are lache * and 
in contrary diregions. "1 

For whatever change is made in the ſtate of one 
body, whether at reſt or in motion, by the action of 


another, the ſame change is produced in the ſtate of the 


other by the reaction of the former; and the directions 
of thoſe changes are centrary to each other, 


T H E O R E NM. 


456. The momentums or forces with which two unequal 
2 A and B ſtrite another body C, either in motion or at 


reſt, with the ſame velocity, are as the weights of thoſe Bodies. 


If the body A be double the body B, it is plain that 
it may be divided into two bodies, each equal to B; 
and theſe two bodies having the ſame velocity as B, 
would each ſtrike the body C with the ſame force as 
the body B; but whether the body A be ſeparated i into 
parts, or united in one, it will ſtrike the body C with 


the lame momentum. If the body A be triple the body 


B, it will, by the ſame reaſon, ſtrike the body C with a 
force triple to that of the body B; and therefore, what- 
ever the proportion is between the bodies A and B, they 
will, D the effects are proportional to their ade- 
quate cauſes, ſtrike the body C with forces that are in 
the ſame proportion, 


1 $1.8 Q R E M. 

457. If two equal bodies, A and B, ſtrike another body 
C, either in motion or at reft, with uncqual velocities, their 
momentums "vill be as the velocities. y | 

or 


0 Yn et 


91 
| 
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For if the velocity of the body A be double the yelo. 
city of the body B, it will ſtrike the body C with twice 
the force to that of the body B; if its velocity is triple, 
with a force triple; if quadruple, with a force quadru- 
ple; and ſo on, in the ſame proportion of the veloci- 
ties. For ſince the effects are proportional to their ade- 
quate cauſes, the bodies being the ſame, the effects or 
forces muſt be roportional to the cauſes or velocities,” 
THEOREM. 

458. If two unequal bodies, A and B, firike another 
body C, either in motion or at reſt, with- unequal veloci- 
ties; their momentums will be as their weights and veloci- 
ties conjointly. 8 1 | 

For if W, 'w, expreſs the weights of the bodies A 
and B; V, v, their velocilies; and M, m, their mo- 
mentums reſpectively; let there be another body D, 
whoſe weight is W, velocity v, and momentum x; 
then becauſe the bodies A and D, having the ſame 
weight W, their momentums M, x, are (art. 457) as 
the velocities V, v; that is, M: x:: V: v; and ſince 
the bodies B, D, have the ſame velocity v, their mo- 
mentums m, x, are as (art. 456) their weights w, W; 
viz. x: m:: W: w. If the terms of theſe proportions 
are multiplied together, we ſhall have Mx : mx, or 
(art. 65) M:m:: WV: wv, Conſequently, the mo- 
mentums of two unequal bodies A, B, ſtriking another 
body C, either in motion or at reſt, with unequal velo- 
Cities, are as their weights and velocities conjointly. 

459. Hence, if the momentums M, m, are equal, 
we have WV =wv by equality of ratios, or W: m :: U: V. 
Conſequently, when the momentums are equal, the 
weights are reciprocally as their velocities z and, on the 
contrary, if the weights are reciprocally as the veloci- 
ties, the momentums are equal. . 

460. The weights are as the momentums directly, 
and the velocities inverſely: For if the antecedents in 
M: m:: WV: wv, are divided by V, and the conſe- 


quents by v, we ſhall have (art. 54) 5 :: W: u. 
\ als. 
And 


fore the ſtroke. 


— 
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And by the ſamg ax of reaſoning the velocities are as 
the momentums eetly, and the weights inverſely. 
TR" EO RF EM; © + - 

461. If a non-elaftic hard body A ſtrikes another body 
B of the ſame kind, either in motion or at reſt ; the ſum of 
difference of their momentums will remain the ſame after the 
rote, as it was before, and they will move together in 
the direction of the body which had the greateſt motion be- 

For ſince reaction is always equal to (art. 455) action, 
and in a contrary direction when the bodies move the 
fame way, the one loſes as much of its motion as it 
communicates to the other; and when they move con- 
trary ways, the body which had the greateſt motion; 
will loſe as much of it as the other had betore the ſtroke, 


and they will continue to move after the ſtroke in the 
direction of the body which had the greateſt motion be- 


fore the ſtroke. If the body Bis at reſt, the body A 
will loſe as much of its motion as it communicates to B: 
Therefore they will continue to move with the ſum of 


their momentums, if they went the ſame way, or with 
their difference if the contrary ways, and in the direc- 
tion of the body which had the greateſt motion before 
the ſtroke. WING | | 
462. Hence, becauſe the bodies A and B move to- 
gether after the ſtroke, whether they moved before the 
lame or contrary ways, or the body B was at reſt; it is 
manifeſt, that they will both have the ſame velocity 
after the ſtroke. | 
463. Since the momentutns are in the compound 
(art. 458) ratios of the weights and velocities, and the 
bodies have the ſame velocity after the ſtroke ; it is plain 
that the ſum of the momentuins before the ſtroke divided 
by the ſum of the weights, will give their common ve- 


locity after the ſtroke, if they moved the ſame way; 
and the difference between their momentums divided 


by the ſum of their weights, if they moved contrary 
ways; but if B was at teſt before the ſtroke, the mo- 
mentum 


2 


% Wi 
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mentum of A, divided by the ſum of the weights, will 
give their velocity after the ſtroke. | 
If A and B expreſs their weights, a, þ, their reſpec. \ 
tive velocities before the ſtroke, and v their common 
velocities after the ſtroke; then will W 8 4 
a AUB when they move the ſame way. 


o E when they move contrary ways. 75 


v z when B is at reſt before the ſtroke. 
A+B | 


Examp. Let the weights A and B be as 3 to 1, and 
their velocities 4, &, as 6 to 2; then will 18, 2, be as their 
momentums, and 4 the ſum of their weights: There- 


fore b = „in the firſt caſe; v= 2 


— 
— 


Sa. 
= 8 ; | 18 - ; 7 
in the ſecond, and y=— =4.5, in the third. 


464. Since the body A loſes as much of its motion 
by the ſtroke as B gains by it; and when two quanti- 
ties of motions are equal, the weights are (art. 459) 
| reciprocally as the velccities; it follows, that if x be 
| the velocity loſt by A, and y that gained by B; we have 
*Þ A: B:: y: x, and by compoſition A+B:B::y+x:x; 
or ATB: A:: y ＋ X: 5. Conſequently, the ſum of 
the bodies is to either, as the ſum of the velocities gain- 

ed and loſt is to the velocity of the other body. 


= 465. It is evident, that the body A ſtrikes the body 
| B with the difference a—b between their velocities, when ſto! 
they move the ſame way; or with their ſum a 5, when ſan 
they move contrary ways; and only with irs own when mi 
B is at reſt; and as it is this velocity which is divided qu 
between the bodies A and B after the ſtroke, x + y is IS 
equal to a—b in the firſt caſe, to a+6b in the ſecond, ſtr 

and to à in the third. Conſequently, A + B:B:: 
— 2 a F: x, and AB: A:: 4 T 35:9), in both caſes, and A 
2 is nothing in the lait. 5 | tit 
The ſame velocities are alſo found by taking the dif- th 


ferences 


. 
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ferences between the common. velocity v after the ſtroke, 
and the velocities @ and &, which they had before the 
ſtroke. . 


Of the CoLLision of ELAsTiC Bopiss.' 


Bodies are ſaid to be Elaſtic, if they conſiſt of ſuch - 
parts as yield and give way when preſſed, and reſtore - 
themſelves upon the removal of the preſſure. . . - 

If the reſtoring force is equal to the force of com- 
preſſion, then are theſe bodies ſaid to be perfectly E- 
laſtic; but if they are unequal, the ratio of theſe forces 
is called the Elaſtic Ratio. 1 

It is to be obſerved that all homogeneous bodies of 
the ſame kind, have their elaſtic ratio conſtant and in- 
variable: For whatever the cauſe of elaſticity may be, 
it muſt be the ſame in all bodies whoſe conſtituent parts 
are the ſame. 
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466. F two elaſtic bodies A, B, move the ſame way, 
or the body B be at reſt, the ſum of their momentums af- 
ter the firoke will be always equal to the ſum of their ma- 


mentums before the ſtroke. 


For becauſe reaction is always equal to action, and 
in a contrary direction, if the bodies move the ſame 
way, whatever motion A loſes by ſtriking B, the ſame 
motion will be gained by B in the ſtroke, whence the 
ſum of their motion will remain the ſame in that in- 
ſtant ; and whatever the force is, by which the parts re- 
ſtore themſelves to their former ſtate, it muſt act in the 
ſame manner on both ; therefore, the body A loſes as 
much by the reſtoring force. as B gains by it. Conſe- 
quently, the ſum of their momentums after the ſtroke, 
is equal to the ſum of their momentums before the 


ſtroke. | 


467. Since the quantity of motion loſt by the body 
A, by the force of compreſſion, is equal to the quan- 
tity gained by B; it is evident, that the body A is to 
the body B, as the velocity gained by B is to (art. +59) 

| | tha 


1 
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the velocity loſt by A ; and therefore by politics, 
(art. 75) AB: Br: : = b: x, and A+B: —db:y, 
468. It is evident, that the velocities loſt ad gained 
conſiſt of two parts, the one ariſing from the force of 
compreſſion, and the other from that with which the 
arts reſtore themſelves, which parts are equal in per. 
$ fert elaſtic bodies, and in a given ratio in non- perfect 
elaſtic * | 
If 4, Y, expreſs cke velocies of A and B after the 
ſtroke, and unity is to r, as the compreſſing force is to 
the _reſtoring force; then becauſe A+B: B:: ab: 
_ to the velocity of A, loſt by the compreſſing 


force, and A+B: A:: a—b: ET to the velocity 


of B, gained by that force, their reſpeRtive forces, loſt 


and gained by the reſtoring force, will be — 


I = z adding the two forces loſt by A, ye 


ſhall get 1-+1xBxa—! — for its velocity loſt, and 


"AFB 
D for the total gain by B. Conſequently, 
„„ ee. 
n ABE 
b I I +rxBxa—b. 
ern 27 TB. | 
If the bodies are perfectly elaſtic, then will r=1; 1. 
and therefore. 
a 227. 
— 7 "<1 
FD 3 22 — —þ, 


TY 


And 


J 
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And if the bodies are void of elaſticity, we ſhall 


find the ſame expreſſion for both velocities as before; 
therefore this theorem is general, and extends to all 


caſes that can happen in the colliſion of elaſtic, or non 
elaſtic bodies : When the bodies move contrary ways, 
we need but change the ſign of 5, into + when —, or 
into — if '+, in order to have the different 
Rn If the perfelt elaſtic bodies A and B equal, 

469. perfect elaſtic bodies A an | 
and the body B was at reſt before CRY 1 mak 
ing A=B, and bg, we ſhall have 4 ge, and ; 
which ſhews, that the ſtriking body A remains at reſt 
after the ſtroke, and the body B flies off with the velo- 
city a of the former. | (| 

4750. If the perfect elaſtic bodies are equal, and 
move contrary ways, by making A=B, and changing 
the ſigns of b, we get a =—b, and & g; which ſhews 
On both bodies reflect backwards and change their ve- 

ties. 

471. If the body A ſtrikes the body B at reſt, with 
the velocity a, and the body B ſtrikes another body C 
at reſt, with the velocity ; then if c expreſſes the 


velocity acquired by C, we ſhall have e or 


1 IA 5 ill 7. — 
becauſe 3 * there will be * 


. 
* 


2 

e . 
of MECHANICS. 
DEFINITIONS. - 


1. MECHANICS is the ſcience which conſi- 
ders the proportions between powers that a& 
upon bodies, and the effects they produce when applied 
to machines. Fig. 18. | | 

2. Two or more powers are ſaid to be in Equilibrio 
when their mutual actions, on the ſame object, deſtroy 
each other ſo as to remain at reſt. | 


3. Static 


* 
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3. Static is that part of mechanics which conſiden 
the proportions of powers in a ſtate of equilibrio. 
4. The direction of a power is the line in which it 
acts upon the body, or compels it ro move in. ; 

5. All kinds of inſtruments which ſerve to move bo. 
dies, or to ſtop their motions, are called Engines, or 
Machines ; there are ſeveral ſorts, ſimple and compound, 

6. The ſimple are five, viz. the Lever, the Pully, 
the Wheel, the Inclined Plane or Wedge, and the Screw, 

The compound machines are without number, but 
are all made by the combination of the five ſimple ones. 

7. The abſolute force of any power, is that which, 
when applied either to move or to ſtop bodies in mo- 
tion, ſuffers no diminution from the direction in which 
it acts. | | 

8. The relative force of a power is that part of the 
abſolute force, which ſerves to produce the deſired ef- 
fect, while the other part is deſtroyed by ſome oppoſition, 

1 AXIOM. . 

Gravity acts conſtantly the ſame, within a ſmall diſ- 
tance of the ſurface of the earth, and in directions pa- 
rallel to each other. 2 | 
Though this is not true, according to a geometyical 
exactneſs, yet it anſwers ſo nearly, that by the niceſt 
computations we can make, there is no ſenſible diffe- 
rence to be found; for which reaſon Galileus, and other 
authors, admit this axiom as an undeniable truth. 

T H E OR E M. 

472. F two powers P, Q, ſuſtain @ weight W, by 
means of ſtrings, ſo as to remain at reſt, they will be 10 
each other as the fides of the parallelogram made of their 
directions, that of the weight being in the diagonal. Plate 
XVI. Fig. 5. Wy a 
For let ADBC be the parallelogram, deſcribed on the 
directions CB, CA, of the powers, and CD that of the 
weight; then becauſe the forces expreſſed by and in the 
directions of the two ſides CA, CB, are (art. 442) equi- 


valent to the force expreſſed by and in the direction of 


the 


474 
line A] 
rection. 
line, u 
power | 


Fro 
inflexi 
tions 
the ſa 
line £ 
they 
ſtened 
CD; 
472) 
made 
ſuppo 
tions 
rectio, 
DB. 
ſame 


ders dhe diagonal; and the weight W acts downwards from 
* D to C, while the powers P, Q, act from C to A and 
it 


B; the action of the weight being equivalent to the 
joint actions of the powers, and in a contrary-direction, 
they muſt deſtroy each other, and therefore remain in 
2 ſtate of reſt. Conſequently, theſe powers P, Q, are 
und. ¶ oo each other as the ſides CA, CB, of the parallelogram, 
ally, 43. Hence, as the angle ACB made by the direc- 
ev. tions of the powers P, Q, opens, ſo theſe powers muſt 
but Wincreaſe in order to ſuſtain the weight W, which we 
nes. ¶ ſuppoſe to remain the ſame ; and when the directions 
ich, Nea, CB, become one continued right line, it is evident 
mo- that the powers P and Q muſt be infinite to ſupport 
nich W the leaſt weight W poſſible ; which ſhews that no finite 

power is able to ſtretch a rope of any length, ſo as to 
the make it ſtrait. 2 of | 


ne I: of of N -» * 
474- If three powers P, Q, R, fixed to an inflexible 


: 


4 


di- ne AB, by means of frings, are in equilibrio; the di- 
Pa. WMr:fions of the two powers Q, R, on thi ſame fide of this 
; line, will, when produced, meet the direction of the other 
— power P in the ſame point D, if the are not parallel. Fig. 6. 
ffe⸗ From the point C, where the power P is fixed to the 


Inflexible line, draw CE and CF parallel to the direc 

tions AD, BD, of the powers Q, R; then as it is 
the ſame thing whether theſe powers are fixed to the 
line AB, or to any other points in their directions, 
they act in the ſame manner as if they were faſ⸗ 
ſtened together by means of ſtrings, AD, BD, and 
CD; and therefore they will be to each other (art. 
472) as the ſides CE, CF, of the parallelogram 
made of their directions, ſince they are in ©: wh by 
ſuppoſition. But this cannot happen unleſs the dire@ 
tions AD, BD, of the powers Q and R meet the di- 
rection CD of the oppoſite power P, in the Tame point 
D. Conſequently, their directions muſt meet ip the 
ame point when produced. 2 | 


226 ELEMENTS N Dok 9 
475. Since (art. 4j2) R: Q:: ED: F D; or be. 
cauſe CF ED, and CE = FD, this proportion will be 
R: Q:: CF: CE. Conſequently, two powers Q and 
R are in equilibrio with à third P, when they are reci. 
procally as the lines CE, CF, drawn from the point, fix 
C parallel to their directions, and terminated by the ſame, 
476. If from the point C the lines CL, CK, are 
Aran perpendicular to the directions BD, AD; then 
becauſe CF, LE, and CE, KF, are parallel by ſup- 
poſition, the angles CFK, CEL, formed by theſe pa- 
rallel lines, are equal; and therefore the right anglel 
triangles CKF, CLE, are (art. 67) ſimilar; whence 
CF: CE::CK :CL:Andfince(art:475)R : Q ::CF:CE; 
we have R: Q:: CK: CL, (art. 53) by equality of 
ratios. Conſequently, the powers Q, R, are alſo te. 
ciprocally as the perpendiculars drawn from the point 
C to their directions, when they are in equilibrio. 
477. If any two directions of the three powers which 
are in equilibrio are parallel to each other, the third 
mult likewiſe be parallel to theſe two. For ſhould 
AD and BD be parallel, and CD meet any of the two 
former, it is evident that theſe powers (art. 474) could 
not be in equilibrio, which is contrary to. ſuppoſition. 
478. Hence, if the directions of three powers which 
are in equilibrio, are parallel, the two powers Q, R. 
on the fame fide of the inflexible line AB, will be reci- 


procally as the parts of that line, terminated by the 
point C, and their directions. | 

Fig. 7. For if the directions are perpendicular to the 
line AB, the perpendiculars CK, CL, in fig. 6, will 
coincide with the parts CA, CB; and therefore the 
by (art. 476) R: Q:: CK: CL becomes 
VR: Q::CA: CB | 
Fig. 8. When the directions are oblique to the line 
AB, theſe perpendiculars CK, CL, become one conti- 
nued right line; and ſince the right angled fimilar tri: 
angles CKA, CLÞB, give (art. 69) CK: CL:: CA: CB; 
and becauſe (art. 476) R: Q:: CK: CL, we haue 
R: Q: CA: CB, by equality of ratios. | | 
| OO Es 1 N. B. This 


V B. The? the aft 4784, which is of the greateſt uſe 
in mechanics, has been proved in art. 420, we ſhall re 
peat it again in the following . ES Es 


1 ry ; * a A I F. +. A ' 1 'S 4 428 2 
„ * * * ; 
, * * . ' q 1 * Þ * * . = % 


= * 
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475. Tf two weights R, er ines 
ible B. which is ſupported at the point fix C, they wilt 
be in equilibriag tf they art reciprocally à the diſtances CA 
CB, of their directions from the point fix C. 
Product the line AB both ways, ſo as AR be equ; 
to BC, and BF to AC: take BD equal to BF o 
to AC; then will AD be equal to AE or BC, and 
DE double the line BC; 48 likewiſs DF double the 
line Ac: Now if the weights Q R, are reciprocall 
as AC, BC, we have Q: K:: (2BC: 2AC ::) DE: DF. 
Hence, if DE expreſſes the weight He. will expre 
the weight R; and becauſe the lines PE, DP, are bi- 
ſected in A and B, if they were ſuſpended in thofe points, 
there d ao reaſon for their inclining more 7 way than 
mother; and fince EA is equal to CB, and AC to BF, 
by conſtruction, the line EF is biſected in C and therg= 
fore, if it be ſuſpended by the point C, it will 41 
remain in equilibrio. Cobtſequently, if inſtead of DB 
the weight Q be ſuſpended to the pvint A which biſe 
it; and inſtead of DF the weight R be ſufpended à 
the point B; then Becauſe Q: R:: DE DF, theſe 
weights will have the ſame power to move the line AB, 
a the lines DE and DF, which are proportional to them 
but the line EF will be in equilibris, if ſuſpended by 
the point C, which biſects ir. Conſequetly, the pow. 
ers Q and R, which are teciprocally as the diſtances CA 
CB, of their directions from the point C, will alſo be i 
e line Ml ©vilibrio. RS A GEE Ir en SE, 
dont: Fig. 7. 480. Since we have always R: Q:: CA: CB, 
„bea the powers or weights Q and R are in equilibrio, 
and (art, 72) CAXQ=CBxR; it follows, that the 
momentums of powers ſuſpended by an inflexible line 
ae in the compound ratio of theſe powers and the diſ- 
ances of their directions from the point ef ſuſpenſion &. 
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Fig. 8. 481. If the inflexible line AB move 
about the point fix C: the vertical aſcent of one power 
will be to the deſcent of the other, reciprocally as theſe 
powers: For AK expreſſes the aſcent of the power O, 
and BL the deſcent of the power R; and becauſe (ar; 
476) R: Q: CK: CL, when theſe powers are in equi. 
| -librio, we have by the ſimilarity of triangles CK: CL:; 

AK : BL. Conſequently, R: Q:: AK; BL. 

It is from this principle that Deſcartes has demonſtrated 
his mechanics: But tho' it has been proved before, 
that if the momentums of ſtriking bodies are equal, 
and in contrary directions, their motions will be deſtroy. 
ed; yet it does not appear clearly from thence, tha 
bodies or powers fixed together, which are reciprocally 
as the diſtances of their directions from the point fix, 
ſhould be in equilibrio; for which reaſon” we have 
demonſtrated the principles of mechanics in the uſual 
manner, and deduced this by way of corollaries. 

482. Since R: Q:: AC: CB, we have by compoſ. 
tion R Q: R:: AB: AC; that is, the ſum of the 
weights is to any one of them, as the length of the line 
AB is to the diſtance of the direction of the other from 
the point of ſuſpenſion C. Conſequently, the weights 
and the length of the line AB being given, the point 
ſuſpenſion may be found. 

Examp. Let the weight Q be 8 pounds, and the 
weight R, 6; and let the line AB be 12 feet; then 
the proportion above * 14: 6:: 12: AC. Þ 

one of the weights Q, be 20 pounds, and the diſtances 
CA, CB, are 4 and 5 feet, reſpectively; the other 
weight R will be found by this proportion, BC (5: 
CA (4):: Q(20) :R=16 pounds. | 


REMARK. 


It is upon this principle that the common ſcales for 
weighing all ſorts of commodities are made; for wit! 
the weights Q and R are equal, the diſtances CA, Ch 
are alſo equal; but as it often happens that one arm! 
made longer than the other, and the weight of the ＋ 
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kde is ſomewhat greater, in order to make the ſcale 
hang even, by which the buyer is impoſed / upon; 


his may be eaſily known; for when the goods are 
reighed, if you put them on the other fide where the 
weight was, and the weight in their place, then if the 
ſcale is not true you will eaſily diſcover the cheat. 

Fig. 10. The Roman balance, or ſteel-yard, is like- 
wiſe made upon the foregoing principles; its conſtruc- 


. 


ion is as follows: Take an iron rod FB, ſomewhat ta- 


pered at one end F, and ſuſpend it at a point C, pretty 


near the heavier end B, ſuſpend any weight R to 
he end B, and any other P ar A, ſo as to ſlide 
long the rod; move this weight backwards and 
forwards till it balances the weight R, and mark the 
od at the point of ſuppoſition with the number 1 
then ſuſpend another weight at R, double the former, 
and ſlide the weight P till it balances the other, and 
mark the rod with the number 2; continue thus to ſuſ- 
pend ſucceſſively ſuch weights at R, as are to one ano- 
ther as the natural numbers 1, 2, 3, 4, &c. and mark 
very point of ſuſpenſion of the weight P, with theſe 
numbers, 1, 2, 3, 4. Sc. and you will have the ſteel- 
yard required. 25 25 
If the firſt weight ſuſpended at R be 1, 2, 3, 4, 5 
pounds, the Lan 6 P ſuſpended at the poiat marked 1, 
will alſo weigh one pound; and when ſuſpended at 
the numbers 2, 3, 4, it will balance a weight, 2, 3, 
4 times the former; by which one fingle weight P 
will ſerve to weigh from a ſmall to a conſiderable 


weight. — 
THEOREM. 


Fig. 11. 483. If ſeveral weights, P, Q, R, S, are 


xed to an inflexible line, in ſuch a manner that the ſum of 
the momentums of all the weights on one fide of the point. 
xt, ts equal to the ſum of the momentums of all thoſe on 
the other ; they will be in equilibrio. | 

For we have proved (art. 480) that the. momentums 
of weights or powers, were in the compound ratios of. 
theſe weights or powers, 


and the diſtances of their di- 
Q 3 rectiona 


% 
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rections from the point of ſuſpenſion : If therefore the deck. 2 
ſum of the momentums of the weights P and Q, on N. i 
one fide of the point C, is equal to the ſum of the Ml genera 


momentums of the weights R, 8, on the other, they ¶ veight 
will remain in equilibrio, ſince there is no reaſon for brio; 
their moving one way or the other. ier 
4438384. Hence, if there be a rod AB of iron, or of Ml beam, 
any other metal, ſuſpended by the point C, and a i valuat 
weight P fixed at one end, we may find the weight WF Ane 
8, which being ſuſpended at the other end B, ſhall, below 
together with the rod, be in equilibrio : For if the their 
points D and E are the centers of gravity of the pars to 2 C 
AC, CB, of the rod; and Q, R, expreſs the weights Ml Free, 
of theſe parts; then by taking the momentums of which 
the weights P, Q, and ſubtracting from their ſum 
the momentum of the weight R, the difference di- 480 
vided by the diſtance CB will give the weight WM fexib/ 
quired. Lance. 
5 THEO RE NM. | they a 
485. If ihe point of ſuſpenſion C be either above or be. Le 
tow- the line AB, and the weights P and Q are in equi I direct 


brio, when the line AB is in an horizontal polition; they thing 
weill not be jo in any other, Fig. 12, 13. B, it 


Let CD be drawn perpendicular to AB, then will 
P: Q:: DB: AD, when theſe weights are in equili- 
þrio ; but if the line AB is moved into any other 
tion, ſuch as ad, and CD is repreſented by the line C4, 
draw dH perpendicular to AB. Now if we ſuppoſe the 
weights to be reunited into the point D, that is, into 
their common center of gravity, when AB is in an ho- 
rizontal poſition, they will remain at reſt ; but when 
that line inclines, the direction of theſe weights will be 
in dH, which being oblique to Ca, will make the weight 
Q deſcend, when the point C is below the line AB, 
as low as poflibly it can, and it never returns again into 
the former poſkign and when the point C is above the 
line, Q will deſcend and aſcend alternately till ſuch 
time that the line AB remains in an horizontal poſition, 


in into 
ve the 


| fuch 


ſition, 


N. 4 
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N. B. In common ſcales the point of ſuſpenſion C ig 
generally a lictle above the beam ; becauſe when the 
weights are equal, they will foon come to an equili- 
brio; but as a ſmall difference between the weights is 
imperceptible, that point ſhould be placed exactly in the 
beam, in ſcales uſed for weighing ſilver, gold, and other 
valuable things. | Be ef 

And in draw-bridges, the point C is generally placed 
below the axis, abour which it turns, on account 
their being raiſed with a leſs force; but when it comes 
to a certain height, its motion accelerates to ſuch a de- 
gree, as to ſhake the whole building by its ſhock; for 
which reaſon this practice ſhoyld be avoided. 
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486. F two weights P, Q, are fixed to a crooked in- 
flexible line ADF; they will ſtiil be reciprocally as the di- 
ances of their directions from the point of ſuſpenſion, i 
they are in equilibrio. Fig. 14. | | 
Let the ſtrait part AD be produced ſo as to meet the 
direction of the weight Q in B ; then as it is the ſame 
thing whether the weight Q be fixed to the point F or 
B, it is evident that the weight P is to the weight A 
as (art. 479) BC is to CA, i? they are in equilibrio. 
Of tbe LE AVER. 


The Leaver is an inflexible rod or beam, ſupported 
in a point by a prop, which ſerves to raiſe weights > 
When the power is applied to one end, the weight fix- 
ed to the other and the prop between them, it is called: 
a leaver of the firſt kind, but when the weight is be- 
tween the power and the prop, it is then called a t 
of the ſecond kind: Some authors diſtinguiſh five diſ- 
ferent ſorts without reaſon; for as the power is always 
applied to one end, either the prop or the weight muſt 
be at the other; and therefor: there are but two forts 
in nature. . N 

The leavers are ſuppoſed to be void of gtavity, 
tho' there is no ſuch thing in nature; becauſe if their 
weight was to be conſidered, it would render the de- 

by Q 4 monſtra- 


— 
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are reciprocally as the diſtances of their directions from the 


o 
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monſtrations more tedious, without any advantage. in 


practice. 8 
| T HE OR EM. 
487. In both kind of leavers the-power and the weight 


grep, Fig. .. 

1. Let AB be a leaver of the firſt kind, and ſuppoſe 
the direction of the power P to be parallel to that of the 
weight; then will P: W:: CA: CB, by art. 480. But 
if the direction of the power be oblique to that of the 
weight; it is plain, that the power will then be to the 
weight as the diſtance CA between the direction of the 
weight and the point C, is to (art. 476) the diſtance 
between the direction of the power P and the point C. 
Fig. 16. II. Let BC be a leaver of the ſecond kind; 
then if we conſider the prop C, as another power R, 
which with the power P ſupports the weight; we ſhal 
have (art. 479) P:: R:: AC: BA; and by compoſition 
P: PR:: AC: BC. Now becauſe the powers P and 
R ſupport together the weight W, the ſum of their ef- 
forts muſt neceſſarily be equal to that weight; if there- 
fore we ſubſtitute the weight W, inſtead of the ſum 
PR of the powers, in the laſt proportion, we ſhall 
have P: W:: AC: BC. 3 

If the direction of the power P be oblique to that of 
the weight, the power P will till be to the weight W, 
reciprocally as the diſtance between the direction of the 
weight and the point C, is to the diſtance between the 
direction of the power and the ſame point C; ſince the 
momentum of any power (art. 480) is in the compound 
ratio of its force, and the diſtance of its direction from 
the point fix. | 

488. Since in both leavers the power is always to the 
weight rec:procally as the diſtance between the direction 
of the weight and the prop, is to the diſtance between 
the direction of the power and the prop; a power ap- 
plied to either leaver will have the ſame advanrage, it 
the diſtance of its directions from the prop is the ſame, 


. (| 
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N. B. Upon th N 1 
of handles ha other {1 | 
nature; though the adyaritag 
oh whether a Por en cn either to the firſt or ſecond: 
= kind ; nevertheleſs, when the prop is between the power 
and weight, E power will be able to raiſe or ſupport - 
2 greater weight than if the prop were at the end; he- 


cauſe the weight of the leaver conſpires with the action 
of the power in that caſe, whereas it acts in a contrary 
direction in the other. | | 3 
Fig. 17. There is often uſed a long leaver AB, with 
a prop CE fixed to it by means of an iron pin C, about 
which it turns; when this leaver is uſed in artillery, or 
upon any other occaſion to raiſe great weights, it is 
from 12 to 15 feet long, 3 or 4 inches diameter; but 
when it 1s only for raifing ſmall weights, the leaver is 
not above five feet long. py” 

Plate XVII. Fig. 18. There is a machine uſed in 
Germany called Hebſtock, made of one ſingle piece 
of wood AB, with a flit or opening in the middle, 
and holes acroſs placed diagonally, which ſerves to 
raiſe great weights in the following manner. A leaver' 
GH, with a wooden handle of about two feet long, 
and a hook with two or three links fixed to the end, 
is placed in the opening, and faſtened on the oppoſite 
at of fide to the burden with the hook; this done, there are 
two iron pins F, one of which is put into a hole under 
i the che leaver, as high as poſſible 3) then the end is raiſed 
ſo as the other pin may be pur into the next hole, above 
ce the the former; after this the end is preſſed downwards, and 
the firſt pin is put higher: Thus, by railing and depreſ- 
ſing alternately, the end D of the leaver, the burden 
may be raiſed to any wes. required. 

1 


This machine is very ſimple, and coſts but little; the 


ection country people make them themſelves, and is of excel- 
tween lent uſe in loading of large timbers on waggons, which 
ale? a ſingle man and a boy may do; it may ſerve upon all 
oe, | 


occaſions where a hand jack is uſed z and as it is more 
limple and eaſier repaired, it is better and preferable to it. 
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The Pulley is a ſmall wheel made of wood, or braſs, 
and turns about an iron pin called the axis; which, 
when the center is fixed to an immoveſhſe object, is 
called immoveable, and moveable when the weight is 


fixed to the center. 


\ 


T HE OR E M. 


489. If a power P ſuſtains a weight W, by means of 


a rope paſſing over an immoveable pulley AB, in any direc. 
tion, provided it be in the plane of the pulley ; the power 
will ſuſtain the whole weight, Fig. 19. 

For it is the ſame thing, whether the power and the 
weight are fixed to the extremities of the diameter AB, 
or the rope paſſes over the pulley ; ſince the power will, 
in both caſes, have the ſame advantage : Therefore this 
pulley may be conſidered as a leaver of the firſt kind, 
where the prop is the point C or axis of the pulley. 
And fince the radii, drawn perpendicular to the direc- 
tions, expreſs their diſtances from the point C, and are 
equal by the property of the circle; it is evident, that 
the power P is (art. 487) equal to or ſuſtains the whole 
weight W. | 

490. Hence, if the power P raiſes the weight W by 
means of this pulley, the ſpace through which the 
weight aſcends, is equal to the ſpace through which the 
porn deſcends ; fince one end of the rope is as much 
engthened as the other is ſhortened. | 

Hence it appears, that this pulley is of no advantage 
in reſpect to the increaſe of power; yet it is neverthe- 
leſs very uſeful in many occafions : For it often happens 
that the direction of a power is not convenient, and by 
means of this pulley it may be changed into any other. 
Horſes can draw only in a horizontal direction, which 
cannot always be had but by means of this pulley; 
and if a man was to carry a burden to a great height, it 


will be more convenient to do it by means of this pulley 
than to carry it upon his back, 
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It may be obſervech that the diameter of a pulley 
may be great or ſmaſſ without changing te equality 
between the power and weight; but the greater it is in 
reſpect to that of the axis, ſo much leſs will the friction 


| THEOREM. . 
491. Fa power P ſupports a weight W by means of 
a moveable pulley AB, ina parallel dire@ion, it will ſuſtain 
but half the weight. Fig. 20. | 
If the rope, fixed to an immoveable object D, paſſes 
under the moveable pulley AB, and over the fixed one 
EF; then becauſe it is the ſame thing, whether the 
point or extremity B of the diameter AB is fixed, and 
the power applied to the other A in a direction parallel 
to that of the weight, or that the rope paſſes under the 
pulley; it is evident that this pulley may be conſidered 
as a leaver of the ſecond kind, where the prop is at one 
end and the power at the other; and therefore (art. 4877 
P: W:: CB: AB, in caſe of an equilibrio; and becauſe 
the radius CB is half the diameter AB by the nature of 
the circle, the power P will ſuſtain but half the weight | 
W by equality of ratios. ETD. 167 
It may be obſerved, that by paſſing the rope over the | 
firſt pulley EF, does not change the proportion be- | 
tween the power and the weight; ſince that pulley does 
not increaſe the power, it only changes the direction 
trom upwards to downwards, which is more convenient, 
and often neceſlary; . | 
492. It is evident that if the power Þ moves the 4 
weight W, by means of this pulley ; the ſpace through ' 
which the weight aſcends is but half that through which 
the power deſcends: For if the weight W is raiſed one 
inch, the rope BI) is ſhortened by an inch, as well as 
the part AF; and therefore the part EP is lengthened 
by two: And, in general,. whatever ſpace the weight 
W paſſes over, the parts BD and AF are ſhortened by 
as much, and the part EP is conſequently lengthened 
by twice as much. ET 


493. If 


"1 1 
: 


493. If the direction of the ger inſtead of being 
parallel was oblique, as AG 8 of the weight, by 
| craving BH perpendicular to AG it is plain that the 
power P is to the weight W, as (art. 476) CB is to the 
rpendicular BH, to the direction of the power; fince: 
BH expreſſes the diſtance of the direction of the power, 
from the point B, which may here be conſidered as fixt. 
. DRE. 
494. Fa power P ſuſtains a weight W by means of a 
windleſs containing ſeveral pulleys, one balf of them being 
fix and the other moveable, ſo as all the parts of the rope art 
parallel to each otber; the power P will be to the weight 
W, as unity to the number of all the pulleys. Fig. 21. 
,. Becauſe the moveable pulleys ſuſtain the weight all 


together, they will ſupport equal parts; ſo that if 


there are three, each will ſupport onethird of the weight; 
if there are four, one fourth; and ſo on in the ſame 
proportion; and ſince the power ſuſtains but one half 
of the weight by means of one moveable pulley, it will 
ſuſtain one fourth, by means of two; one ſixth by 
means of three; and if there are four, each of them 
will ſuſtain one fourth; and the power one half of this, 
that is, one eight. Conſequently, as the number of 
immoveable pulleys is equal to that of the moveable 
ones, the power is to the weight as unity to the number 
of all the pulleys. _ 

495. Hence, if a power P raiſes a weight W, by 
means of a windleſs compoſed of any number of pul- 
leys ; the aſcent of the weight will be to the deſcent of 
the power, as unity to the number of all the pulleys. 
For ſuppoſe the weight to raiſe one foot, it is plain that 
each end of the rope of the moveable pulleys muſt be 
ſhortened by a foot: and as there are as many pulleys 
in all, as there are ends, the power P muſt deſcend as 
many feet as there are pulleys ; and through whatever 
ſpace the weight aſcends, each end muſt be ſhortened by 

as much, and the power P deſcends thro' a ſpace, twice 
as much as there are moveable pulleys. Conſequently, 
the ſpace moved over by the weight is to the ſpace 


moved 
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moved over by the power, as unity to the nuniber of 
all the pulleys. ry 
It has been found by experiments that a man may 
raiſe 150 pounds; if this force be applied to a windlets 
of three moveable pulleys, he may raiſe 6x150- or goo 
2 By this one may eaſily conceive to what de- 
35 a force may be increaſed by means of theſe pulleys; 
ut it muſt be conſidered that what is gained in power 
3s loſt in time; which, however, f is convenient on many 
e when payer is wanting and not time. ST 
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496. F a power P be applied to a wheel in à direction 
75 a tangent to its circumference, and ſuſtains a weight 
W, fixed to its axis; the power will be to the weight 


reciprocally as the radius C A. of the axis is to the radius 
CB of the wheel, Fig. 22. 


It is evident, that whether the power be applied to 
the extremity B of the line AB, and the weight to the 
other A, or to the ropes which paſs over the wheel and 
round the axis, the power will have the ſame advan- 
tage; and as the line AB may be conſidered as a leaver 
of the firſt kind, where the prop C is between the 


y power and the weight ; the power P will be to the 
; weight W, as the radius CA of the axis is to the radi- 
f us CB of the wheel. 

. 497. Hence. if the power P raiſes the weight W 


'by means of the wheel, the aſcent of the weight will 


* be to the deſcent of the power, as the radius CA of the 
& axis is to the radius CB of the wheel: For ſince the 
os wheel and axis move together, the ſpace moved over by 

er the weight in one turn of the wheel, will be to the 
Yy ſpace moved over. by the power in the lame time, as 
ce the circumference of the axis is to the circumference of 
Ys the wheel ; but becauſe the circumferences of circles 
— are as their radii, the ſpace moved over by the weight 


7 ” 


* 5 
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is to that moved over bythe . radius CA 
of the axis is to the radius CB of the wheel. 
498. If the direction of the power P is not in a tan- 
gent to the circumference, but in any other as PE; 
then by drawing CE perpendicular to DE, we ſhall 
have (art. 476) P: W:: CAF E. Therefore the 
power P acts to the greateſt advantage when its direction 
is a tangent to the circumference of the wheel. 
Fhe wheel is very uſeful on many occaſtons; ſuch as 
in drawing water out of- wells, either by hand or with 
horſes; ſtones out of pits; earth out of mines: In 
ſome caſes the cireumference is omitted, and the power 


is applied to the extremities of the radii ; the machine is 


then called a Cabſtan. N 
Of the inclined PLANE and. E DOE. 
CPS 1 OO. hath Do Re: RM, 


499. If a power P ſuſtains a weight W by means of an 
inclined plane AB, in a diretion DP, parallel to the plane; 
tbe power will be to the weight as the height BC of the 
plane is to its length AB, Fig. 2 5 8 | 

Through the center of gravity D of the weight, draw 
the line DE perpendicular to the baſe AC, and DF, to 
the plane; from any point in DE draw EF parallel to 
AB, and FG to ED; then if the ſide DE expreſſes 
the weight W, the diagonal DF of the parallelogram 
EG will expreſs the part ſuſtained by the plane, and 
EF that which is ſupported by the power P; for whilſt 
gravity acts in the direction of the fide DE, the power 
in DG, the plane reſiſts in the direction FD of the dia- 
gonal. Now becauſe DE is parallel to BC, and EF to 
AB, the angle E will be equal to the angle B; and ſince 
DF is perpendicular to AB, it will alſo be perpendicu- 


lar to its parallel EF: Therefore the triangle DEF is 
right angled at F and ſimilar to (art. 69) the triangle 
ABC; and ſo EF: ED::BC: AB; but the weight W 
has been proved to be to the part ſuſtained by the * 

* 
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P, as DE is to EF. Conſequently P: W:: BC: AB, 


by equality of ratios. 12 Ligh 
500. Hence, if à power P raiſes a weight W, by 
means of an inclined plane, the vertical aſcent of the 
weight is to the ſpace deſcribed by the power as the 
height of the plane BC is to its length. For it is evi. 
dent, that whilſt the power moves the weight from A 
to B, it deſcribes the ſame ſpace AB, and the weight 
is raiſed from C to B. 328 
V M 
got. Fa power P ſuſtains a weight W by means of 
an inclined plane ABC, in à direction GP parallel ts the 
baſe AC ; the power will be to the weight as the height 
BC of the plane is te its baſe AC. Fig. 4. 
By campleating the parallelogram EG in the ſame 
manner as before, only ſo as EF be parallel to the. baſe 
AC; then if DE expreſſes the weight, EF will expreſs 
the part ſuſtaĩned by the power P, and DF that which 
is ſuſtained by the plane: And becauſe DE is parallel to 
BC, and EF to AC; the angle E will be a right one; 
and ſince DF is perpendicular to AB, it will make the 
angle EDF, with DE, parallel to BC, equal to the an- 
gle A; hence the triangles ABC and DEF vill be 
ſimilar; Therefore (art. 69) EF: ED: : BC: AOC; 
= we have proved that the power is to the weight as 
EF is to ED. Conſequently P: W:: BC: Ac. 
502. Hence, if the power P raiſes the weight W, by 


means of an inclined plane, in a direction parallel to the 


baſe AC ; the ſpace moved over by the power is to the 
vertical aſcent of the weight as the length of the baſe 
AC is to the height BC of the plane; for whilſt the 
power P moves the weight W from A to B, it moves 
ſe} through the ſpace AC, and the weight aſcends 
from C to B. 5 7 
N. B. If we ſuppoſe an equal plane was joined to 
this, ſo as to have the ſame baſe AC, we fhal have 
the wedge ; and the force in the direction CA, to drive 
it into a piece of wood, will be to its reſiſtance as twice 
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EF. is to twice: DF, or as the height BC is to the length 
AB. «+ « „r Þ * * N 75 4 
+ 'Vouſſvirs of arches may be conſidered as ſo ma- 
ny wedges which endeavour to deſcend: by their gra- 
vity z and therefore the proportion between the reſiſt- 
ance and the weight of any one, may be determined 
when its poſition is given. 1 


Of the S CR. E V. bali «4 
Although the ſcrew is well known, yet it will be ne- 
ceſſary for the better underſtanding its application, to 
ſhew in what manner the thread of it may be formed. 
Fig. 25. Suppoſe the height AB of a cylinder ABCD 
to be divided into any number of equal parts, Ba, ab, 
bc, cd, and lines ae, bf, cg, db, drawn perpendicu- 
far to the ſide AB, each equal to, the circumference 
of the baſe; by joining Be, af, bg, c b, there will be 
as many right angled triangles Bae, abf, beg, cdb, as 
the height of the cylinder. has been divided into equal 
arts, fs ' bg n 00. bg, - 
F Now if we imagine theſe triangles to be rolled upon 
the cylinder, it is evident that the point e will coincide 
with the point az F with 5; g with c; þ with 4; and 
therefore the hypothenuſes Be, af, bg, ch, will form on 
the ſurface of the cylinder one continued ſpiral line, which 
repreſents the thread of the ſcrew. * * 

T H E OR E M. | 
Sog. If a power applied to a ſcrew ſuſtains a weight in 
a direktion perpendicular to the axis and quite cloſe to the 
circumference ; the power will be to the weight, as the in- 
terval between any two contiguous threads is to the circum: 
ference of the ſcrew. ”" e 
Let the power P be applied to the point B in the di- 
rection BC; and ſuppoſe the ſcrew :o be unfolded fo as 
to form the inclined planes Be, af, bg, cb; then it is 

lain that the power is to the weight as the (art. 501) 
keight aB of the plane is to its baſe ae; but the baſe of 


is equal to the circumference of the ſcrew by the genera- 
tion 
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tion of it, and the height aB of the plane equal to the 
diſtance between any two contiguous threads. There- 
fore the power is to the weight as the interval between 
any two contiguous threads is to the circumference of 
the ſcrew. . * "4 TOES EE | 
504. If a power raiſes a weight by means of a ſcrew, 
the ſpace through which the weight aſcends is to the 
ſpace deſcribed by the power as the interval aB; between 
any two contiguous threads is to the circumference ae 
of the ſcrew. 110 | 
Fig. 26. As the power is never applied cloſe to the 
ſcrew when it is made uſe of to raiſe weights, a leaver 
GH is paſſed through a hole made in the nut Gl, and 
by turning it round it preſſes againſt a ſtrong bdard, 
by which the ſcrew preſſes downwards or upwards, ac- 
cording as the nut is below or above the board: It is 
plain, that in this caſe the power is to the weight as the 
interval between any two contiguous threads is to the 
circumference deſcribed by the point H, of the leaver, 
where the power is applied. A 

If the leaver GH be four feet, the circumference 
deſcribed by the point H will be 25 feet nearly, or 300 
inches; and if the interval between two contiguous 
threads be an inch, the power will be to the weight as 
unity is to 300 : Now if a man can carry 130 pounds, 
he may, with the ſame force applied to a ſcrew, raiſe 
130X300, or 39,000 pounds nearly; for this is the 
weight which would be in equilibrio with that force, 
ſetting aſide all friction and obſtacles : Which ſhews to 
what prodigious degrees a power- may be increaſed 
when applied to a ſcrew, . | 


THEOREM. 
505. If a power P ſuſtains a weight W, by means of 
an endleſs ſcrew AB, with a handle ACD to it; and this 


ſcrew turns a tootbed wheel E, and the pinion L of it, a- 


nother wheel, and this continued to any number; and the 
weight W be faſtened to the barrel N of the laſt wheel, 
the power will be to the weight as the produtt of the di/- 

| R tance 
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tance between am twa contiguous, threads, multiplied by the 
radii of all the pinions and the barrel, is to the produdtt of 
the circumference deſcribed by the handle CD, multiplied by 
the radii of all the wheels. Plate XVIII. Fig. 27. 
If a power N were applied to the circumference of the 
lower wheel G, in the direction of a tangent ; this poy- 
er N would be to the weight W, as the radius of the 
barrel N is to the radius of the wheel ; and if a power 
M were applied to the circumference of the ſecond wheel 
E, it is evident that the power N may be conſidered as 
to be 2 to the pinion M; and ſo the power M will 
be to the power N, as the radius of the pinion M is to 
the radius of the wheel F: In the ſame manner, if a 
power L were applied to the third wheel E, that power 
will be to the power M as the radius of the pinion Liz 
to the radius of the wheel E. : 
Laſtly, the power L may be conſidered as applied to 
the endleſs ſcrew; and therefore the power P will be to 
the power L as the interval between any two contiguous 
threads, is to the circumference deſcribed by the handle. 
Now if the radii of the barrel N, and the pinions M, 

L, be u, n, I, reſpectively, thoſe of the wheels G, F, 
E; g. J, e; the diſtance between any two contiguous 
threads of the ſcrew d; and the circumference deſcribed 
by the handle c; we ſhall have 


N: W: : 2: f. 

M: N:: n: J. 

LIM: :7: ., | 

P: L: : 4 6. (15s 4 aiſe h 
P:W::amld:gfec. * 


506. If the power P raiſes the weight W, by means 
of theſe wheels and the ſcrew, the ſpace deſcribed by the 
power P will be to the ſpace deſcribed by the weight W,. 
as the circumference deſcribed by the handle multiplied 
by the number of revolutions it makes, whilſt the barrel 
N turns once to the circumference of the barrel ; or hr 

| t I . caulc 
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2% cauſe the circumferences are as their radii, as the radius 
db of the handle multiplied by the number of revolutions to 
| the radius of the barrel... 1 ** 
* the If the number of teeth in the wheels and the pinions 
ne proportional to their radi: or circumferences; then 
the dhe ſpace moved over by che power will be to the ſpace 
moved over by the weight W, asgfec is to nl d. 

Examp. If the radii of the wheels be 12 inches each, 
4 2; thoſe of the pimons and barrel one, the interval ba- 
tween two contiguous threads one; the radius AC to 
is to be 1 foot or 12 inches, its circumference will be 75 
7 W : therefare P: W : : 1: 129600. in caſe of 
equilibrio. We 

By this laſt theorem we may compute the increaſe of - 
power when applied to any wheel-work, as a hand- 
d to ock, all ſorts of engines, and alſo to the block carri- 
vous Fl THEORE NM. 

507. If a Power P be applied to the extremity D 

8 leaver, which turns an horizontal capſtan, and the 
veight W be faſtened to the axis AF, by means of a rope: 
(be porwer will be to the weight as the radius of the axis is 
o the length FD of the leaver, in caſe of equilibrio. Fig. 28. 
We ſuppoſe the power to be applied in a direction 
perpendicular to the leaver; and therefore, this machine 
may be conſidered as a wheel in its axis, the leaver FD 
epreſenting the radius. | F 
To this machine may be referred the Gin, uſed to 
aſe heavy burthens in artillery, ſuch as guns and mor- 
rs; to the drawing ſtones out of deep pits; or earth 
but of the ſhafts of mines ; as likewiſe to the ſliag · carts: 
he only inconveniency there is in this machine is, when 
be leaver is nearly vertical; then the power cannot be 


W, pplied in a direction perpendicular to it; for which 
pied eaſon the vertical one, ſuch as is repreſented by fig. 29, 
arrel pony referred when it can be done. 


ig. 29. Cranes are made in this manner, as likewiſe 
boring engine, and many others of that ſort; the 
| — leavers 
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leavers may here be made of any length, without being 
the leaſt burthen to the eres 008M 

As the ſcience of mechanics is the moſt extenſive, 
at the ſame time the moſt wſeful part of the mathe. 
matics, it would require ſeveral volumes to explain iu 
various uſes; for which reaſon we ſhall refer the reader 
for farther: enquiries of this kind to Mr. Belidor's works, 
where he will find the greateſt variety of applications to 
machines that can be met with in any author whatſoever, 


WHEEL CARRIAGES. 

The common practice of placing the ſpokes of x 

wheel obliquely on the nave, which the workmen call 
Diſhing, ſeems defective ; ſince if they were perpendi- 
cular, they would in appearance be ſtronger and better 
able to ſupport the weight on the carriage, than being 
oblique : As no author has treated of it, nor the work: 
men can give any reaſons for it: I ſhall give the folloy- 
ing ones. d 2 

Fig. 30. If the ſpokes AC, inſtead of being oblique 
were perpendicular, as CD to the nave KL, they would 
certainly be in the beſt poſition, provided the carriage 
did always move. on an horizontal plane, but when it 
moves on an inclined one the direction would then be 
oblique to that of the weight which they ſupport, and 

ſo would loſe their advantage of being perpendicular. 
And ſince when the carriage moves on an horizontal 
plane, each wheel ſupports but half the weight, where- 
as on an inclined one the loweſt ſupports i much the 
more as the plane has a greater inclination : It follows, 
that if the ſpokes were perpendicular to the nave, they 
would be oblique when one wheel is higher than the 
other; and therefore have the leaſt ſtrength where i 
{upports the greateſt weight. Conſequently, the ſpokes 
are more advantageouſly placed when oblique, than i 
they were upright. 

Becauſe the planes on which carriages move are v. 
riouſly inclined, it was neceſſary to fix upon ſome in- 
clination or other, as a mean between them, the wor 
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men make them incline 3 inches in a wheel of 5 feet 
high; that is, if from the point C of the nave, CD be 
drawn perpendicular to the horizontal line AF, the part 
AD is three inches; from whence the angle ACD of 
inclination is found to be 3 degrees and Fo minutes: If 
AE is 1 N to the ſpokes, it is evident that the 
angle EAD, which expreſſes the inclination of the plane 
when the ſpokes become perpendicular, is equal to the 
angle ACD. N - A 
Being willing to know the greateſt inclination of a 
plane, where a carriage may juſt move upon without 
overſerting, I found this angle, by ſuppoſing the center 
of gravity 10 inches above the center of the axletree, 
to be about 8 degrees and 45 minutes; which ſhews, 
that the angle which the ſpokes make with the nave is 
nearly half the angle of the greateſt inclination; _ | 
Fig. 31. The next thing to be conſidered in wheels 
i their height, which varies pretty, much; thoſe who 
are for high wheels ſay,. that if they meet with an ob- 
ſtacle ſuch as the inclined plane LAB, they do not re- 
quire ſo great a force to draw them over as low ones 
do; but whether wheels ate moved in a plane or up hill, 
the direction of the draught wilt be the ſame ; Io there 
1s no reafon to prefer one height before another; it is 
rue, that when a tone, or ſomething of that Kind, 
happens.to be in the way, the high wh els, require leſs 
ſtrength to draw them over than the low ones; but as 
this happens but ſeldom, and by accident only, it is not 
1— conſequence to regulate the heights of wheels 
 —__— „ 
It has been diſputed, whether a high or a low draught. 
$ beſt, which in my opinion is eaſily decided; for ic is 
manifeſt, that if the line CH of direction, in which 
the horſe draws, is parallel to the horizon, it will be 
the moſt advantageous of all; ſince if the wheels are 
higher, a part of the force is lot by the preſſüre on the 
ground, and when they are lower a part is loſt in lift- 
ing the weight upwards. ee uy 
Fig. 32. It remains now to determine the figure of 
1 . the 
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the axletree ; ſome will have the axis or center line of 
the arms to be in one continued right line; and other, 
that the lower parts AB, CD, ſhould be fo: It is plain 
that when the lower parts AB, CD, are in a continued 
right line, the Wheels will roll on an horizontal plane; 
and therefore neither endeavour to fly off and cauſe 1 
great friction againſt the linch pins, nor to approach 
the body of the axletree, and cauſe a friction on that 
fide; whereas if they bend upwards at the ends A, D, 
- the wheels will roll on an inclined plane, by which they 
cauſe a friction againſt the linch pins, and if they either 
break or fall out, the Wheels fly off in an inſtant, and 
the carriage drops down : The contrary happens when 
the ends bend downwards; for then the wheels rub x 
gainſt the body of the axletree, and cauſe thereby x 
great friction: It is therefore neceſſary, that in all heay 
carriages, ſuch as are uſed in artillery, the lower pan 
of the arms ſhould be in one continued right line. A 
to the objection made by ſome, that the wheels are wider 
above than below, whereby they become oblique, which 
is not ſo well as if the arms are ſo made as that the 
wheels are upright; I ſay this objection is inconſiders 
ble, in regard to the advantages which ſuch carriage 
have above others. In light carriages, where there is 
no great difference between the bigneſs of the army, it 
is not neceſſary they ſhould be made ſo, the preſſure 
againſt rhe linch pins being then bur ſmall. 
TEE COS 
„ 
| ff rojectiles we are going to treat of are ſup 
1 poſed to be deſcribed in a; non-reſiſting mediun 
tho* Wwe know by experience that the air wer Jay's 
rably ; for at la Ferre we made many hundreds of ei 
n and always found that the ranges, whe 
ort, agreed very nearly with thoſe found by the the 
4 but always ſhorter in long ranges; for which reaſa 
he skillful bombardiers makes a competent ma 
| Man 
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St. 3 MATHEMATICS. 247 
Many are the authors who have treated on this ſub- 
jet, who will tell you in their prefaces, that they ren- 
dered the jubje& eaſy, ſo as to be underftood by thoſe 
practitioners who have no knowledge in the mathema- 
tics z but, for want of having the practice themſelves; 
fall generally ſhort of their promiſe. 
n 
508. If a body be projened from the point A in the di- 
reftion AT with à given velocity, it is required to find 
the path ABCD deſcribed by this body. Plate XIX. Fig 1. 
If the given velocity be ſuch, that the body may de- 
ſcribe uniformly the ſpaces AG, AH, in the ſame 
time, it deſcends thro' the vertical fpaces GB, HC, 
by the force of gravity, it will deſcribe by theſe joint 
forces (art. 440) the arc AB of a curveline : And be- 
cauſe ſpaces deſcribed uniformly with the ſame velocity, 
are (art. 433) as the times of their deſcription, AG is 
to AH, as the time in which AG is deſeribed is to the 
time in which AH is deſcribed; or becauſe AG, GB, 
and AH, HC, are deſcribed in the fame time by ſups 
poſition, AG is to AH as the time in which the body 
deſcends thro? the-ſpace GB by the force of gravity, to 
the time in which it deſcends through HC by the fame 
force : But the ſpaces deſcribed by falling bodies, are 
as the (art. 450) ſquares of the times during their fall: 
Therefore the ſquare of AG is to the fquare of AH, as 
GB is to HC. Conſequently, the curve ABCD is ſuch 
that by drawing lines GB, HC, TD, we have always 
AG*: AH*: : GB: HC. Which is the property (art. 
270) of the parabola. 2 
509. Becauſe the ſpace deſcribed uniformly, with the 
velocity acquired by falling through GB, in the fame 
time is (art. 451) double the ſpace GB; and the ſpaces. 
deſcribed uniformly in the fame time (art. 434) as the 
velocities with which they are deſcribed ; it follsws that 
AG is to 2 GB, as the projectile uniform velocity at A 
is to the accelerated velocity at B, | 
510. If AK be the height thro? which a falling body 
may acquire the projectile velocity; then becauſe the 
R 4 | ſpaces 
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ſpaces deſcribed by falling bodies, from a ſtate of reſt, 
are as (art. 450) the ſquares of the velocities acquired 
during the fall; AK will be to GB as the ſquare of the 
projectile velocity at A is to the ſquare of the accele- 
rated velocity at B: But the ſquare of the velocity at A 
is alſo to the ſquare of the velocity at B. (art. 509) as 
the ſquare of AG is to the ſquare of 2GB. - Therefore 
AK: GB:: AG* : 4xGB*, by equality of ratios; or 
AK: AG:: AG: 4GB by diviſion and multiplication. 
And by the ſame reaſon AK: AT:: AT: 41D. 
6K. O:B.L E:' M. 

511. The velocity with which a body is projected in a 
given direction At, being given, to determine the borizon- 
ial range AB. Fig. 2. | . 
Erect AK, perpendicular to AB, and equal to the 
height thro' which a falling body may acquire the given 
velocity; with AK, as a diameter, deſcribe the ſemi- 
circumference KNA, and thro' its interſection e, with 
the given direction, draw eD perpendicular to AB; then 
if AB is made equal to 4AD, the line AB will be the 
range required.  _ vw | 

For if Ke be drawn, then becauſe AD is perpendicu- 
lar to AK, the line AD touches (art. 111) the circle in 
A; and hence the angles AKe, DAe, which are both 
meaſured by half the ſame arc Ae, are equal; there- 
fore the right angled triangles AeK and Abe are ſimi- 
lar, and AK: Ae:: Ae: D; but if Bt be drawn per- 
pendicular to AB, and meeting the direction At in t, 
the ſimilar triangles ADe, At, give Ac: D:: At :tB; 
whence we get AK : Ac: : At: tB, by equality of ratios: 
Now if the conſequents are multiplied by 4, and we 
take for 4Ae its equal At, we ſhall have AK: At: : At: 
4B. Conſequently the curve paſſes thro? the (art. 510) 
point B. 8 e a ; 

512, Hence, if the horizontal range AB be given, 
and the projectile velocity, the line of direction At, 
in which the body being projected with the given 
velocity, ſhall hit the given point B, may be found : 
For if AD be the fourth part of AB, and DE drawn 


9 
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perpendicular: to AB, and thro? its interſection e with 
the circumference, a line At, then this line will be the 
direction required, ſince it is proved in the ſame manner 
as in the laſt problem that AK : At: : At: 4tB © 

31 3. If the body be projected with the ſame velocity 
in different directions, the horizontal ranges AB will be 
as the fines of angles double thoſe of elevations * For 
if the radius ON be drawn perpendicular to the diame- 
ter AK, interſecting De produced in L; then will OIL, 
or its equal AD, be the ſine of the arc Ae, which mea- 
ſures an angle double the angle AD of elevation; and 
a ſince AD is always the fourth part of the horizontal 
range AB, it is evident when AK remains the ſame; 
the ſines AD of angles double thoſe of elevations, will 


ie always be in the ſame proportion to one another as the 
en horizontal ranges. 3 037} {422495 2G 03 
i- 314. If the line De interſects the circumference in 
th two points e, E, it is manifeſt that there are two directi- 
en ons At, AT, in which the body being projected with 
he the ſame velocity, acquired by falling thro' KA, will 
hit the ſame point B in the horizontal line AB : For the 
u- triangles AEK, ADE, are ſimilar; and therefore AK 
in AE: : AE: ED, and AK: AE :: 4AD: 4ED; or AK: 
th 4AE :: 4AE: 16ED: But if the line AT was produc 
e- ed, ſo as to meet Bt produced, it would be equal to 
Th 4AE; becauſe AB is 4AD, and Bt produced 4DE. 
er- Conſequently the body would hit the point 83. 
t, 515. Hence, becauſe DE. is parallel to AK, the arcs 
Bz Ae, KE, are equal; it is evident, that if the direction 
8: ind hich the body is projected. makes the ſame angle 
we either With the vertical line AK, or with che horizontal 
t: one AB, that body will have the ſame horizontal range. 
0) 516. If the line DE inſtead of cutting the circle only 
touches it in N, the angle NAB of elevation being chen 
en, meaſured by half the quadrant Ae N, will be 4.5 degrees; 
\r, and the horizontal range, which is 4AD, will become 
en four times the radius, or twice the height AK, and is 
d: the greateſt that can be attained with the fame projectile 
wn torce, | = l 
er- | 


517. If 


% 
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607: If the arc Ae, or KE be 30 degrees, its fine 
OL. or AD will be equal to half the radius AO; and 
the horizontal range AB, which is quadruple of AD, 
will be equal to the diameter Ax. Conſequently, when 
the angle of elevation is 15 degrees, the horizontal 
range is then juſt equal to the height thro' which a fal- 
ling body acquires the projectile velocity; or half the 
greateſt range (art. 516) that can be attained by the bo- 
dy with the fame projectile force. Se A 
| 'F. 8 © B. DE: ML, | 
518. Fa bady be projected in a given direftion At, 
with a gruen velocity, ta find the bigheft point to which 
that body will 'aſcend, | n bo 
Ssuppoſe the force of projection in the direction Ae 
to be reduced into the horizontal one AD, and into the 
vertical one De; ſo that by the firſt AD, it is carried 
from A to B; and by the ſecond. De it riſes upwards ; 
but as the force of gravity conſtantly acts in a contrary 
direction to the force De, it will in equal times deſtroy 
equal parts of chat force, and the body will riſe upwards 
till the whole force in that direction is deitroyed; then 
it will deſcend by the force of gravity till it arrives at 
B, where it will have acquired a force equal to that 
which was deſtroyed; therefore the aſcent and deſcent 
thro? the ſame; vertical ſpace being made in equal times, 
the body will arrive to the higheſt point in half the time 
that the projectile is deſcribed; but becauſe a- body 
would fall through the ſpace Bt, in the fame (art. 313) 
time that the projectile is deſcribed, it will fall third one 
fourth of that. ſpace in half the time; ſince the ſpaces 
deſcribed by falling bodies from a ſtate of reſt are as the 
(art. 450) ſquares of the times, ahd as AD is is one 
fourth of (art. 516.) AB, De will alſo be one fourth 
of Bt. Conſequently De is the greateſt height 
to which the body aſcends in deſcribing the pro- 
jectile. 2 12 it | 
_ It is evident that De is the verſed fine of the 
arc Ae; and becauſe the altitude of the projectile is 
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equal to that ſine, it follows that the altitudes of pro- 
jectiles deſcribed with the ſame force, are ta one another 
as the verſed ſines of ares double thoſe which meaſute 
the angles of elevation. | 
520. Since ſpaces deſcribed by falling hodies from 
a ſtate of reſt are as the ſquares of the times (art. 450 
in which they are deſcribed ; the time in which a body 
would fall thro* AK, is to the time in which a body 
would fall thro' D, as AK is to Ae: For ſince the 
lines AK, Ae, and eD, are (art. 316) in a continuab 
proportion, AK is to De as the ſquare of AK is to (art. 
76) the ſquare of Ac; and as the ſquare of the time of 
the body falling thro AK is to the ſquare of the time of 
the body falling thro* D, as AK is to De, or as the 
ſquare of AK to the ſquare of Ae by equality of ratios. 
Conſequently, the time in which a body would fall thro* 
AK, is to the time in which a body would fall chro*.zD, 
as AK is to Ae. [ 300669 
521, Becauſe the time in which the body defcribes 
the projectile is double the time (art. 523) in which the 
body would fall thro? eD ; it is evident, that the time a 
body would fall thro* AK, is to half the time in which. 
the projectile is defcribed as AK is to Ac. Therefore 
e times in which projectiles are deſcribed with the 
e force, are to each other as the chords Ae of angles 
double thoſe of elevations; or becauſe theſe chords are as 
the ſines of half che angles which meaſure the arcs; ths 
times wilt be as the! fines of the angles of elevations. - 
322. It is alſo manifeſt, that if a body be projected 
with an angle of elevation of 45 degrees, with different 
forces, the horizontal ranges will de to each other as 
the ſquares of the times in which they are deſcribed : 
For when De only touches the cirele in N, De and AD 
become each equal to the radius AO; and the horizon» 
tal range AB is, then equal to four times the radius; 
and fince the line eD is deſcribed in half the time that 
the projectile is deſcribed, a body would: fall through a 
height double the height AK in the (art. 450) ſame time 
that the projectile is defcribed ; that is, it would ny 
5 thro* 
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thro! a height equal to the horizontal range AK. Conſe 


quently, the horizontal ranges deſcribed with an angle 


of 45 degrees are as the ſquares of the times. 
a P R O | Og E M. 2 | 
523. The inclination of a plane AB either above or be- 
lot the horizon AP, the line of diretion At, and the pro- 
jectile force being given; to find my point B where ee boch 
will bit that plane. Fig. 3, 144 
On the horizontal ſine AP welt AK pe 


pendiedla, 


and equal to the height through which a falling body 


may acquire the given velocity; biſect the line AK by 
the ee ON, and draw: AO perpendicular to 
the inclined plane- AB; then if from the center O, an 
arc of a circle be deſcribed through the points A, K, 
and through its interſection e, with the given direction, 
D perpendicular to AP; by taking AP quadruple to 
AD, the perpendicular PB to AP will determine the 
point B required. 


For becauſe AB is perpendicular to the radius AO, 


it will be a tangent to the circle; and fo the angle BAe 
is equal to the angle AKe, as well as the alternate ones 
KAe,. AeD ; ſo that the triangles AKe, AeF, are ſimi- 


lar, and therefore AK: Ae:: Ae: F; but the parallels 
Fe, Bt, give Ac: F:: At: th; whence, by equality of 
ratios we have AK: Ac: : At: B; and ſince AP is the 
quadruple of AD, AB will be che quadruple of AF, 


and At quadruple of Ae; if therefore we take the qua- 


druples of the conſequents we ſhall-have AK: 4A#or 
At: : At: 4Bt. n the Projectile (art. 51 5) 
paſſes thro? the point B. 

524. Hence, if the range AB, e elliadon of the 


plane and the projectile velocity, are given; the line of 
direction At will be found by taking AD equal to 


one faurth of AP, or AF to one fourth of AB; by 
drawing De parallel to AK, and At through its inter- 
ſion e with the are ANK. - + 
525. When the line De interſe&ts the arc in two 
points; there will be two directions At, AT, in which 
the EP being projected with the ſame velocity, = 
it 
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. hit the ſame point B in the inclined plane; and when 
that line only touches the arc in N, the range will then 


0 be the greateſt poſſible that can be attained with the 
ſame velocity. N 
. 526. Becauſe AK is perpendicular to AP, and A0 


to AB, the angle OAK is equal to the angle of inclina- 
ht tion PAB of the plane; and the angle NOA its com- 

plement. Conſequently, the angle of elevation, which 
correſponds to the greateſt range, is half the comple- 


; 1 ment to the angle of inclination of the plane, when the 
4 plane is above the horizon; or to half the ſupplement 
y (ig. 3) of the complement, when the plane is below the 
orizon. 3 
I P R OB L E M. 
© 527. The point B on @ plane AB whoſe inclination is 
* given, together with the projectile velocity being given; to 
& find the angle of elevation DAe ſuch as the body ſhall bit 
the given point B. | . 
) Becauſe the angle BA, or its equal OAG, is given 
7 as well as AG, being half the height AK, thro' which 
5 a falling body acquires the given velocity; therefore as 
A the radius is to the tangent of the angle OAG, ſo is AG 
Is to GO; and as the radius is to the ſecant of that angle, 
F ſo is AG to AO or Oe; again, as the radius is to the 
bf coline of the ſame angle, ſo is AF the fourth part of the 
. given diſtance AB to AD, or its equal GL, to which, 
4. add OG in fig. 4, or ſubtract it in fig 3; then the ſum 
* or difference OL will be the coſine of the angle NOe, 
which is the difference between the given angle AON 
ö) and the angle AOe, or FAe, to which the angle DAe 
2 being added in fig. 3, or ſubtracted in fig. 4. gives the 
55 angle DAe of elevation; which conſequently is known. 
0 
y PRACTICAL RUuLEs for HoR1zoN- 
= TAL RANGES. | 
5 I. The range of a body projected with an angle of 15 
hk degrees is half the range of that body, if projected (art. 
If $22) with the ſame force under an angle of 45 degrees. 


it II. The 


254 ELEMENTS f Bock 
II. The range of a body projetted with an angle f 45; 
degrees, is equal to the ſquare of the time of its deſcription 
expreſſed in ſeconds, multiplied by 16.1 feet. | 
This rule reſults from the law of falling bodies, which 
deſcribe ſpaces proportional to the ſquares of the times; 
and a body falling thro* the ſpac of 16.1 in a ſecond, 
and that the time of deſcription” of the projectile is (art. 
27) equal to the time of a falling body deſcribing a 
Paley ual to the horizontal range. | 
III. If a body be projefied with the ſame force and dif. 
ferent angles of elevations ;, the horizontal ranges are as 
the fines (art. 518) of angles double thoſe of elevations re- 
ſpeltively. | | 
Examp. I. Let a body. projected under an angle of 45 
degrees be 12 ſeconds in its flight : What is the borizontal 
range? © | well 
5 7 he ſquare of 12 is 144, which multiplied by 16.1 
feet gives 2318.4 feet, or 772.8 yards, by rule the ſe- 
cond, for the range required. 
Examp. II. 1f the range of @ body prajected with an 
angle of 25 degrees be 200 yards, what will bg the range 
if the body be projected with the ſame force, with an angie 


The fine of 30 degrees, double of 25, is 76604, and 
the ſine of 60, double that of 3o, is 86602 ; therefore 
76604: 86602 :: 200: 226=to the range required by 
the third rule. 

Examp. III. F the range of a body projected with an 
angle of 20 degrees be 200 yards; what muſt the angle of 
elevation be to project the body with the ſame force at a 
diftance of 300 yards ? | 

The fine of 40 degrees, double of 20, is 64278; 
whence 200: 300: : 64278: 96417 Sto the ſine of an 
angle double the angle ſought ; this fine anſwers to an 
angle of 74 degrees and 37 minutes; half of which 37 
degrees and 18.5 minutes, will be the angle required. 

The fecond rule is uſeful at ſea, where no crial of the 
force of the powder can be made ; it will be ſufficient to 
know the diſtance from the ſhip to the object, then the 

mY time 
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time requited for the”: ſhell to hit che object, muſt be 
found by ſaying, 16. 1 fert is to the given diſtance as the 
ſquare of one 
quired, and. ge way cp" ſquare root, which gives the 
time, {© that when the time of the flight of the ſhell is 


obſerved, yeu will fee whether it exceeds or falls ſhort 


of the time found, and the range will enceed or fall ſhort 
of the given range. Thoſe who are unacquainted with 
the practice, may imagine that one might ſee whether 
the ſhell falls in the place aimed at, and therefore the 
rule is uſeleſs; but in practice it is otherwiſe; for a ſhip 
may be at leaſt a mile off from the object, and the by- 
ſtander fancy that the ſhell did fall very near the place, 
when it may be 4 or 500: yards from it. | 

If it is propoſed to throw a ſhell at a given diſtance, 
it will be moſt convenient to throw a ſhell with an angle 
of 15 degrees of elevation, then if twice the range is 
either equal to or greater than the given diſtance ; that 
quantity of powder will be ſufficient to throw the ſhell 
to the given diſtance, if not, another trial muſt be made 
with more powder; whereas if the firſt ſhell is thrown 
with any other angle of elevation, it is not ſo eaſil 
known, whether that quantity of powder is ſufficient 
throw the ſhell to the diſtance propoſed. | 

It would be very uſeful to know the greateſt ranges 
of all the different mortars, loaded with different 
charges; for having a table of theſe ranges, one might 
eaſily know what quantity of powder is ſufficient to 
throw the ſhell upon an occaſion to a given diſtance. 

NM. B. Theſe are all the uſeful practical rules in gun- 
nery, which are but few and plain; from whence it 


d ia to the: ſquare of the time re- 


might be imagined that a ſhell may be thrown ſo as to 


kit any propoſed object, without any difficulties ; but 
it muſt be conſidered, that there are many unavoidable 
accidents in practice, which renders it very difficult; 
ſuch as the inequality of the powder, unequally placed 
in the chamber, the mortar or bed no: being truly made; 
the platform giving way in one place or other; the in- 
equality of the weight. and roundneſs of the ſnell he 

is 


25s ELEMENTS of Book 4 
this we may add the reſiſtance of the air, which ĩs very 

at, and varies the ranges in proportion as they ate 

g. However, the practitioner muſt not conclude 
from thence, that theſe rules are of no ſervice, ſince 
there are ſo many obſtacles which prevent their exact. 
neſs; for tho? it is ĩimpoſſible to attain to a great exact. 
neſs; yet notwithſtanding, by taking all the care that a 


HYDROSTATICS. 


DEFINITIONS., 

1. YDROSTATICS is the ſcience which 
conſiders the equilibrium and preſſure of fluids, 
2. A fluid is a body whole parts yield to any force 
impreſſed, and are eaſily moved one amongſt another. 
3. Specific gravity is a comparative term, and ſigni- 
fies the proportion between the gravities or weights of 
different bodies which have the ſame magnitude. 
It muſt be obſerved that the weights or gravities of 
bodies are always equal to the quantities of matter con- 
tained in them; that is, the weight of a cubic inch of 
water is to the weight of a cubic inch of gold, as the 
quantity of matter contained in the cubic inch of water, 
wy Be quantity of, matter contained in the cubic inch 
0 aa. IM I a0 7D YIEEGOSSLSHI 26 014 
a 1 ſeems alſo probable, that all the primary parts of 
matter are the ſame in all bodies; ſince ſolids become g 

fluid by heat, and fluids ſolid by cold. ob 


ſxillful bombardier is capable of, =; will anſwer ſuffi- be e 
ciently in moſt caſes,” as I have found by experience. int Ys 
We have not given any practical rules for throwing MW 
ſhells on inclined planes, becauſe the theory being not Ml 5 
very eaſy, beſides the reſiſtance of the air, alters the alu. 
ranges ſo conſiderably, that it would be needleſs to enter WM g 
any farther into this ſubject, referring the reader to our F 
reatiſe of Fluxions for the true figure deſcribed by the WM fore 
. | X 450 not} 
3651 , S E C I; IV. ſcen 
P rem 
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A there are hard bodies which ate elaſtic, and others 
which are not; ſo there are fluids which ate elaſtic, and 
ochers bot. N fluid in elaſtic when it may be reduced 
into à leſs bulk by  comprefiion, ſuch as air; and no- 
elaſtic, when it cannot be reduced any force What - 
ever, ſuch as water ; it is only of chis latter ſort we 
ſhall treat here in this ſection, and the former mall 
be conſidered in the next but on- 
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528. The ſurface of A. fluid contained in a veſſel will be 

always ſmooth and level, when it is e e ee 

er Aang eren pad: peri downvandatip 
For every p he 
force of its gravity ; ſhould any ane be higher than the 
reſt it would endeavour to deſcend lower, and having 
nothing to ſupport it, or to oppoſe its motiang will de- 
ſcend, till ſuch time it becomes even with the reſt, and 
ö remain fo, unleſs ſome other force diſturbs i * 


oa, wh e 

5294 Fa ſypbon, or a tube win e AFB, 
be fled wid an homogeneous fluid ; the ſurfaces of this 
fluid in bath' branches. will be in ihe OR een * 
Plate XX. „Fig. 1. zi da 821 i, 

For if hs fluid was put in motion b ſome exrernal 
foree, the rity: AacC which ough. a 
AC in one branch, muſt be equal to the quantity BBA. 
which paſſes thro'.a ſection B in the other j and there- 
fore the deſcent Aa in one, will be to the aſcent Bb in 
the other, reci y as theſe ſections AC, BD: But 


* 


ve have — (art. 48 1) chat if two bodies which are 


in equilibrio, are put in motion, the aſtent of the one, 
and —— — the other, are recigrecally as their 
wei „tl Bas: Wit 
And ſince the 10 A in the braach AcR is to 
the aſcent Bi, in the branch BDS, reciprocally as the 
ſection BD is to the ſection AC; it follows, thap the 
ſuid in one branch is in 3 with the fluid in tbe 


die © > hep | other. 


. un theſe velocities are generated muſt be equal. 


"- _ 


mb, of the plane mb will be preſſed by the whole weight 


23 EI EME MTS VU Bock 4 


other. Conſequently, the ſurfaces in both SP 
zn the ſame horizontal line 
Fig. 2. E one or both branches ate oblique 8 Bs, 
the demonſtration will be the ſame. provided the per- 
pendicular diſtanee between the ſurfaces BD, 4d, in the 
oblique branch, is taken inſtead; of the length Bb. 
1 830, Henee;: if the fluid be put in motion, the time 
of the aſcents and deſcenta in aithen ; branch axe equal. 
For let Aa, Ae, be. any two deſcents anſwering to the 
aſcents Bb, BY; then becairſe the velocities with which 
-the-ſurface AC deſcends, and that with which the ſur- 
Face BD- aſcends, are reciprocally as theſe ſurfaces, as 
well as the quantities of the fluid, it follows, that the 
generating forces being as the velocities, the times in 


The ſame thing | is true in Wy to the: waves of f fag 
iced ns E 
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531. An 1 veſſel filled with an 9 uid 
is preſſed every where by a force proportional to the /urface 
del e- height of the fluid above it. Fig. 3. 

For let the height of the veſſel ABCD be divided 
Jaw! any number of equal parts as Ca, ab, D; then 
it is plain, that the ſurface na is preſſed by the weight 
of the fluid nB Ca, the ſurface mb preſſed by the weight 
Avia. and che bottom AD by put pas gotuargayy 

ul iini „ ae at 

Now the mae of thi fluid aBCa0n the ſurface na 
DY reſiſted. by the fluid below it, becauſe reaction is 
-equal'to action; it will therefore endeavour to move in pre 
that plane by a force equal to its weight, if it was not | 
reſiſted by the ſides of the veſſel; and if there was a hole W anc 
either at n or a, it would move through it with that in 
force; and therefore the parts na, which prevent this 
motion, will ſuſtain the whole preſſure of the weight of 
the fluid ngCa above it; in the ſame manner the part 


8 f the fluid abs above it. And ſince the EY 2 
ui 


fa. 


wt ines dier 


lud nBCa, : nBCb, which have. the ſame- baſ 
the altitudes i „z it follows, that the baſe, of rrefſeg 
this yell every where with a force proportional to the 
ſurface preſſed and the ge the fluid above it. 

532. 1— if the ne Ge drawn fo as to meet 
the baſe AD produced in E nd lines ag, 45, thro' 
the points 4, + 7 A to the baſe; then becauſe. of 
the Daratletiſm f pr :ag: bb; it follows, * if 
DE Epreßte the . againſt the point D; Ib, ag, 
will expteſs the A a 1 57 the points band a; ad 
the atea of the range DE will expreſs the * ute 

the line CD; thetefore the dagger priſni, 
baſe rh 1 8 tian CED, and altitude the 
breadth 'of che [ide of the veſſel, will expreſs the preſſure 
agalnſt that fide. * 


32 
; 29 


"42 The preſſure agaitift eirhier Ide of a cubic veſlel 
is 


half the preſſure againſt the bottom: For ſince 
the preſſure againſt AD is as the rectangle of the ſame 
bafe and ah ude of the triangle CDE; and that againſt 
De as the angle itſelf; it 960 that the pteſfure 
agalnſt the barrage is as the parallelepiped whore baſe 
is the tectangle made by the ſides DE DE, and alti- 
tude the breadrh of the fide, which, is double oy wp 
lar priſm, whoſe baſe is 'the triangle CDE, and o 
e ſame altitude. Therefore the preſſure a G 
bocrom is double. the f teſſure againſt the ade. FI. 
5334. Since tlie preſſute againſt the bottom is 4105. 
to the whole weight of the fluid, that againſt the 0649 
will be half that weight ;- and as ert re four ſides, the 
preflure againſt the four will be double the weight ; and 
confequently, the ſum of the prefſures againſt the ſides 
and bottom, is triple tl the weight of the fluid contained 
in the veſſel. 
335. Ik it was required to niake the ſides of the veſſel 
ch a ſtrength as to reſiſt every where the preſſure 
alike ; let VE expreſs the ſtrength near the bottom, draw 
CE; * the lines ag, bb, will repreſent the ſireagihs 
Is, 
It may be obſerved, that if a tube with a bottom fixed 
S 2: to 
i 
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to it, be filled with ſo much of a fluid as to make it buck 
in order to find its ftreng Sth, altho* the greateſt preſſure 
is near the bottom, 15 will not hurſt Mere but ſome- 
what higher; becauſe the bottom keeps the hoes W 
cher, and prevents chemfrom giving way. 
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536. Fluids preſs every where according to tbeir per- 
wer altitudes, whatever tbeirguantities are, 7 
of the veſſels in which they are contained. Fig. 4. | 

Let ABE be an upright cylindric or Nr 
ular veſſel, with a tube of any length fixed 

that the bottom AF . be preſſed with a 3 
equal to the weight, of a cohumn of the fluid, whoſe 
baſe is equal to that of the veſſel and altitude, to that 
of, the veſſel and tube together. 

For ſuppoſe the fluid contained in the veſſel ABEF 
to be divided into columns, whoſe baſes are equal to 
that of the tube; then becauſe the column Ln Wicke 
to deſcend by its weig ght. fo as to becon level with 
the adjacent ones, theſe by reaction will deavour to 
aſcend to the ſame height, and ſo will preſs the ſurface 
BE witk force equal to the weight of the fluid, con- 
tained in the tube CLD; theſe columns will, by the ſame 
reafon, preſs the 2djoining ones in the ſame anger, and 
they the ſurface BE. Therefore the ſurface BE is preſſed 
Ngo: by a force equal to the weight of a column of 

the fluid of the ſame baſe, and whoſe altitude is equal 
to that of the tube CL. But becauſe reaction is =_ 
to action, the fluid cannot preſs che ſurface BE without 

fling-ar the ſame time the baſe AF with the ſame 
rce; and fince the baſe AF ſupports likewiſe the 
weight of the fluid ABE, it follows, that baſe AF 
is preſſed by a force equal to the weight of a column ef 
the fluid of the fame baſe, and whoſe altirude is ens to 
chat of the veſſel and tube together. 

This may likewiſe be proved in this manner. Sup- 
poſo the veſſel to * Gntinued t to the height fs, gf Be 
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tube then becauſe the fluid contained in the part Bra 
preſſes as much downwards on the plane BE as the fluid 
contained in ABEF preſſes it upwards; And the baſe 
AF will be preſſed by the 'whole' cu] Arg: Now 
if the weight of the fluid on the baſk BCDE e taken 
way, and the reſiitance of that plane be taken inſtead 
of it, it is evident, that the fluid contained in ABEF 
pteſſes upwards againſt BE, with a force equal to that 
weight; but it cannot preſs upwards, without prefling 
at the ſame time the baſe AF downwards with the ſame 
force; to which adding the weight of the fluid contain- 
ed in ABEF, the baſe AF will be pref by force 
equal to the weight of a column equal co ArsF. 

This propoſition has been confirmed by experiments; 
for Ha veſſel made ſo 4s to open like a pair of bellows, 
and'a tube of any diameter be fixed to br 3 by ck 
water into this tube, it will raiſe the upper baſe, loa 
ed with a weight, nearly equal to that of a column of 
vater of the ſame baſe, and an altitoce * to that of 
the veſſel and tube. mogeS=- 

Fig. 5. If the veſſel is like a Range] as ABLC D. We 
preflure will till be equal to the weight of a column ot 
the fluid which has the ſame baſe und altitude; becauſe 
the column Ln anſwering to the tube, preſſes the bot: 
tom; and the adjacent columns with its whole wei zht, 
and by reaction they = the bottom with the 
force, as well as all the reſt of the columns; that! SY in 
the ſame manner as if the veſſel were of the ſame bf nels 
Ars D quite up to the top. hee 

Fig. 6. If the veſſel is wider above than belies as 
ABCD, the baſe AD will only be preſſed by the column 
ArsD above it, and the reit of che Avid will be ſup- 
ported by the ſides AB, DC, of the veſſel. © 

Fig. 7. If the veſſel was oblique,” as AbeD, aud of 
any figure whatever, che ſame thing will be true; 
that is, the baſe AD will be preſſed by a column of the 
fluid whoſe baſe is 9 aa to t 0 baſe AD, and altitude 
to that of the veſſel. 

1 general, of e agu a ſurface prof 


8 3 max 


i 


may be, the preſſufe will always be as; the column of 
the fluid which preſſes it, and--whole, height is che 
ch e the 1 11 he ae THE i Danis: 
It ſeengz to be ſurpriſing that a ſmall quantity of 2 
fluid 5 raiſe a very great weight Oh when we 
conſicer what a prodigious weight a pbwer applied to a 
lar x made, of Wheels or ſctews may. raiſe; there is 
no reaſon g doubt that;a fluid applied in a proper man- 
ner may produce the ſame effect. 
Fig. 1. 837. Hence, the bottom RS of the baſe of 
| bi phon is evexy where preſſed by a column of tbe 
fluid of an equal baſe, and che ſame altitude FL of the 
fluid above it, and the upper part E is like wiſe ꝓreſſed 
upwards with a force equal to a column of the fluid, 
of the ſame baſe and altitude E. 
Therefore, when, pipes are made to conduct water 
"mM one place to another, regard muſt be had to the 
height of the head above it ] dtherwiſe, they may be 
made too weak, and break, hieb would be attended 
wich unneceſſary expences. Sti ne 5 
Fig 8: 538. If a rectangular ſurface ABCD, per- 
pendicular to the horizon, be preſſed by water, ſuch as 
the gates of docks or ſluices 3 the preflure againſt any 
horizontal line ac, will be as the rectangle made by that 
line and the depth gA under water; and: the preſſure 
io Id as the rectangle made by that *r the 
ei t 


ht A. Therefore the Pre re againſt e whole 
ur face will be equal to a triangular priſm of vater 
whoſe baſe is equal to the ſurface-ABCD, and altitude 
e depth A of the water. Conſequently, this preſ- 
UTE Is expreſſeꝗ by the ſolid ZABXADs. . 
A ABz30feet, and AD=x2, that ſolid will con- 
tain 1440 Cubic fees: Now as à cubic! foot of com- 
mon water weighs 62.5 pounds, it is evident, that the 
Pay is preſſed by a weight-of 1440X62.5, or goO⁰⁰ 
Fig 9. 839. H the ſurface; be oblique, ſuch as is re: 
Preſented by ABCD, An being the- ſurface of the was 


zer: by drawing le, al, un, perpendicular w A", 
2 : * all 


produce + DE. fo a8 t to meet the circumferenc ne 
join AM. No as the preſſure againſt DF. or AE 


1 


4 wy 


and ac, bd; Be, rpendieular | to AB, war th dal 

the reſpective a then it is evident, that 55 priſmi 
of water, . whoſe b © ig the triangle ABe, add eV 
the breadth of the Plane ABCD, will exprefs the preſſure 
of the Water againſt that plane z and any part of that 
priſm, ere to the. baſe caBe, that agaioft the 715 


aBCg. .. 
i EP P R OB L \ ly 9 
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540. Let AN ze the.breadth of a river or and; 
* the 1 5 7577 the gates AE, ED, ſuch as. 10 reſiſt 


5 preſſe ure of of waer "with the greateft Forte Paſtole. 


. AD as a ce We A fem eitcumfer ferety 


of à circle, drax the. radius CB, raden eds 
in 


as that line PE; and as it becomes greater, its force 
decreaſes and the preſſure increaſes; it is gvident th 
the ſtrength of the gate is er e the fine, ED; 5 
but but by the ſimilarity of triangles, we have DE: DC: 
and fince DC and HA ate conſtant, DM 
ay e xpreſs 11 AP th of the gate AE FD; 
becauſe the ſtrength Ff timber of the ſame dhe! 2 
creaſes, ag it Webel in length; the ſtrength of the 
I reſpect to that of the timber and, the Freffire 
together, will be expreſſed by DM.. 

Again, the force with which the gate AF refiſts'r 
prefſure'of DE at E, is Saen to the 9 EP 
and AM, the former parallel, and the lart 
cul 705 DE. Therefore, the force with We one 55 
ri $ the preſſure ef ahVther, is as AM. 

+ AMXDM* oug 
l He Barry AD NT =X 3 led. will DM? Sas XX, 
and, A DM. ad. dhe will be the greateſt” of 
all, 10 0 4% =aaz by 245 for if the oy 24 
(24): be divided 2 0 and inequally, fo as the produdt 
ot thi "tetabgle' a+, by. a—v, be mulef Hed” by "the 
madd ae art x, 84 vin at's poſſible,: $2 Math find 
Hey 5 above bf . 3 (a) is ro AN 


(4e 


on 152 
he to be the greateſt AO 


— 
— — AE III — 
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a) ** radius 100000 is to the fine 57735 of the 
le ADM, which will be found * de 35 degrees and 

1 minutes 
' Whar has been ſaid here is alſo ri in roofs of byild- 
ings ;. for the demonſtration js the ſame in both caſes; 
And by the ſimilarity of the triangles DCE, DMA, we 
ck. =7 ag or CES a; this agrees very neatly 


with the common rule of making roofs, VIZ. CE Ma, 


aft CE one third of AD. " 
75 e ee ! 
541. e quan eſſure again urface is equa 
to 105 ſolid 4275 26 1 Farfate. e the dif 72 
Fig M4 its center of gravity, from, the ſurface of 1 the of id. 


Tet the reftangular ſurface ABCP be perpendicu: 
5 to the zon, its center of gravity will be (art. 420) 


in the middle of the line which biſects the ſides AD. and 
BC: N AD will be its diſtance from the ſur- 
face, and , the quantity of the, Preſſure 
wow! is the (art: 538) fame as before, .. - 
g. 9, II. Let the ſurface be oblique as AC; it 
W Fer gravity will be. in. the perpendicular which 
biſects AB; and hence its diftance from the ſurface An 
of the fluid, wil be equal to half of Bn or Be; and 
calling D the breadth. of the ſurface, we ſhall have (rt, 


538) \ BoxABYXD for the preſſure. 


III. Let aB be the fide of an oblique ſurface; whoſe 
breadth i is D, its center of gravity will be in the perpen- 
dicular which biſects aB; let the point & biſect aB; 


then & m, or its equal d, Fill be the diſtance of this 
center from the ſurface, and (art. 538) : » &xaBxD, the 


quantity of preſſure againſt that ſurface. 
542. Hence, if a ſurface or number of ſurfaces of 


any kind be conſidered as equally ponderous. i in 2 


equal part, and as divided into innumerable ſma 


parts, e by lines, drawn from their centers 

perpendicular to any horizontal plane. jt is manifeſt, 

0 5 if eve 7 part be multiplied by its diſtance from that 
5 


Vi ane, Fe 96 m of the bade will be equal to the 608 
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duct of the whole ſurface. ot ſurfaces, multiplied by the 
diftance of their common center, of gravity fromthe 
faid plane, by art. 422 z this equality will ſubſiſt 
if the ſaid lines be cular to any plane, 
not povelle! v9 thy any A de NA 
543. Hence, becauſe, By center. of gravity. af A 
ſphere; right cylinder, Priſm, or cube, is the ſame ag 
the common center of gravity of their ſurfaces 3, che 
rreffores upon theſe folids immerled,. tn. Had wi be 
equal to the uct of their ſurfaces, multiplied by 


the diſtance af their center of gravity trom the ſurface 
of de fluid. 57 0 doi O ND 903 yd teu. 

544. If the center of gravity of J body immerſed 
in a fluid, be in the. ada ling — the commoa 
center, of gravity of its ſurfac chat ſoljd will either re- 
main at reſt, or deſcend in that vertical line ; and it 


will never be at reſt, unleſs Fs centers are i in the ſame 
vertical line. | od oH vd a 


ik 13-457 8 EC pit Bet. od N 

' 10 Im * FA F 10 180 
Ponjxs inner in Fruips, and their SPECIFIC 
GRAvATIES. % di gil od 2: 


8 


; | be Am E * * 1 R 2 17 NM. A 1 F | 000! 
"2546. The:weig or. gravities bodies. are in = — 
pound ratio of their magnitude) and dehfities. tu 


For the denſer bodies are the matter they on- 
rain, and the greater their, been les are, the more 
matter they alſo 2 0 . Therefore, 38 the 
gravities 2 10 lr quanti 
they contain, th cel ee ee the c 
ratios of their mj s tl ll. 

546. Hence Wig opal as —.— 
their, weights are as their denſities ;,, 


j thei 


are equal, they are as their magnitudes: Bu © if tho 
weights are equal, their. dene are rec we as 
their, magnitude, 142% „ 2d 85 
547. Singe the ſpecific raviry, of, 


bd of * magaitudes, they are — 


„ Tae. 


- * et ed 


——ü rw __ — _- — 
- 


the weights of tw o b. 
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denſirfeb, "Conſeyutitly, whatever Wind" 
ths defies of "bod es Thy | 
1 fer. ( <0þ XD TC 


gung e their fed 
Ne e r 


48. If a body be immerſed in A 585 it 55 Wy 


ilibrio, po of fink, AS. 1 7% eh c vi 
5 equal, lefs, V 2 thin that's rhe ald. goat 2 


For body tmmerſd'm a fluid l preſs dowtiwards 
by che force of gravity 3 but às it capriot deſcend with- 
aur moving as much of the fluid but öf its place as is 


in 


equal to it in bulk; it ij evident, that It will be preſſed 
upwards by the weight of as much of the Avid as it re- 


moves from its place; and therefore, if the fpecific 
gravity of the Body is equal ta that of che Avid ſt will 
remain/at reſt in any depth; fince 'the fluid 48900 be 
N by ſüppofition, and the force of gravity, is 

the — 152 the fame ſpace be filled by the f 10 
rae 

the ſpec ie avitybf the vod be greater than 
that of che fl fluid, 1 muſt of —— * Jetcend, b 


che exceſt of its weight above that of the fluid; aid 1 
it be lighter, it will. be 7. — 0 pwards by a greater 


force — Ke ir pd yrs to deſcend ; and 
therefore it will d With a Fg e ual to the differ- 
enee between the ip Chic" EARS ie fluid 1 its 


own. | 
of 7 body | im- 


ache Klebe che ſpecilie 
merfed;” be leſt chan chat of the fluid; it will fink fo 
much only as to fill up a ſpace, Which cbntains as much 
of 'the fluid as is equal in weight to ir, For if the body 
weighs juſt as much as the Bo Which takes up the _ 
ſpace, all the ambient parts of the fwd ok ad 


inthe ſame manner as Tf that pace was filled he 
fluid, and conſeg tly there. alt be an equilibhio b be- 
wet the fuid ad enn Pr.. 


$36; Whence, the magnitude of the whole body is is 
to the magnitude : 5 part immerſed, as the fpecift 
gravity of the fluid IR of the body; Ince when 
are equal, their and 

whic 


ET 5 


 vities s of bodies, bold or fluid, in Kae three laſt 
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which is the ſame, their — 35.5225 cific gray ties, 
ate reciprocally'a Tart: ma 22 


Fig. 12. 351. If 4 77 ſpecifically” nav th 
the fluid be imerſed an 8 60 E . 
this power will be equal to the exceſs of the — 

ne above Kat? of the fluid; he ſoc the body 
— by a force (art. 548) puke” to that ex 

552. Conſequently, if the weight of ag hq YH im- 
merſed in a fluid be ſubtracted from its weight iti che 
air,. the difference will be the weight of an equal bull 
of the fluid, and therefore is ta he weight in che air, as 
the ſpecific gravity of thie fluid is to that uf / the budy. 

Examp. Let a piece of cappep weigh g ounces in cho 
air, and 8 in water z then the difference one is to g ag 
the ſpecific gravity of water is to that of cop.] 11) 

553. Hence, if @ expreſſes the ſpecific gravity of. 
the body A, whoſe weight in water is B: and c eie 
cific gravity of water z then by the laſt corollar e 


GA + 
AB: A; A Conſequently, the, pech 
gde of bodies will be as their weights in the fs 
directly, and their loſs ! in the ſame f. qid inverſely ; ſince 
the ſpecific gravity c of the fluid is int, and AB 
expreſſes the loſs of the weight in the fluid. 
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ö - v1 Vai bu. 
N. B. 1 have beg: ſo much of 1 Cotes s table az 


may be moft uſeful to an engineer, and have added the 
cific gravities of gun metal, caſt. iron, and the dif- 
exent kinds o 82 It has been found by experi- 
ments, that à cubic foot of common water weighs 
1000 ounces averdupois; and therefore, the numbers 
in the table expreſs not only the ſpecific gravities of the 
bodies mentioned therein, but likewiſe the exact weights 
of a cubic foot of each; and by proportion the weight 
of à greater or leſs bulk of theſe bodies may be found. 

This table ſerves likewiſe to find the magnitudes of 
irregular bodies; for inſtance, ſuppoſe a piece of dry 
elm weighs 20 pounds, or 320 ounces, ſay as 600 
Ounces is to 320 ounces, ſo is a cubic foot or 1928, Cue 
bie inches to Fon, wean e. which 4 1 92 15. 
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865 5. vb ſpecific gravities of two. 7 of which 
a mixture is made being given,: as likewsſe the ſpecific gra- 
vity of the mixture, to find the quantity of. each ingredient | 
contained in that * get 


Let a, B, exprgſs ke gravities of the in 

dients, c the wei Wl of prey compound, 4 its. . wa 

gravity ; then if z expreſſes 1 the weight of the ited. 

ent whoſe ſpecific gravity is I 2 will be that whoſe 
C2 


ſpecific gravity is 53 and, =» ar will be (art. 553) 


the weights Joſt in the fluid; and < that of the mixture 


which muſt be equal to the ſum of the former, Hence, 
E 2 e =, 

— V =773 and therefore 2= He ; | 
* Let a mixture of copper and tin, weigh 
112 pounds, whoſe ſpecific gravity is found to be $584, 
that of tin 7320, and that of copper 9000; then will 
27320, +=9g000, dg 8784, c=112, and b—d= 
216, d—8=1464, and b—a=1680.., Therefore AS 


I IM =12, will be the number of pounds 


of tin in the mixivce, ad I 12—12 100, the number 
of- pounds of '$opper. © 7 \. 8 

2 6. It is alſo manifeſt, that 2 the ſpecific g ra- 
vities of the parts, that of the mixture may be found; 


STO F 


for becauſe 2=I x X— — 5 'we, get ode ade = =obe— 


} or e 22 * 
acd, by multiplication ; and d= =; . Conſe- 
ſequenitly, having the weights of the parts and. their 
ſpecific gravity," the weight of the compound being 
given, its r gravity is given likewiſe. 

557. If the weights of the en are Aled. mM, 
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fyid 73 1 to aue el much hea- 
vier, whole ſpecifi c gravity jo 7 4 then finding the 


weight of the compound, as likewiſe its ſpecific gravity, 
And Givi Vi ing the weight * of the tighter body by th 


cart. 5469 difference 5 — between the magtitudes of 


＋ EG» 2 * body, the quotient will 
pecific gravity of the lighter body. 
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ive 
x Exump. If a piece of eltn weighs 1 5 grains, having 


Joined to it 4 ited? on a8 grains; let the ſpe- 
cific gravity pf e compound * chen Vill n= 153 
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n and 4 Fa 1} Ja 073 vt : 1 2 : 4s 
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ſci gravity of elm; ſuppoſing that of coppe rro 3 5 
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2 DR AU OLI c icnhs ſence which conidert 
1 the. motion of fluids, and the forces with which 
they act upon machine. 
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558, The vecocities of water in any two vertical ſec- 
Hons AB, CD, of 4 river or canal EF, are reciprocally 
&s the arts of theſe ſefFions. Fig. 13. 
For the quaritiy of water .running- through one in 
any given time, is conſtantly equat +0 that nich runs 


through the other in the ſame time, ↄtherwiſe the water 
would riſe in one place a and fall | in another, which is con- 


MY 4 trary 


column whoſe bale. is equal to the ſection, and alt 
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traty to eee the quantity unter 


which runs thro a 


on in a given dime, is equal: to a 


the. ſpace ke by a body in dhe . 
5 velacity of che water: 1; follows, that erge- 


of water run through ſection is in the c 
tio of the ſection and velocity; therefore, ſince = 


uantities of water run through. anꝝ two. ſections, at the 
Ame time, are equal, and the altitudes of equal ſolids 


— 04) top rot oportional to their" Nes and 


as the velocities, the velocities" 4 are 
— us the Eons, donde „ Jan 

539. If a expreſſes the beigke choagh which Fa 
ing body may acquire the velocity of the water rutititn 
thro' the ſetion B, and & that thro' which a fa 
body may the velocity of the water in the 
tion CD. then becauſe che vetocities'of falling bodies 
are (art. 450) as the ſquares of che heights thro” whiclt 
they fall, we have ar: CD. AB.. Ne 


the heights. through which falling bodies may 


the velocities of running water, r as the 
re ections. 0 Am 7 
5 R E M A A Kk. % cant 


If the velogity i in every part of the ſume ſecddn vi 
the ſame, it would be an eaſy matter to find the q: 
tity of water diſcharged by a river or canal in any gi 
time ; bur experience ſhews the .contrary ; for at the 
ſides, or near the bottom, it will run much ſlower than 
in the middle of the ſtream, as being continually re- 
tarded by friction ; in order . to find: che true 
velocity by which the diſcharge is to be eſtittiated';' chat 


at the ſides, middle, and near the bottom, muſt” 


found, then the mean 'berwoen „err will be the velo- | 


city required. 9.0. 
© If for example, the Ari inthe middle of 4 Ges 
is ſuch as to carry a body over a ſpace of 12 feet in 2 


minute, near the bottom 8, and 6 at the ſides ; then 
the ſum 26 of theſe three, numbers; divided by g, gives 


| 1 3 run a through by mean velocity in a minute 
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The beſt way of finding the velocity of a ſtream is; 
to det an empty bottle cord, ſwim in ĩt i and to make 

it go hear the bottom, Totne water muſt be let into it, 
io as to be very litele ſpecifically heavier than water, and 
then to tie a piece of cork to it, which will keep it from 


ſink ing, ee che e 
det N r Sit i ec 


So 72 5 right. * 2 ABCD be 1 keys full, 
the velocity with which the water runs out at the bottom, 
will be equal to that which a falling body would acquire by 
deſcending through. the. height of the cylinder. Fig. 14. 

For ſince water deſcends by the force of gravity in the 
ſame manger as all other bodies, and there is no other 
to retard its motion by ſuppoſition; it is evi- 
dent that the velocity with which the water begins to 
run out, incteaſes gradually, till as much is run out, as 
the veſſel contains, and then becomes uniform and e- 
qual to that which a body would acquire by falling thro' 
the height AB of che cylinder. 

It may be obſerved that the linder muſt not be too 
ſmall, Nook: the adheſion! of the water to the ſides 
bes retard its motion, as appears in capillary tubes; 

ſides, this rule takes place only after the upper ſur- 
face BC. is deſcended to he bottom. 

564. It is manifeſt, that the velocity of water at the 
bottom: is conſtant and uniform; for whatever the velo- 
y of any ſection, when deſcended to the bottom, may 
that of any other which deſcends thro? the ſame 
height. _ be-the ſame. 

„ 562. If the cylinder be oblique, ſuch as 
EF GH. — velocity of the water at the bottom, will 
* be the ſame as that which runs through a right cylinder 
of. the ſame baſe. EH and altitude FL; for we have 
proved (art. 536) that the baſe EH is preſſed by the 
ſame weight as if the cylinder was upright, and there- 
fore the generating force 19 17 che n the velocity 
proven. mult be 10-409. ; 
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563. The velocity of the water at the baſe, when 
the cylinder is conſtantly kept full, is double the velo- 
city when no freſh ſupply of water is let in above. 


PR OB L E M. 


564. To find the velocity with which water runs out of 
on orifice LM made in the bottom of an upright veſſel AB. 
CD. Fig. 15. 4 

Caſe I. If the veſſel be conſtantly kept full, in AB 
take the point K ſuch as twice the ſquare of the ſurface. 
EF, minus the ſquare of the orifice is to the ſquare of 
the ſurface EF as the height AB is to AK; that is, if 
EF and LM expreſs the areas, and 2 EF! — ILM: 
EF*:: AB: AK; then the fourth term AK will be the 
height thro which a falling body would acquire the ve- 
locity with which the water runs out at the orifice, _ 

Caſe II. If the veſſel is not ſupplied with water whilſt 
that which is in it runs out; then if 3 EF. - LM»: 

EF*:: AB:: AK; the height AK will be ſuch as a bo- 
y falling through ir, would acquire the velocity with 
which the water runs out at the orifice, | 
As the demonſtration of this problem depends on the 
ethod of ' fluxions, we. ſhall refer the reader to our 
[reatiſe on that ſubject, ſoon to be publiſhed. g 
565. Hence, if the orifice is but ſmall in compariſo 
o the ſurface EF of the veſſel, then 2EF* may be 
ken for 2 EF*, LM» in the firſt, caſe, without any ſen- 
ible error in practice; and therefore 2 EF* : EF* : AB: 
K = + AB, which agrees with Sir Iſaac 'Newton's' 
le“. And when the orifice is equal to the ſurface. 
F; that is, when the veſſel has no bottom, then the 
roportion in the firſt caſe becomes EF“: EF* : : AB: 
KAB, which agrees with what has been demoſtrat- 
in art. 560, * 9225 10 
And in the ſecond caſe the proportion becomes 2EF*: 
F.:: AB: AK = 4 AB, which agrees with what has 
en ſaid in art. 363. | | 725 
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666: It is therefore manifeſt, that the velocity of wa- 
ter running out of an orifice in the bottom of a veſſel 
kept conſtantly full, can never be leſs than that acquir- 
ed by a falling body through half the height of the wa- 
ter above the orifice, nor greater than-that acquired by 
falling through the whole height. | | 
567. If x exprefles the height through which a body 
falls from a ſtate of reſt, in a ſecond of time, and 
AK =I; then the velocities acquired by a body falling 
through the heights x, 5, will be (art. 450) as their 
fquare roots. And becauſe a body deſcribes a ſpace 
double, (art. 451) uniformly with the velocity acquir- 
ed in the fall at the ſame time; it is evident that the ve- 
locity V x is to the velocity b, as the ſpace 2 de- 
ſcribed uniformly with the velocity acquired in a ſecond, 
2x4/Þ | 


is to the ſpace or 2 77 deſcribed uniformly 


a * | | 
in the fame time with the velocity acquired by falling 
thro' the height AK. . 

568. Since the quantity of water diſcharged through 
an-orifice in any given time, is in the compound ratio 
of the velocity and the ſurface of the orifice; if we call 
© the orifice LM then will 2 © % x þ expreſs the 
quantity of water diſcharged in a ſecond. 

569. Becauſe a body falls through a ſpace of 16.1 
feet, or 193.2 inches, from a ſtate of reſt, in a ſecond, 
in the latitude of London; if we ſuppoſe x = 193.2, we 


ſhall have 2 © 193. zb, for the quantity of water 


- diſcharged in a ſecond, expreſſed in inches, ſuppoſing 


ay 1 AK, and the orifice LM, to be expreſſed in 
Inches. ; 2 5 

570. Since a body falls through a ſpace of 15 feet, 
or 180 inches, French meaſure, in a ſecond, in the la- 
titude of Paris, as has been found by experiments, if 
we ſuppoſe x = 180, then will 2 © % 180 expreſs 


the quantity of water diſcharged in a ſecond in French 


E X AM- 
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571. Let the height of the water in a reſervoir, above 
the orifice, be 13 feet French meaſure, and the diameter 
of the orifice .25 parts of an inch; then becauſe the ori- 
fice is but ſmall, in colpariſon to the breadth of the 
veſſel, we may ſuppoſe (art. 565) þ = 6.5 feet, or 5 
= 78 inches, Therefore 180þ=14040, or Io 
118.47 Arid ſince the diameter of the orifice is .25 
inches, its area © will be=.049. Hence, if theſe va - 
lues are ſubſtituted into (art. 570) 2 © F// 180b we 
ſhall have 11.6 cubie inches of water diſcharged in a ſe- 
cond, or 11.6 x 60=696 inches in a minute. 

Mr. Mariotte has found * by ſeveral experiments, 
that a reſervoir of ſuch dimenſions as we have ſuppofed 
here, diſcharged 14 pints of water in a minute, or be- 
cauſe he ſuppoſes 35 pints in a cubic foot, 691.2 cubic 
inches; which comes very near to what we have found 
by ort. The experiments will always give leſs 

n the true quantity, if the water is not let run till 

as acquired its due velocity, 


EXAMPLE II. | 

572. Let the height of the water in a teſervoir be 25 - 
inches Engliſh meaſure, and the orifice a ſquare inch; 
by ſuppoſing þ=12.5, and © = 1 we ſhall have (art. 
369) 2 © 193. 2b, =98 cubic inches nearly, 
Dr. Deſaguliers has found Þ by repeated experiments, 
as he ſays, that a veſſel filled with water to the height 
of 25 inches, diſcharged 5.2 tuns in "hour, through 
a ſquare orifice'of an inch. Now becauſe a tun of wine 
meaſure contains 58212 cubic inches, 5.2 makes 
302702.4 cubic inches, which being divided by 3600, 
the number of ſeconds in an hour, gives about 84 cubic 
inches of water diſcharged in a ſecond, which is leſs by 


14 inches than what the theory gives. 


Fb 


® Regles des jets d eau, p. 486 . 
+ Page 128, vol. II. Sons 
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Ass the Dr. has not given the breadth of the veſſel, 
nor mentioned what meaſure he uſed, it is hard to know 
from whence this great difference ariſes. © But as our 
theory agrees with Mr, Maridtt#'s experiments, which 
are known to have been made with great care and ex- 
actneſs, I am ſatisfied that the fule we have laid down 
will always anſwer nearly ſuch experiments as are made 
with accuracy. . 

If the orifice be made in the ſide of the veſſel, the 
rule laid down in the laſt problem will hold good i in 
this caſe likewiſe, provided the mean velocity be taken; 
for the water will run faſter near the bottom than above, 
when the orifice is but ſmall, the height of the fall may 
be taken from the center; but when it is large, the 
mean velocity muſt be found in the manner ſhewn by 
authors. 

If the veſſel be oblique, and its width taken hori- 
zontally every where the ſame, the foregoing rule will 
ſtill hold good. For it has been proved (art. 336) 
that the bottom of ſuch veſſels, or any horizontal fe 
tion, is preſſed in the ſame manner as an upright of 
of the ſame baſe and altitude ; and therefore the gene- 


rating force being the ſame, the velocities generated 
mult be equal. 


* 


THEOREM. 


— 3. If to an upright veſſel ABCD, there be joined a 
vertical tube EF, and in FE produced upwards, * point 
K be taken in ſuch a manner, that a body falling through 
the height KE, acquires the velocity with which the water 
runs into the tube, KF will be the height through which a 
F. F holy acquires the velocity of the water at the orifice 

ig. 16. 

For it has been proved (art. 360) that the velocity 
acquired by the water in the deſcent through a tube is 
equal to that acquired by a body falling thro? the ſame 
height. Therefore the velocity of the water, acquired 
by deſcending from the veſſel through the tube, is equal 
to that of a body * thro' the height KE. 


1HEO. 
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574. If to an upright veſſel ABCD, an horizontal tube 
DEFG is joined; the velocity with which the water runs 
out at-the orifice GF, will be as the ſquare root of the dif- 
ference between the beight EK through-which a falling bo- 
dy acquires the mean velocity with whith the water enters 
the pipe, and a part of the tube DG, which is in a con- 
ſtant ratio to the whole length. Fig. 17. 8 

For it is evident that the water Would run out of the 
orifice DE, in the ſame manner as if it were in the bot- 
tom, if the water in the tube DF did not retard its mo- 
tion; but this obſtacle is in proportion to the quantity 
of water in that tube, or becauſe it is of an equal big- 
neſs, as the length DG; and ſince the motion of a 
body falling through KE, is every where retarded, the 
velocity at the orifice ED will, of courſe, be leſs than 
if there was no obſtacle; and therefore the velocity at 
the orifice GF, is as the ſquare root of the difference 
between the height EK, and a part of the length DG of 
the tube, which is in a conſtant ratio of the whole. 

The reſiſtance of the motion in the horizontal pipe 


is not only owing to the quantity of water in it, but 


likewiſe to the friction of the water againſt its ſides z 
but as this reliſtance is likewiſe proportional to the length 
of the pipe, the whole reſiſtance which retards the 'mo- 
tion of the water, will ſtill be proportional to the length 
of the pipe. | | 

In the conduct of water from one place to another, 
where the pipes aſcend and deſcend, wind and turn 
about, it is impoſſible to give any certain rule for the 
quantities of water diſcharged, we ſhall add ſome ob- 
ſervations, uſeful in the conduct of water. In pipes 
which riſe and fall, the air that gets in with the water, 
riſes to the higheſt parts and there it remains, whereby 
the motion of the water is mueh retarded. To remedy 
this, ſmall vertical pipes are inſerted in thoſe places, 
with cocks to let out the air when the motion of the 
water begins to diminiſh. It happens likewiſe, that when 
the water in the reſervoir is muddy it leaves dirt in the 


R pipes, 
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pipes, and ſometimes choaks them up; in ſuch a caſe 

bellowſes are uſed to force them, by which they are 

cleared again. | 
; THEOCES AMA 

' 675. Fa tube EFGHI be fixed to the bottom of a re- 
ervoir ABCD, and the point K be ſo taken in the line 

F produced upwards, that @ body falling through the 
height KE may acquire the velocity with which water runs 
into the tube; then the water will run out of the orifice | 
with a velocity equal to that of a body falling through the 
height of the point K above the orifice. Fig. 16. 

For the velocity of the water in the loweſt part F, 
will be equal to that acquired by a body falling through 
KF; and ſuppoſing the horizontal part FG of the pipe 
to be but ſhort, it will riſe in the vertical part GH, 
with the velocity at F, and loſe as much of its velocity 
in the aſcent (art. 453) as a body would acquire by 
falling through the height HG. If therefore the hori- 
zontal line LH be drawn, the water will loſe juſt as 
much of its velocity in the aſcent through GH, as it 
acquired by deſcending through LF, and conſequently 
will run out of the orifice H, with the velocity acquired 
by a body falling through the height KL of the point 
K above the orifice. 
576. Hence it is evident, that if the vertical part 
GH is but ſhort, and the orifice upwards, the water 
will riſe nearly to the ſame height with the point K; for 
the reſiſtance of the air, and the friction in the pipe, will 
diminiſh the height of the water by ſome ſmall matter. 
Thoſe who made experiments on jets of water have 

neglected the dimenſions of the cyſterns or reſervoirs, 
ſa that it is not poſſible to kg how much the riſe will 
be leſs than the fall; they M imagined that it ſhould 
be as high as the ſurface of the water, becauſe they 
took this height to be that through which a falling bo- 
dy acquired the velocity of the water z experience has 
indeed ſhewn, that it does not riſe ſo high; but the 
defect was attributed to the reſiſtance of the air and 


that of the tube; though the difference between = 
riſe 
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riſe and fall of water is not ſo much, conſidering the true 
height of the fall; yet it is certain that the reſiſtance 
in the tube, and that of the air, diminiſhes the riſe in 
high jets, very conſiderably. It is a common thing to 
fix a ſhort braſs tube to the orifice, of about an inch 
long, and of a leſs diameter than the other pipe, or 
only a thin plate of braſs with an opening; this laſt is 
eſteemed the beſt, on account, as it is ſaid, that the 
reſiſtance is almoſt nothing through this orifice, and 
to make it riſe to its full height the gets are ſome what 
inclined from the vertical, ſo as hardly to be percepti- 
ble by the eye, that the water above may not fall back 
upon that which riſes, and hinder its motion. | 

The - pipe through which the water deſcends, is 
made larger than that through which it aſcends; but 
the proportion is not certain, and is chiefly gueſſed ar 
by the writers of experiments. . 1 

Mr. Belidor will have it * that the velocity with 
which the water runs out at the orifice I, is to be ex- 
preſſed by the difference of the ſquare root of the deſ-_ 
cent KF, and that of the aſcent GI; contrary to all 
other authors, and to what we have proved in the laſt 
theorem; and he thinks, (art. 1211) that when the 
aſcending part of the tube GH is the? of KF, the wa- 
ter will run out of the orifice with a greater velocity 
than if it were of any other, but this is as erroneous 
as the former; for it is plain, even according to his 
own principles, that the leſs the height GH is, the 
greater that velocity will be, and therefore when GH is. 
very ſmall, or nothing, the velocity at the orifice will 
be the greateſt of all, fince it is then equal to that ac- 
quired by a body fallingthrough the height KF. 


Bonits moved y FLV DIS. 


T. HEO REM. | 

577. If a plane ſurface be perpendicular to the fiream 

of any fluid, the impreſſion of the fluid on this plane will 

oi N Arcbitechure byd. vol. 2. book 4. art. 1225. RT 
ä 


be 


* 
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be in the compound ratiq of the ſquare of the velocity and 
the ſurface preſſed. - HELL 
For with twice the velocity the impreſſion of each 
particle will be double, and twice the number of parti- 
cles will ſtrike the plane in the ſame time, ſetting aſide 
all impediments, and with a triple Velocity, the im- 
Preſſion of each particle will be triple, and three times 
the number of particles will ſtrike he plane in the ſame 
time: Therefore the impreſſion will be quadruple with 
twice the velocity, nintuple with thrice the velocity, 
By the ſame way of arguing, the impreſſion will always 
be found to increaſe, in the ſame proportion as the 
{quares of the velocities : And becauſe the ſurface of the 
plane expreſſes the number of particles ſtriking at the 
ſame time; it follows, that the ſum of all the particles 


ſtriking the plane in any given time, or the impreſſion - 


of the fluid on the plane, is in the compound ratio of the 
ſquare of the velocity of the fluid, andtheareaof the plane. 
578. Hence, if the ſurface be oblique to the direc- 
tion of the ſtream, the abſolute force of the particles is 
to the part ſtriking the plane in a perpendicular direc- 
tion, as the radius is to the fine of the incident angle, 
by art. 446 and the number of particles, which would 
ſtrike the plane directly, is to the number of particles 
ſtriking the plane obliquely, as the radius is to the line of 
the incident angle ; it follows, that the ſquare of the ra- 
dius is to the ſquare of the ſine of the incident angle, as 
the abſolute force of the fluid is to the part with which it 
ſtrikes the oblique plane. at 
579. Becauſe the abſolute force of the fluid with 
which it would ſtrike the plane in a perpendicular direc- 
tion, is as the product of that plane and the ſquare of 
the radius; the relative force of the fluid with which it 
ſtrikes that plane in a direction oblique, will be as the 
product of that plane, and the ſquare of the ſine of the 
incident angle. 
580. If a fluid ſtrikes a plane which is in motion, in 
a perpendicular direction, it is evident that each parti- 
Cle ſtrikes that plane with a velocity equal to the. diffe- 
rence 


7 


* 
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rence between (art. 465) the velocity of the fluid and 
that of the plane; and conſequently the impreſſion of 
the fluid on that plane, will be as the ſquare of the dif- 
ference between the velocities of the fluid and that of 
the plane. | * 7 


PR O B L. E M. 


581. To find the greateſt momentum poſſible of a plane 
ſurface moved by a fluid. © 

Let @ expreſs the conſtant velocity of the fluid x, the 
difference between the velocities of the fluid and that of 
the plane; then becauſe xx, expreſſes (art. 580) the 
force of the fluid againſt that ſurface, and this force 
multiplied by the velocity a—x of the ſurface gives 


ax -x! for (art. 245) its momentum; it is evident 


that this expreſſion axx—x3, ought to be the greateſt 
poſſible, which is when (art. 249) 3x=24. Conſequent- 
ly, when the velocity (4—x) + 4 of the plane is one 
third of the velocity of the ſtream, it will have the great- 
elt momentum poſſible. Ce Wt 
582, Hence, becauſe xx expreſſes the force of the 
fluid, which becomes (xx=) 5 aa, when it produces. 
the greateſt momentum poſſible. If there be a plane, 
ſuch as the pallets of a wheel, which moves an en- 
vine; and this engine being charged with ſuch a weight 
P, as will be juſt in equilibrio with the preſſure of the 
water; it is evident that P= xx; and when the engine, 
has the greateſt momentum poſſible, we have P= +5 ag. 
Conſequently, when the engine is firſt. charged with a 
weight, ſo as to remain in equilibrio, and then with the 
*th of that weight only, it will produce the greateſt ef- 
fect poſſible. | | 

When a plane ſurface is moved by a fluid, and 
turns about an axis, ſuch as the pallets of a water wheel, 
there is a point in that plane, which being ſtruck by the 
whole force of the fluid, will produce the ſame effect, 
as if every part of that plane were ſtruck by its reſpec- 
tive force. This point is called the Center of Percuſ- 
ſion; I have given a general method for finding this 
9 : center 
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center in my Treatiſe of Conic-ſe&ions, page 159; but 
as it depends on the method of fluxions, we ſhall not 


attempt to give a demonſtration here, but refer the rea- 
der to that book. | . 


SECT. VII. 


PNEUMATIC SS. 
A air has a conſiderable ſhare in the effects of 


pumps, ſyringes, fire- engines, barometers, and 
eſpecially in the effects of gunpowder, it is neceſſary to 
explain here, in a few propoſitions, its principal pro- 
perties, as far as they are uſeful, leaving thoſe which 
are more curious than neceſſary in machines, to other 
authors, our chief deſign being to write for the practi- 
cal reader. 

2... 5 -$$+S OR BT 5 

58 3. Fall the particles of air have the ſame elaſtic 

force, the force of compreſſion is as the denſity. ' 
g For ſince the particles are all endued with the ſame 
elaſtic force, by ſuppoſition, the compreſſing force muſt 
be as the number of particles preſſed; but equal bulks 
of air, whoſe denſities are twice, three times, four 
times, greater than that of another of the ſame bulk, 
contain (art. 546) twice, thrice, four times the number 
of particles; and in the ſame manner it is proved, that 
the denſity is always proportional to the number of par- 
ticles preſſed. Therefore the force of compreſſion is 
as the denſity. 

584. Hence, fince the quantities of matter contained 
in a body is as (art. 545) its denſity and magnitude 
conjointly; if the ſame quantity of air be contained in 
different ſpaces, the denſities are reciprocally as the ſpa- 
ces in which they are contained; and ſince we have 
| proved that the compreſſing force is as the denſity, it 

Follows that the compreſſing forces are reciprocally as 
the ſpaces, which contain the ſame quantity of air. 


Fig. 27. 585. Hence, if a cylinder ADHE is Oy 
wit 


I 
I 
{ 


wag 4 
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with air, and that quantity of air be reduced to the ſpace 
ACGE, or to ABFE, the force which retains the air ia 
the ſpace ADHE, is to the force which retains it in 
the. ſpace ACGE, or ABFE, as the height AC or AB 
is to the height AD of the cylinder : For theſe ſpaces 
having the ſame baſe AE, are to each other as thei al- 
titudes. * | 

586. If AK be 1 to AD, and with tne 
aſy mptotes AD, AK, there be deſcribed an equilateral 
hyperbola LMN, by drawing any where the lines BL, 
CM, DN, perpendicular to AD; then the compreſ- 
fing forces which reduce the fame quantity of air into 
the ſeveral ſpaces ADHE, ACGE, ABFE, are as the 
correſponding perpendiculars DN, CM, BL. For be- 
cauſe AD: AB:: BL: DN, by the (art. 331) proper 
ty of the hyperbola; and AD is to AB (art. 583) re- 
ciprocally as the compreſſing forces at BF to the com- 
preſſing force at DH; we have BL to DN as the 
compreſſing force at BF is to the compreſſing force at 
DH, by equality of ratios. a | 

587. Since the rarity of an homogeneous fluid is re- 
ciprocally as the denſity, and AD: AB:: BL: DN; 
by the above noted property of the hyperbola, the ra- 
rity of the ſame quantity of a fluid contained in ABF 
is to its rarity when contained in ADHE, as AB is toAD. 

588. Since AB decreaſes as BL increaſes, it is evi- 
dent that when AB becomes indefinitely ſmall, BL be- 
comes indefinitely great; and therefore an elaſtic fluid 
may be compreſſed ad infinitum, provided a ſufficient 
force could be found to do it. | 


e 
589. To find how much the air is rarified in a receiver, 
efter any given number of turns. _ 3 
Let the capacity of the receiver be to that of the bar- 
rel of the pump, as c to 1; then becauſe the air will be 
rarified by any one of the turns in the ratio of the ſpace 


e to the ſpace 1 + cz that is, it will be rarified 17 Js 
| C 
times 
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times in two turns, 1+ in three, and, in general, 
— c 12 ; | 
A times in u turns. 
5 
If the capacity of the barrel be equal to that of the 
receiver; that is, if c=1, then will 2* expreſs the 
number of times that the air is rarified. If for exam- 
ple, n=10, then will 2*=1024. Hence, in ten turns 
the air is 1024 times rarified. 
590. Hence, if it be required to find the number of 
turns, ſo as to rarify the air any certain number r of 


times; then will ! 4 = 73 or by the noted proper- 


ty of logarithms, we have mic Ir; or nl ITI. e 
Ir 6 | 


II -I. 


*. Hence 2 


Examp. Let r ioo, c=1; then will r= = 6.6; 


ſo that in ſix turns, and ſix-tenth part of a turn, the 
air will be 100 times rarified. | 


THEOREM. 


591. If a glaſs tube, of about three feet long, be filled 
with quickſilver, and its orifice covered with a finger; by 
inverting the tube, and immerſing the end ſtopped with the 
finger in a veſſel filled with quickfilver, upon the removal 
of the finger from the orifice, the quickfilver in the tube 
will deſcend till its weight is in equilibrio with that of the 
ambient air. | 

For becauſe the upper end of the tube is ſtopped, 
the air cannot preſs upon the quickſilver in the tube, 
but preſſing the ſurface of that in the veſſel, with a 
force equal to its own weight; and the quickſilver in the 
tube preſſes alſo that ſurface by its whole weight; it fol- 
lows neceſſarily, that the weight of the quickſilver in the 
tube muſt be in equilibrio with that of the ambient air. 

592. Hence it is manifeſt, that the weight of the 

| quickſil- 


the hei 


= 
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quickſilver | in the tube, above the ſurface of that in the 
veſſel, is equal to the weight of a column of air of the 
ſame baſe with the tube, and whoſe altitude s equal to 
ght of the atmoſphere. WH 

593- The weight of the air varies at different times 3 
for the quickſilver in th& tube is found to riſe and fall 
from the height of 31 Inches to 28, which variation 
muſt be owing to the different preſſures of the air on 
the ſurface of the quickſilver in the veſſel, fince the 
weight of the quickſilver remains the ſame. 

N. B. It is upon this principle that the barometere 


and other weather - glaſſes are made: For a barometer 
is nothing elſe but a glaſs tube of about 32 inches 


inverted into a veſſel filled with quickſilver, and the 2 
terval between 31 and 28 inches, from the ſurface of the 
quickſilver in the veſſel, being divided into any number 
of equal parts, by which the riſe and fall of the quick- 
ſilver in the tube, and, conſequently, the different N 
ſures of the air, are diſtinguiſhed. 

594. Hence, the weight of a column of air of any 
given baſe may be computed. For fince a cubic foot 
of quickſilver weighs 14000 ounces, or 875 pounds, ac- 
cording to the tables, (art. 554) when the quickſilver 
ſtands at the height of 30 inches, or 2.5, feet; a column 
of quigklilver, whoſe baſe is a ſquare foot, and its al- 
titude 28g feet, will weigh 2. 5 875, or 2187.5 pound*z 
which is therefore alſo the weight of a column of air at 
that time, ſtanding on a baſe of a ſquare foot. "1919 

The ſurface of a middle-ſized man is computed to be 
about 15 ſquare feet; and therefore the weight of the 
air which preſſes ſuch a ſurface will be 15 X 2187.5, or 
32812.5 pounds. 

From whence it ſeems to be ſurprizing that we ſhould 
not perceive this great preſſure z. but it muſt be conſi- 
dered, that we are every where preſſed alike, gy" which: 
it is felt no where; whereas if it was taken away in any. 
part, it would be fo great as we ſhould be hardly able 
to bear itY+ for by laying a hand on the mouth of the 
ar pump, in a few t turns "8 preſſure appears ſo great, | 

C at 
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that if more air was pumped out, it would break the 
hand. | 2 | N | 
595. If a tube be filled with water, or any other fluid, 
end immerſed into a veſſel full of the ſame fluid, with the 
open end downwards ; the height to which that fluid will 
riſe in the tube, will be to the beight of the quickfilver in 
the barometer at that time, reciprocally as the ſpecific gra- 
vity of the quickfilver is to the ſpecific gravity of the fluid. 

For becauſe both the fluid and the quickſilver in the 
tubes being in equilibrio with the fame weight of the 
ambient air, their weights muſt be equal to each other; 
bur: the weights of bodies are in the compound ratio 
(art: 545) of their denſities and magnitudes, and the 
columns of the fluid and the quickſilver, which have 
equal baſes, are as their altitudes, and the ſpecific gra- 
vities (art. 547) as the denſities: It follows, that the 
height of the fluid in the tube is to the height of the 
quickſilver in the barometer, as the ſpecific gravity of 
the quickſilver is to the ſpecific gravity of the fluid. 

596. Hence, ſince the ſpecific gravity of water is to 
that of quickſilver as unity to 14; when the quick ſilvet 
ſtands at 30 inches high, if we ſay, 1: 14:: 30:420, this 
fourth term will expreſs the height to which water will 
riſe in a tube at that time, expreſſed in. inchegyg"or the 
water will riſe to the height of 35 feet at that tithe: But 
if the quickſilver ſtands at 28 inches, then the water will 
only riſe to the height of 32.5 feet. , 

597. Hence, water can be raiſed no. heigher than 
about 34 feet, by means of a ſucking pump; becauſe 15 
chis pump draws the air out of the pipe, by which the 

reſſure of the ambient air forces the water to riſe to . 
fuch a height, as to be in equilibrio with that preſſure, 


which has been proved to be about 34 feet at a medium; - 

and therefore the water cannot riſe higher. For which 8 

reaſon, if it be required to riſe it to a greater height the 4 
forcing pump muſt be uſed. | * 

| PR OB LE IM; 8 

598. Fa tube be filled with quick/ilver, or any other in- , 


compreſſi- 
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compreſſible fluid whatſoever. all but a part e f, which ne- 
mains filled with air; when the tube is inverted, and its 
orifice immerſed in a veſſel filled with the ſame fluid, it is 
required to find the beigbt b c to which the fluid will riſe. 


Fig. 28. h | 
Fi Id be the height to which the fluid would iſe, if 
no air was included in the tube; then the preſſure of 
the atmoſphere upon the ſurface of the veſſel would be 
(art. 592) balanced by a column 4d of the fluid; but here 
it is balanced by the weight of the column + c, and the 
reſſure of the included air in c e downwards; the weight 
of the column 3d is therefore equivalent to the weight 
bc, and to the elaſtic force of the air in ce. Whence, 
if the column þ c be taken away, which is common to 
both, the weight of the fluid in cd will be equivalent 
to the elaſtic force of the air in ce; but when the air is 
in its natural ſtate, it ballances the weight of the fluid 
in 5d; and this weight is to that in cd, as bd to cd; 
and by the elaſticity of the air, the force, when confin- 
ed in ef, is to the force when confined in ce (art. 585) 
as ce is to fe, Conſequently, bd: cd::ec:ef, by 
equality of ratios. l 
If de be biſected in g, and we ſuppoſe id b, ef c, ge 
or g d Sa, and cg x; then will.c d= e-, e c=x +43 
and by ſubſiſtuting theſe values into the proportion 
above, we get 5: x—84::X + 4c, or, be =xX—4aa;, 
therefore x V aa + bc. 7 
Examp. I. Let the length be of the tube be 35 inches, 
and the height + d=30; then will ef=5, and gd==2.53z 
whence, by making a=2.5, b=30, c==5, we get cg 
6.25 + 150=12.5, and gc —gd=12.5—2.5; or. 
cd=10, and þb c=20. | 4.4 
Examp. II. Let the height he of the tube be 36 in- 
ches; 5 d= zo, and let the quantity of air ef be requi-. 
red ſo as the quickſilver may riſe 18 inches; then be- 
cauſe de 6, g d= 3, cd= 30—18=12, we have 43. 
xX=15, 6=30; and therefore the equation þ c=xx—aa, 
KX—4aa f 


gives 27 inches, for the height e f of 
Fl When 


ne git required. 


© 
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Fig. 29. When the length of the tube is leſs than the 
Height to which the fluid would riſe; the ſame equation 
will ſtill hold good. For if the length of the tube e = 23 
inches, ef=2, and the height 5c to which the fluid will 
riſe; then by ſuppoſing d= zo, we get #4 - eg de 
2, gra, 3.5, b=30, and cg, or x VI. 25 ＋ 60 
8.5; hencecg+gd=ed=12, and bc =18, 


PR OB L E M. 


549. To find' the altitude to which the quictſilver will 
riſe when there is a given quantity of any other fluid in the 
ſame tube. n | 

It is evident, that the ſum of the weights of the quick- 
filver and the fluid, is equal to the weight of the am- 
bient air, or to the column of quickſilver, which is 
equal in weight to the air: If therefore. the height of 
the column of quickſilver, equal to the column of the 
fluid, be ſubtracted from the column of quickſilver 
which ballances the weight of the air, the difference 
will be the height to which the quickſilver will riſe in 
the tube, being charged with that quantity of the fluid, 

If a expreſſes the height of the fluid, x that of quick- 
filver, whoſe weight is equal to that of the fluid, and 
the height of the quickſilver, which ballances the 
preſſure of the atmoſphere, then will 5—x expreſs the 
height of the quickſilver in the tube, and a + - that 
of the quickſilver and fluid together. 

No if m is to n as the ſpecific gravity of the quick- 
filver is to that of the fluid; then becauſe theſe columns 
have the ſame baſe, they are as their altitudes ; and 
fince the weights are as (art. 545) the ſpecific gravities 
and magnitudes conjointly, a will be the weight of 
the fluid, and m & that of the quickſilver, which is 


equal to it; and therefore m x=a n by ſuppoſition, or 
. This value being ſubſtituted into Y, and 


b + a—x, gives —5 for the altitude of the quick- 


ſilver 7 
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Fig. 29. When the length of the tube is leſs than the 
Height to which the fluid would riſe; the ſame equation 
will {till hold good. For if the length of the tube be—2 3 
inches, ef=2, and the height 5c to which the fluid will 
riſe; then by ſuppoſing d= zo, we get 6d — be=dae 
=, ge 4, 3.5, b=30, and cg, or x Vi. 25 ＋ 60 
28.5; hence cg+gd=ed=12, and bc =18, 
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549. To find the altitude to which the quick/ilver will 
riſe when there is a given quantity of any other fluid in the 
ſame tube. > 5 8 | 

It is evident, that the ſum of the weights of the quick- 
ſilver and the fluid, is equal to the weight of the am- 
bient air, or to the column of quickſilver, which is 
equal in weight to the air: If therefore the height of 
the column of quickſilver, equal to the column of the 
fluid, be ſubtracted from the column of quickſilver 
which ballances the weight of the air, the difference 
will be the height to which the quickſilver will riſe in 
the tube, being charged with that quantity of the fluid, 

If a expreſſes the height of the fluid, x that of quick- 
filver, whoſe weight is equal to that of the fluid, and 
the height of the quickſilver, which ballances the 
preſſure of the atmoſphere, then will 5—x expreſs the 
height of the quickſilver in the tube, and a + b—x that 
of the quickſilver and fluid together. 

Now if m is to # as the ſpecific gravity of the quick- 
filver is to that of the fluid; then becauſe theſe columns 
have the ſame baſe, they are as their altitudes; and 
fince the weights are as (art. 545) the ſpecific gravities 
and magnitudes conjointly, a will be the weight of 
the fluid, and m that of the quickſilver, which is 


equal to it; and therefore m xn by ſuppoſition, or 
. This value being ſubſtituted into þ—x, and 


b + a—sx, gives b—— for the altitude of the quick- 


ſilver 2 
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flyer; and ach berg, for: that. ofthe. quickfiver and 
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1 FEE: the ee a br heigh 
ef 48 inches, and the Heiglit of the- 

deere 50 ar dit Tani dicke, dee erde mn i i 

US 144 Sh 5 , accorditty the" 5 of I 

77 „e k e oo = 28, N. Soon 44.9 Rl = 

28, for the cheig hr of e, deckten and 214 

chi bus d ei pike ru ad 0141 DY210T ad 07 
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WY ING 1 the P Prat lad don i 
ſuctiom to ſotne uſefu ſubſect, 1 Sage 
be 6 do the fame here, in 49 to hydrau; 


b bät becauſe of Id great extent it if ifnpollpſe t 


11 1 the Partithlars in ſuch a fk, 1 this, 
be content to [the nature oo fe. of pum F 

6 Bang the oft fimple, and ar the: "\itne- tim 
the 3 of Al byürkelte mackin O11 74 HV nb 


re act tte fortdthe” ſucking 1 Ante te, 1 5 
de fortidg: pump; Filkalt's ive 4 5 ion Of ede 


pail er havithy fig bet eng the 


o. The body ABCD of the 1755 $5 called rhe 
bare 99. Th is a Hollqw cylinder, made bf braſs, cop 
metal, a com iron of lead and co A 50 
wezgf made Gf esd Hh cl, t hard lest That is, the par- 
rel ix made of any fabſtance which may 15 made ſinoot | 
wichin; the wobden bnes are made only for theapneſs. 
Tune fucking pipe EADF, is that Which goes from 
the barrel n hto che water, which is generally 
widened at the lower end, to give a free paſſage for the 
water to enter; there is fixed a thin iron plate at the 
entrance, full of holes, to prevent the dirt from getting 
into the pipe. This is made of any kind of hard or ſoft 
- iſ - ſubſtance, 


| 
| 


op and cloſe to the barrel, & 
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ſubſtance, as wood, lead, or caſt iron; becauſe it re- 
quires not to he ſo ſmooth within zg the barrel. Theſe 
two cylinders are joined together at AD by two flat 
rin s caſt with . called Bridles, ſcre together 
with four ſcrews, and to prevent the air or water from 
Pune g between, Lay of 1 is put into the Joint, 
hich-is here ſt ker than the 5 Pipgs But When 
che pump is ma 2 of wood, the barrel and ſucking 
ipe are both made of the ſame piece, or the ſucking 
pipe is leſs than the barrel, and ita end ſharpened fo as 
to be forced into the barrel, which is bound with an 
iron hoop to. prevent its ſplitting: : Common pump 
are often made of a ſingle leaden pipe. 
The Piſton is a ſolid a hc, which moves in the bar 


rel by means of a power applied to ꝝn iron rod e, fix- 


ed to the handle 4d, there are two. ſorts of piltons--the 


one hollow within, ſuch as are e in g. 30 
and 313 where the cavity is mark ith two pricked 
lines which is called Bucket, Ph which there arg - _ 
Kinds; the moſt ſimple of . Wen why 95 


uſed in ordjaary pumps, «make 
4 . 5 2 go, ne fm 


of a trunkated. cane, with, 
having an iron hoop or ci hn þ end, to prevent boy 
wood from ſplitting ; and about the upper part #« 1 

faſtened a piece of ww leather; reaching a little 4 
bove the wood, by two rows g to keep the bucket 
as no water or air Al 


all 


MA ee em. 
he cavity of the bucket is covered by. a V alve 15 
which is a round piece of leather, exceeding the dia- 
Dr of the hole ahout an inch, and having a tong ot 
1905 an one ſide, which being nailed on the bucket 
lerves, as a wing for the valve to turn about; and 9 
prevent. the leather from bending, a thin plat of iron 
5 put over it of the ſame — a and 2 


another under it, of the bigneſs of the cavity of 2 
bucket, all three rivetted together, or faſtened with 
(crews, 
In ſucking pumps, where the ; weight of the wat 
_ above 


Q BEAD 53 e732 


oh 


the 
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above the bugket is not very great, & piece of lead 5g) 
aal / faſtened td the leather by a ſtrew, ſueh as is repre+ 
ſented here at g to make the valve ſhut hy its on 
weight. Theſe buokety: will be ſuffieient in ordinary 
pumps, being beſides th cheapeſt; but in larger ones 
the heſt way of making them is as follow s -!- 1! 
Fig. 33. laſteadof the wooden ey linder, or rathep 
| conti let there: be a braf-one m u, with a 
beim ſor ptojection kl at the uppor dnd of about half 
an inch broad, and ſo as to project the lower: part hy 
the thickneſs of ſtrong leather, che: part x m bald this 
brim is covered with:ftrong leather, faſtened with an 
iron hop m funk into-the leather ſo as not to project 
- dtn er „eln. Ut eig eit bas 
There is 4 braſs barr at each end, caſt with-the: buc- 
ket, ſuch aa is feen at the upper end k 1; with à ſquare 
hole in the middle to receive the iron rod or handle of 
tha piſton, The valve of this bucket js a rund piece 
of leather; nearly equal in diameter tu that of the buc- 
ket, on each ſide oß which are faſtenedi two equal iron 
plates, witk rivets: or ſcrews in the form of a ſegmem 
of a circle, fo as to leave the breadth of tbe harr k of 
the leather uncovered, which ſerves as a joint to both 
parts to turn about; this — the leather uncovered 
laid on the barr kl, and faſtened cloſe to it by the iron 
piece-n8,. fig. 34, fo that one end t being. placod at k, 
the other u will be at |; the lower end r of this iron 
goes through the ſquare holes of both bars, and is faſ- 
tened underneath with a key, and to the upper end s is 
fixed the iron rad by which the piſton is moved; 
The two ſegments of the valve riſe together by the 
of the water coming through the bucket, and 
ean againſt the iron er s; and when the bucket aſcends, 
fall back again and ſhut the cavity of the bucket. 
Fig. 32. The ſolid piſton 45 c uſed in forcing pumps. 
is a folid cylinder of wood or braſs, ſomewhat leſs in 
the middle than at the ends, to receive a: leathera-col- 
lar, which is nailed on it, when the cylinder is of wood, 
ſuch as is repreſented here; ſo that the whole together 
| U 2 keeps 


” au —-- xp —ů— — 
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keeps the piſton tige and cloſe o the barrel, that no 
air or water may paſs between them: The iron rod by 
which the rl m weep paſſes:through it; and is fal. 
tened by two keys, one below and the other Above it. 

Fheſe ſort of piſtons are ſotnerimes' rade of . 
braſs cylinders which ſcreu int each other ; · the mid. 
dle one fills the barrel of the pump nearly. and the 
others are ſome what leſs; and to make theꝰpiſton oome 
cloſe to the barrel, two leathern rings are inſerted into 


che joints, by which) no air or water can get between 


the: piſton and the: harre. 
Authors have imagined various“ corte of” piſtons; 2s 


well as different walves; but the moſt material ones, 


and which are common! uſed, have been deſcribed; 
as: for the feſt, Me Hall refer the realer 16 Mu. Belidors 
Hydraulics, or to 1 Deſagulier's Experimental! Phi- 
lalophys ii 15 bor nbi 51 e 07 tu 9003 Ob $5 
Mr. Belidor ] ogloles a new fort of valves, which is 


au brafs circular * with an axis fixed to it, ſo as to 


divide the area into two ſegments; one being double the 
other; this plate is made very ſmooth, and ground ſo 
vs Furs t0:the bucket as to let 1 no water art air between 
them. 1. 4984300 300 
12 When the Por daſcendy and the water: preſſes: a. 
gainſt this valve, it finds leſs refiftance on, one fide than 
on the other, by which the valve is forced to turn about 
its axis, with the larger ſegment upwards;z to let paſs 
the water; and hen the piſton aſcends, the weight 
of the air or ater above it preſſes more on the larger 
ſegment than on the ſmaller, by which _ walre 
3 301 Bei 4-30 34; 

Fig. 31. In the lifiing pump the ride! is 15 ſame 
as in the ſucking one, only inverted, and the valve is at 
the ſmaller end of the bucket. d t 

At the end of the barrel where it is : Jol to ; the 
ſucking, lifring, or forcing pipe, there is likewiſe a valve 
z, made in the ſame manner as thoſe in the ' piſton, 
for which reaſon we ſhall not enter into any particulars 
about it, obſerving wy mr: the leathern tong of 10 
Pets. | valve 
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valve is of a piece with the ſeathemn ring between the 
joints of the pipes. When the barrel and ſucking pipe 
are of a piece, the valve is fixed fear the forface of the 
water, and ſometimes under it; the box to which the 
| valve is fixed is either a wooden or braſs vylinder, and 
d. ſoldered to the pipe if it be of any kind of metal, auc 
forced dawn: When made of wood; in this latter caſe 
me it will be convenient to have an iron ring fixed to it, it 


nt order to draw it out when occaſion requires it. 

cen ] Having explained the ſeveral parts of which pumps 
ue compoſed, 1 ſhall now proceed to ſhew. the man 
bisch cbm W . 4 e Wa yah 
nes, | vv * ann eee. A ö r A D 
+ Wear; Sou 4 S1. + 5% Thorn 


ors Ml vig 30. When the piſton deſcends to AD, ther air 
Phi- contained between it ad the valve 'z, being reduced 
into a leſs ſpace, will be condenſed (arr. 616) and by 
is its elaſtic force preſſæs the valve ⁊ down,” and forces the 
s to valve g of the bucket open, ſo as to riſe above the pif- 
the ton; then by riſing the piſton the weight of che atmoſ- 
d ſo I phere preſſes the valve g don, ſo as no air can pafz 
deen through the bucker, by which the air that remained be- 
teen the bucket and the valve z wil be rafified; and 
es 2+ as that in the ſucking pipe is denſer than that above 
than I this valve, it acquires an elaſtic force, ſufficient to raiſe 
bout the valve z, and ſo enters into the barrel, till the air in 
pas both is of the ſame denſity; then the atmoſphere' preſ- 
eight ſes on the ſurface of the water in the well, cauſes the 
arger water to riſe in the pipe; and when the piſton deſcends, 
iche air under the piſton keeps the valve z ſhùt, forces 
the valve g of the bucket open, and paſſes. above the 
piſton ; and hy riſing the piſton, the preſſure of the am- 
bient air keeps the valve g ſhut, and the air in the ſuck- 
ing pipe forces the Valve ⁊ open; enters into the barrel, 
and the water in the 505 being preſſed by the atmoſ- 


phere riſes again in the pipe: By continuing in this 
itton, © manner to move the piſton, the water will riſe into the 
culars barrel, and from thence, into. the cyſtern or reſervoir 
of the KL, provided the height of the cyſtern above the ſur- 
valve ; U 3 face 
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face of the Water in the well does not exceed 34 feet, 


or thereabouts: 1 bave ſhewn (art. 626) that a co- 
lumn of quickſilver of 29:5 inches high. Was in rqui- 
librio, with the preſſure ot the atmoſphere, and that 
water is about 14 times lighter than quickſilver; there · 
fore a column of water whoſe height is 1429.322413 
inches, or 34 feet and 5 inches, will counterpeiſe che 


weight of the atmoſphere on the ſame baſe, 


eo, Darth Mer nfs 

594. To find the height to wobich water will riſe in the 
ſucking pipe at every ſtroke of the piſton, the length of the 
Fucking pipe and that of the ſtroke being given. 
. Suppoſe the piſton to deſcend quite cloſe to the valve 
z, divide the capacity of the barrel.from AD to the end 
of the ſtroke, by the ſection of the ſucking pipe, in 
order to reduce them both to the ſame diameter; and 
let c expreſs the height of the column of water which is 
in equilibrio with the preſſure of the atmoſphere, a the 
length of the ſtroke of the piſton, þ the length of the 
ſucking pipe, and x the height to which the water riſes 
in the pipe at the firſt ſtroke. 
When the piſton is raiſed, the air in the pipe would 
be rarified into the ſpace @+þ, if the water did not riſe 
in the pipe ; but the water riſing to the height x, the 
air will be reduced into the ſpace a q-: Therefore its 
denſity before the ſtroke, will be to its denſity after the 
ſtroke, (art. 584) reciprocally as the ſpace a+ bx is 
to the ſpace þ; but becauſe the air was in equilibrio with 
the atmoſphere before the ſtroke, it will be of the ſame 
denſity, and fo its elaſtic force may be expreſſed by -: 
NL i | bs 8 ERS. | 
Whence, if a-: b:: — this fourth term 
will expreſs the denſity or elaſtic force of the air after 
the ſtroke ; which, together with the weight of the 
water x, are in equilibrio with the preſſure of the at- 
moſphere immediately after the ſtroke. Wr 


. 
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Ar benen od rode et tun e, S132 15 
re, or THEE Tac be- 
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r war 2-4 x, by tnultiphication. If 'a+b+:=2 7, 
we ſhall have 2 uνν —ar, by teduction; and ad- 
ding n to both fides, rhe firſt will be à complrar ſquate, 
whoſe root is 4—x=/nn—ac, or $=#—/nn—ac.. 

The height ro which water riſes in any of the ſuc- 


ceeding ſtrokes will be found by ſubſtituting the dif- 


ference between the height of the ſucking pipe and that 
of the water in it, inſtead of & into the AR. above, 
593. Hence, if it be required to pg the length. of 


the fucking pipe, ſo as the water ſhall riſe to any given 


height &; the equation 4c—a xc xx , gives 


| ac : | , 

c— © Rn # = - | o 
l 7] 7 and ns the length obs erate _ 
ed to make the water riſe to the given height „; then 


will a — 2 74 3. 


ot bod aus. fr _ oi obo 
Let cr zi feet, the height of the ſucking pipe Þ=28, 
and the length of the 8 42 283 ee 
S2 = 67, or 1233.63 and ſubſtituting the values af 
a, ö, c, u, into the equation x -n #—ac, we ſhall 
have x=33-5—29.5=4 feet nearly, for the height to 
which the water riſes at the firſt ſtroke; and the 
ſpace þ to which the air is then reduced into, wilł be 
28 —4 824 feet. Pre | ved altered ae $ 
Now if we ſuppoſe 3=24, and the reſt as before, 
then will a+b+c=2 n=63, oru= 31.5, and x=31. 
—27.3=4-2, for the height to which the water riſes at 
the 8800 ſtroke; and the air will be contained in the 
ſpate of 24—4.2=19.8. Whence, if b=19.8, then 
a+b+c=2 n=58.8, or #=29.4, and x=29.4—24.8 
4-6, for that height at the third ſtroke. In the fame 
manner the height at the fourth ſtroke is found to be 


, 


5-1, and 8.7 at the fifth; when the air js reduced into 
a ſpace of 1.4 feet, which being n the height, 4 
- | x 4 | 


296 ELEMENTS of: Book 4; 
the ſtroke, the water muſt riſe above the piſton at the 
ſixth, and from thence into the cyſtern. +. 
It muſt be obſerved that this does not anſwer exactly 
in practice, becauſe part of the ait which entets! into 
the barrel is forced down again into the ſucking pipe 
by the ſhutting of the valve; but, however, the dit- 
ference js or very conBuerable.”t e eee 
Theſe are the dimenſions of a pump, in which Mr, 
Belidor ſays, that the water will never. riſe (Fage 90) to 
a height of 10 feet; and he is ſurprized that Mr. Ma, 
riolie ſhould propoſe it as a pattern for this kind of 
pattips : Br am more ſo, that he ſhould not perceive 


the abſurdity of this argument, and that Dr. De/agulier 


ſhould fall into (Page 183) the ſame miſtake. 

In order to prove this he refers to art. 8 13. where he 
ſays, as the air cannot be pumped out to that degree ſo 
as none remains in the pump, the water will not quits 
riſe 32 feet high; which he takes to be the height of 
the column of water that counterporzes the preſſure of 
the atmoſphere: But how this may account for the wa- 
ter not riſing above 9 feet and lome inches, I leave the 
. ITED CE nt 6s to 
It would be needleſs to expatiate further upon ſuch 
an abſurd argument, therefore I ſhall rocked on the 

it The LIFTING PUMP. 

Pig. 31. The barret ABCD of this pump is ſuppoſ: 
ed to be in the water; to the lower end AD is ſcrewed 
a tube ADHG, wider at bottom than the barrel, to 
Jt the water run freely into the pump; the barrel is 
often made wider itſelf at the end, which ſaves expences; 
BEF is a part of the lifting pipe, which goes up to 
the cyſtern or reſervoir. When the piſton is raiſed the 
water or air above it keeps the valye g-ſhut, and forces 
the valve z open to enter into the lifting pipe; then 
when the piſton deſcends, the water or air above the 
valve 2z'prefles it down and keeps it ſhut, whilſt the 
water in the well forces open the valve g and enters a- 

14 | S &S * | * bove 


* 


i 


lifting pipe as before. 


pover lifts up not only th 
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bov&the'piſton, which? by riſing, ifrs it up inte thb 
1158663940 obig 1 OJ 8 | 
It. 1s; plain that: this pump. will raiſe, water; go..; 
height, Tee rF hu the morlgs; power be 1 This 
e water above t e piſton, but 
ewiſe that in the barrel elo it; becaũſe whervit tiſes 
it cauſes a vacuum between the ſürfate of the water anl 
the bucket, till the preſſure of the'ourward air forces 
the water to riſe in the pump; afd therefore, ae mich 
of the preſſute of the aft is taker off in the tab, Pas is 
equivalent to the weight of the water Which riſes. 
le ee binnen eien Bf en 
The FOR G TNG. PU AH F. 2d 
Fig. 32. The piſton abe of this pump is a ſolid cylin- 
der, 5 $53 hive obſerved Wh; ths rene e 
GHID is at firſt perpendicular to the barrel, and e 
it riſes gradually up to the cyſtern or reſervoir; or 
turns up vertically, according as the 'cyſtern is near or 
at a diſtance from the well. 
When the. piſton deſcends it compreſſes the air under 
it in the barrel, by which it paſſes into the forcing pipe, 
through the valve g; then when the piſton riſes it rari- 
fies the air above the valve z,' by which the air or water 
under it forces it open to enter into the barrel, whillt 
the valve g is kept ſhut by the preſſure of the air in the 
forcing pipe; and by forcing the piſton downwards, the 
air above the valve-z is forced out through the valve g; 


' - 8 


and thus by continuing to move the piſton, the water 
will riſe into the barrel by the preſſure of the atmoſphere, 
and from thence it is forced up the forcing pipe into the 
reſervoir. 1 1 Ji oa 10 1524 | * | 1 

This pump ſerves to raiſe water to any height as well 
as the former, and is preferable to it, inafmuch as the 
weight of the forcer diminiſhes the moving force; and 
it may be charged with ſuch a weight, as that the power 
of forcing up the water be equal to that which raiſes the 
forcer, by which the motion of the machine becomes 
uniform, which is a great advantage, 'and cannot be 
had in lifting pumps, where the moving power is obliged 
$9537 8 
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Bac l the weight tr piſton gnd.tlie ceckle. helang- 
es the-water: ds 8 


ing to it, be 
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zuck tio f. AA e on {11 731% 4997090 
Fig. 30. In the ſucking pump the power is applied 
Av leaver which turns about an axis, the — of 
which, where the iron rod of is faſtened ta, is but ſhort, 
and ſeldom exceeds 6 inches ; ſoſnetimes an iron bar is 
&xcd to one. end; of che axis, with a weight at the end, 
and the leaver where.the rad of the piſton is faſtened 
to, is perpendicular to the middle of this axis, as may 
be ſeen in inoſt common pumps. N 
It it ſhould be required to make the ſtroke of the 
piſton pretty long, it would be proper to add a circular 
ate to the leaver, then the iron rod ef is faſtened to it, 
by means of a chain of a few links to roll upon that arc, 
$9 pay be ſeen in the fire-engine at Chelſea : But then, 
the piſton muſt be heavy enough to deſcend by its own 
weight. As in common pumps the ſtroke of the piſton 
is moſtly very ſhort, this method is ſeldom practiſed. 
Fig. 31. In the lifting pump the iron rod of the piſton 
is AN to a rectangular iron frame, not unlike the 
wooden frames of ſome ſaws; and this frame is fixed 
with another iron rod to the cranks of an axis of a wheel, 
which is turned by water or horſes; and to loſe no power, 
the axis has generally two cranks bending contrary 
ways, in order to move two piſtons, ſo that when one 
aſcends, the other deſcends ; The barrels of theſe two 
Peer are both joined to one lifting pipe, which there- 
Fore carries the water of both into the reſervoir by 2 
continued ſtream. e + ORR 
Fig. 32. In forcing pumps the iron rod of the forcer 
is fixed to a crank of an axis, in the ſame manner as 
in a lifting pump. There are various manners of ap- 
lying the moving powers.20 the piſton, that are uſed 
vpon different occaſions, which are impoſſible to be all 
deſcribed. here, and may beſt be ſeen in authors who 
have wrote particularly upon this ſubject, _ 11 
; | ' | ere 
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forcing pump, which is 


df the barrel, in the manner repreſented in . 303 and 


MATHEMATICS. ayy 
ines an air pipe added to thelifting.or 
upright, and has a communi- 

cation with the lifting ot forcing pipe, of the ſiae, or 
bigger than the barrel of the pump, and ſt cloſe 


SeRi B51 
„There is 


above with a cover ſcrewed on it. When the air ot 


water is forced into the lifting or forcing pipe, che air 
is condenſed in the air pipe, and part of the water en- 
ters into it; and when the piſton works, this air forces 


the water to rife in the pipe, by which it runs into e 


reſervoir with a continued uniform motion; which is 4 
great advantage to the machine, although it produces 
no more water than if there was none; but it muſt be 
obſerved, that this pipe is only uſed in a ſingle pump; for 
when there are more than one, there is ao occaſion for it. 


PROPORTIONS. of the ſeveral parts of a Puur. 
Fig. 30. As the goodneſs of all machines depends on 
the exactneſs of the proportions between the patts, in 
reſpect to each other, I ſhall-endeavour to explain 
here, in a few words, all that can be faid of pumps: 
In order to which I will begin with thoſe between the 
diameter of the barrel and the ſucking pipe, which 


ought to be ſuch, that the diameter of the cavity in 


the bucket, is exactly equal to that of the ſucking pipe. 
Far when this is the caſe, the water will riſe every where 
with an equal velocity, which is allowed to be a great 
perfection; ſinee if fome parts arenarrower than others, 
the velocity will there be ſo much the greater in propor- 
tion; and as the reſiſtance of the pipe partly depends on 
the velocity, it muſt be made \propertionably 2 
there than in any other part: If the barrel be wider, 
the moving power mult be greater; fince the prefſurs 
of the air is always proportional to the ſurface preſſed, 
that is, as the-baſe of the piſton. IVA 
© The ſame thing muſt. be obſerved with reſpect to the 


valve z; for wherever it be placed, its opening ſhould 
always be the fame as that of the bucket; 1 


Mr. Belidor would have the valve 2 placed at the end 


Dr, 
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— 1c ws the end of the "ſucking pipe, near or 
r the ſurface of the water. I muſt confeſs, that 1 
cannot perceive any advantage in placing it in one part 
ſooner. chan in another; for when it is at tlie end of the 


barrel, it may be eaſier come at, in caſe it wants mend 


ing. which lit will oftener than if it was under water, 
Vbere it is conſtantly kept wet, whereby it will be 
but ſeldom out of order; as to the goodneſs of the 
pump, it does not in the leaſt depend on the ſituation 
ef this valve, ſince it will diſcharge as much water one 
vay as the other, at the ſame tige 

The next thing to be conſidered is, the velocity with 
which the piſton ought to move, in reſpect to that with 
which the water riſes in the pipe; fort the piſton moves 
faſter than the water, there will be a vacancy left be- 
wween them; and when the piſton deſcends, it will not 


1. 211 


See a ene 
© wives , B. 0 L= . 
To find the velocity of the water in the ſucking pipe, 


As the water riſes in the pipe by the preſſure of the 
atmoſphere. on the ſurface of the water on the well, and 
this preſſure is equivalent to the weight of a column 


of. water of 34 feet height, as has been obſerved before; 


it is evident that this preſſure is capable ro generate a 
velocity equal to that of a body falling through that 
height; ſince, if che air is removed out of the pipe, 
the water would riſe to that height; therefore the ve- 
locity of the Mater: at any height from the ſurface of 
the water in the well, is equal to the velocity of a 
body thrown upwards with a velocity acquired by fall- 
ing through 34 feet, ſetting aſide all obſtacles or im- 
pediments; but the velocity of the body at any heightz 

My | when 
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when thrown upwards; is equal to that which a thody' 
would acquire by (art. 483 ) falling throughithe der- 
ence, between the. aſcent and deſcent H therefere & 

expreſſes the differencei bot ven che height of che put⁵ 
and) 34 feer 5 then becauſe a body falls through n pass 
of! 10. et in a ſecond, and with the velocity-acquitet 
during the fall, it would defcribe'a Fpace 32 2 doe. 
uniformly; in the fame time; 3 ——— 
quired are as the ſquare roots of clis heights; f 
16-1 £42. 2 A: 20 oft ta, this fourth term wilt 
be the ſpace deteribed unifortiy witk the vt 
bf this water in © ſecond of time. ee Jon 21 * 


* 3 a 
| ramp, Let tit hel he ofthe fool fem (ohne 


. 
9 


of the Water in he well to the Lens be 26 fo 2. | 
will 134—20= 8 0 and: therejgre berge gives = 
11.3 feet for the ſpace deſcribed uniformly with thei 
velocity of water in a, ſecond, of time. 44 
As the water myets-with ſome reſiſta nge - in: the aſcent! 


of the tube, this velpciry is rather more than the ter 


really has at that height; for which, reaſon che uele- 
city of the piſton; ſhould not be ſo much. 101 200 
Mr., Belidor ſays, that he has ſeen no pump hole 
piſton, had above: 4 French feet velocity i in a ſeconda it 
it be. ſyß there is no danger that the water will not. fol- 
low; immediately the piſton, at leaſt when the pump i» 
not higher than about 26; feet onnh 
If. the cavity of; the. — ua be greater than chat of 
the value 2, or then ſection of the ſucking pipe the 
water, will move flower, in the barre}, in à reciptbeal 
proportion of the ſection of the ſucking pipe to that.oÞ 
the cavity of the bucket: whence, if D be the dia meg 
ter of the ſucking. pipe, d that of the cavity in the 
bucket; by..making 4d: DD : ::24/16:14:x; the fourth 
term x will ra the velocity of the piſton ſuch, that 

the _ will immediately follow the piſton. 
Fig 31. In the lifting pump the pitton ſhould move 
quite loſe up to the valve z, becauſe the water which 
is not lilted through that valve, deſcends again with 
| the 


=; p & _ * 
4 | rags © 
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| piſton, is an additional weight: to be liſted up by 
the; moving power, and the pump does not diſcharge 
the. quantity of water ix ought to do.- 1 * 195) 29919 
Fig. 32. As to the piſton in the forcing pipe, it 
ought not to deſcend lower than to about half the dia- 
meter G of. the forcing; pipe; the valve æ ſhould: be 
quite even with zhe bottom of that pipe: ſince what- 
ever water remains above that valve is a weight: to it, 
and prevents the water from riſing ſo quick as it ſhould 
do., And if che forcing pipe did igcline a little down- 
wards from the barrel to the valve g, ſo as the. Water 
which is not forced out, might run through that valve 
by its own weight, the pump would, in my opinion, 
be better than when that pipe makes 4 fight angfe with 
the barrel; ſince by that means alt che Vater tllat riſes 
ner 2, would be diſcharged without any 
£994 94 (11305 > Nee. ei B13. 7 2 | 
Mr. Belidor has given eight problems, pag. 92. re- 
hating to the perfection of 1 formerly — 
by: Mr. Pareni, wick were taken out of a manuſcript 
containing a treatiſe on pumps, he Wonders how it came 
not to be printed, and imagines that Mr. Parent want- 
ed to make a ſecret of it. As I have conſidered with 
great attention the folutions given ef them by Mr. Be. 
lidor, I cannot find that they are of any uſe, tothe beſt 
of my judgment, which makes me believe that Mr. 
Parent found himſelf miſtaken in propefing of them, 
preſſed the manuſcript from vhieh they were taken; 
but Mr. Beuidor being fully bent upon giving, in his 
works, whatever ſeemed to be condueive to the perfec- 
tion of machines, relying too much on Mr. Parent's 
fill and knowledge, hes without duly conſidering whe- 
ther it was right or not, publiſhed theſe problems, which 
by the author himſelf were found to be of no conſe - 
quence. | | 
This is nearly all that can be ſaid in regard to the 
pumps we have here been ſpeaking of; there are, it is 
true, abundance of different manners in which they are 
adapted to machines, by which they are worked; but 
21 4.0 
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zs our deſign in this work is only to treat of ſuch parts 
as are moſt uſeſul to'ah ehgineer, vr Anyiotfier military 
7 thoſe whoſe curioſity incites them to ſtudy 
a> Ag 8 1 mibiner;} muſt conſult 
er e ge ese kubjegr 
ally Oy works: 5745 2015 
75 An — memoirs of. che royal: xeademny 
of Sciences at Parts, ' ot the-year 138. H found a trea- 
ble a pumps, - w - by-Ms. Pites, wherein he endea- 
yours to prove, that in many pumps the water, 
pox tile Wache gal thougly uche int 3a ſert high; 
and in an example, — he ſuppaſts ibe frak 
piſton 2 fret, and the ſueking pipe 14 lung. 
vaten will bol riſe ahne. 8 dane I have: 
taken notice of this miſtake in 30, 1 hall en 
add, chat both Mr. Beliatr and F — the exhauliing 
of: the air out of an ain pump and: thee out.of a nnr 
pump to be the ſame thing; they do not conſidat, 
w ben the ait is exhauſted us of thę firſts, ther is, po- 
thing that ſupplies its place; whereas in the latter, he 
water riſes as the air is farißied, till! it) is agaim of, the 
ſame: den6ty with the autward ais; and therefare no 
reaſon can be aſſigned, Why the water: ſhauld riſe no 
higher than theſe gentlemen —_ ha ve t: H any 
thing happens in fracticm, as they ſtem to inlinyate, 
it muſt be owing to ſome imperfection af the punipg 
and got to what! they have imagined. Mr, — 
likewiſe the ſolutions af Mir. Parents & problems; tut 
as his principles are not better grounded than thoſe 
given by Mr. Beliaur, I have nor! reafan to — 
what has been ſaid in page 302, on that acanunt. 
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alle DE. FIN. T I ON 8. Fig. 100 Ns 
\ H E'appearatiee' mm of! an objeR' MN feen by « 
ſpectator's eye placed at O, thro? a tranlparene 
bie ABDC; is ealled the "pen /perive of 'that bb k. 
2. The tranſparent plane ABD, the piu 
3. _ bog which the object is 5 the] Ground 
4 4 mi TT. GC1.27J0! 
5 8 The inrerſe@tion CD of Ken pe and the 
Picture, the ground une. d ige nr ni bn 
. If a plane paſſes! thro' the eye O parallel 10 th 
ground plane, its inter ſection AB, with the Pickute, u 


Nia 1 10 


Called the Horizogtal-jine. i Asen id 10-2010 £12411 

6. If a plane 15 the eye parallel to. the 
-"zi&ure, its interſectſun EF, vi o the ground plane, the 
diretting line. a di : g t 27320 n g. 


P The point O, where the eye is ped; the yo 
N 1 5 44 a7 28 15 45 22 231 1 11.24 1 8. 
88.1 If a line: Obe Frags . plane OAB Parallel 
to any line MN: in the ground plane ; the point. G, 
where it meets the horizontal line AB, the ee 
point of that Hue. 3 WOW notte N94 fel 11508 3 1 
gef a line Op, be dw in the plane OE, pa 
rallel to the perſpedtive mn of a line MN, in the ground 
Be the point P, where it meets The. pirenny line 
F, the directing point of that line 
10. If a line be drawn, from any given point, per- 
pendicular to any other line, this line is called che diſ. 
tance of that point from this line. * 46> 


AXIOMS. 


1. If from any point, two lines are drawn to the ex- 
tremities of another line, theſe three lines will be in 
the ſame plane. 

2. If a line be drawn thro' any point, peralle to any 
other line ; ; thee two lines will be | i the ſame _ 
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| THEOREM. 

Art. 1. Any line MN placed in the ground plane, and 
its perſpeftive mn, will when produced, if neceſſary, meet 
the ground line in the ſame point L. 

For the points m, n, are in the rays, O N, OM, by 
defin. 1. and ſo mn is in the plane of the triangle ONM, 
by ax. 1. it is likewiſe in the plane of the picture; 
they will therefore meet, when produced, in the inter- 
ſection CD of theſe two planes. 


T HE OR E NM. 5 

2. The perſpeftive mn o f any line MN in the ground 
plane, when produced, will meet the vaniſhing point G of 
that line. | | 

The line OG being parallel to MN, by definit. 8, 
will be in the plane OGNM by ax. 2, as well as mn, 
and they will meet, when produced, which therefore 
muſt be in the interſection AB, of the plane OAB and 


the picture. 
THEOREM. | | 

3. Any original NM in the ground plane, when pro- 
duced, will meet its directing point P. 
As the line OP is parallel to the perſpective nm, by 
defin. 9. it is in the plane of the triangle ONM, by 
ax. 2. the lines OP, NM will therefore meet in the in- 
terſection EF of the plans 9 and the ground plane. 

4. Hence, all lines, which are parallel to each other 
but not to the ground line, have the ſame vaniſhing 
point, ſince there can but one line be drawn thro” the 
point of ſight parallel to them all. 

COR. 

5. All lines parallel to the. ground line, have their 
perſpectives parallel to the ſame line: For if the direct- 
ing point P moves along the directing line EF till OP 
becomes parallel to EF; then as the perſpectives mn, 
are always parallel to OP, by definition 9; they will 
all become parallel to the ſame line EF or CD in this 
caſe, and ſo parallel to each other. | 


- 
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COR: 

6. All parallel lines in planes parallel to the picture, 
have their perſpectives parallel; ſince the perſpectives 
will be parallel to their 25 N 1 in this caſe by defin. 1. 

7. All lines which have the ſame directing point P, 
have their perſpectives parallel, ſince they are all pa- 
rallel to the ſame line OP, by defin. 9, 

OR. 

8. All parallel planes which interſect the picture, 
have the ſame horizontal line; ſince there can but one 
plane paſs thro' the point of fight, which is parallel to 
them all. 

COR. 


9. If the picture turns about the ground line CD, 
till it coincides with the ground plane; as in fig. 2, 
it is evident, that the lines CD, AB, EF; the lines 
GL, OP, and NM, GO, remain parallel as before; 
the rays ON, OM interſect alſo the line LG, in the ſame 
points n, m. For the triangles OGn, nLN, remain 
fimilar to the triangle OPN, and the triangles OGm, 
mLM, to the triangle OPM ; the proportion between 
the original NM and its perſpective mn remaining the 
ſame, the perſpective muſt alfo be the ſame. ' 

N. B. The diſtance of the eye from the horizontal 
line AB, is always equal to the diſtance of the dirc&- 
ing line EF from the ground line; for LGOP, is a 
parallelogram by def. 5, 9. 

2 r PRODEEMCE 

10. To find the perſpective of a line NM in the ground 
%% 
Let O be the point of fight, AB the horizontal line, 
CD the ground line; produce the line NM till it meets 

the ground line in L, from the point of ſight O draw | 
OG parallel to NL, and let G be the vaniſhing point I 
of NM; then the lines drawn from the point of ſight 
O to the extremities M, N, will determine the perſ- 
pective nm in the line LG, by art. 1, 2. The per- 
ipective n of any point N, may alſo be found, by * 
| | WD rom | 
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from that point and that of ſight O, two lines NR, 
OH parallel to each other, ſo as to meet the ground 
and horizontal line in R, H: Then the interſection of 
the line RH, and NO drawn from the point N and 


the point of ſight, will be the perſpective required. 
PROBLEM II. 


It. To find the perſpetiive p of any right lined plane 
figure P. Plate II. 

AB repreſents the horizontal line, CD the ground 
line, O the point of ſight, as in the former figures : 
OG, OH, are drawn parallel to the ſides NL, LM; 
ſo that G, H, are the vaniſhing points of the lines EN, 
LM, and of their parallels RM, RN in the third figure 
by defin. 8, Now if the ſides of the originals are pro- 
duced till they meet the ground line, and from thence 
lines are drawn to their reſpective vaniſhing points, they 
will give the perſpective required by art. 1. 

When ſome of the ſides of the originals do not meet 


the ground line when produced or are at an inconvenient 
- diſtance, as NM in fig. 4. If lines are drawn from the 


oint of fight O, to the extremities' N, M, of that 
— they will interſect the adjacent ſides of the per- 
ſpective in the points required n, m. The fifth figure 
is a large ſquare divided into ſmaller ones, the vaniſh- 
ing points G, H, in the horizontal line AB, of the per- 
pendicular ſides RN, SM, to the ground line and of 
the diagonal NS, are taken at pleaſure; and the per- 
ſpective will vary and diminiſh more or leſs, as the ho- 
rizontal line and theſe vaniſhing points are taken nearer 
or farther from the original. X 


PROBLEM III. 
12. To find the perſpettive of a curvelined plane figure. 


Plate III. Fig. 7, 8. 


This is done by finding ſeveral points in the perſpec- 
tive, and joining them very neatly by hand. Thus, if 
a ſquare LMNR, fig. 7. be deſcribed about a circle, 
and the ſide LR touches the ground line; draw the 

"WY diagonal 


| | 4 > 4s » 
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Y 
diagonal RM, and thro' its interſections with the'cig- 
cumference lines perpendicular to the ground line, 
whoſe vaniſhing point is G and H that of the diagonal. 
Having drawn lines from the interſections of the per- 
pendiculars and the ground line to the vaniſhing point 
G, and through the interſections, of RH and theſe lines, 
parallel to the ground line, they will give four points 
in the perſpective and four lines that touches it. | 

As many more points as you pleaſe may be found by 
dividing the circumſcribed ſquare into any number of 
ſmall ones, or by article 10. 

In the eighth figure, the directing point P in the di- 
recting line EF, is taken at pleaſure, and the circum- 
ference is divided into any number of parts, from which 


rt 
| 2 i 


. 
« 


lines are drawn to the point P, and thro? the interſec- 


tions of theſe lines and the ground line CD, other lines 
are drawn parallel to PO. 


Then to find the perſpective m of any point M, draw 


OM, which will interſe& the perſpective Nm of Me 


in the point required: in the ſame manner all the reſt of 
the points are found; ſince all lines which have the ſame 


directing point have their perſpectives parallel by art. 7, 


and are alſo in the lines drawn from their extremities to 
the point of ſight. 


The ſame perſpective may likewiſe be found by draw- 
ing a great number of lines from the circumference, pa- 
rallel to the line which joins the point of ſight and the 
vaniſhing point, and from their interſections with the 
ground line other lines to the vaniſhing point, the reſt 


may be compleated as above, 


PROBLEM IV. 
13. To find the perſpetiive of a regular ſolid. Plate III. 


Fig. 9, 10. 


ind the perſpective of the baſe by the ſecond and 


third problems, and ere& perdendiculars at every an- 


gle if the figure be a priſm : then if one of the an- 
gles L, fig. 9, touches the ground line CD, make Ll 
equal to its altitude, and draw from the point 1 two 


lines 
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lines to the vaniſhing points G, H; which here fall 
out of the figure of the lines ML, LN; theſe lines 
will interſe& the perpendiculars in m, n, and the lines 


drawn from the points m, n, to the vaniſhing points 
H, G. will determine the point rx. ; 

For the plane paſſing thro' the point J, is parallel to 
the ground plane by ſuppoſition ; theſe two planes have 
therefore the ſame ground line by art. 8. and all the pa- 
rallel lines in parallel planes have the ſame vaniſhing 
point by art. 4. The tenth figure is a ſquare pyramid, 
AG the horizontal line, G the vaniſhing point of the. 
ſides, perpendicular to the ground line LG, the life 
paſſing thro* the center of the baſe and vaniſhing point, 
Ll the altitude of the pyramid, and the line IG inter- 
ſes the axis in the vertex K of the perſpective. 

For the plane paſſing thro” the point | parallel to the 
ground plane, will have the fame horizontal line AG, 
by art. 8. and the vertex K is in that plane. 

Plate IV. The eleventh figure is a priſm whoſe baſe 
is a regular exagon, AB the horizontal, and KP the 
ground line, A, B the vaniſhing points of the lines GD, 
FC, and their parallels; Kk the altitude of the priſm, 
the line B& determines the ſide bg, of the upper baſe, 
Ab the ſide hc, and gf, cd, are parallel to the horizan- 
tal line, which determine the points 7, 4; and the lines 
Af, dB, the ſides fe, de. ” 

For the plane paſſing through the point & parallel to 
the ground plane, has the ſame horizontal line AB as 
the ground plane, and the parallel lines in parallel 
Planes have the ſame vaniſhing point, by art. 4. 

Fig. 12. is a fruſtum, whoſe oppoſite baſes are pa- 
rallel and ſimilar concentric exagons, A B, the horizon- 
tal line, A, B, the vaniſhing points of the parallel lines 
which meet the horizontal line; the perſpective of the 


; baſes being found as in prob. 2 ; erect perpendiculars 


at all the angles of the leaſt baſe, and make Kk equal 
to the height of the fruſtum, the line kB will, with two 
perpendiculars, determine the fide ab, the other ſides 


of the upper baſe are found as above; then the reſpec- 


tive 


0 


** rein 
- 
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| tive angles of the oppoſite baſes being joined, gives the 
perſpective required, 


Or if the lower baſe be found, and Kk be produced 
to the height of the compleat pyramid, and finding the 
perſpective of that height, by drawing lines from the 
angles of the lower baſe to that point, the upper baſe 
of the perſpective may be found as before, without find- 
ing its perſpective in the ground plane, and raiſing per- 

pendiculars upon. its angles. "v4 e 
Plate V. The houſe A and rows of trees marked with 
o, are drawn into perſpective, by ſuppoſing CD the 
ground line, KV the horizontal line, as uſual ; the point 
of ſight is placed above, the middle of the houſe, V is 
the vaniſhing point of the perpendiculars to the ground 
* - line, K that of the parallels m1, uz, pg, 94; by lay- 
' © ingaruler to the point K, and to the points 1, 2, 3, 4, 
ſucceſſively,- you mark in the line qV the ſeveral points 
zug parallels croſs that line; theſe parallels being 
drawn, Will interſect the lines drawn to the point V, 
where the trees and houſe are to ſtand; if thro' theſe 
points perpendiculars are drawn, and thoſe near the 
ground line made equal to the reſpective heights, the 
lines drawn from theſe points to the point V, will 

determine the heights of the trees and the houſe. 
Plate VI. repreſents the perſpective of a room with 
ſeveral regular ſolids in it. AB is the horizontal line, 
Cd the ground line, O the point of ſight, V the va- 
niſhing point of the perpendiculars to the ground line; 
the perſpectives of the ſolids being found as before as 
well as that of the ground plane; then the ſeveral 
heights of the ſides are found; the lower and upper 
parts are terminated by lines drawn to the vaniſhing 
point V: the upper and lower part of the door have the 
ſame vaniſhing. point a, taken at pleaſure. The wain- 
ſcoting and ornaments of the cieling might alſo be dfawn 
as well as any furniture, but we ſhall omit them here. 

Plate VII. This plate repreſents the perſpective of a 
houſe with two wings, ſcen from a point above the houſe, 
ſo as to ſee both ſides of therosf ;, DO is the horizontal 
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line, O the vaniſhing point of the perpendieulars to the 
ground plane. DO the diſtance of the eye from the 
horizontal line. We ſhall not give any particulars con- 


cerning this perſpective, as differing in nothing elſe 
from the former, than that the horizontal line paſſes 5 
Ins + 


thro? the picture, whereas it is above it here. 


Theſe are all the rules neceflary in common perſpeo- 4 
tive, and which are ſpun out into large volumes by other 


authors, without the leaſt improvement; for none of 


them have ſhewn how to find the perſpectives upon con- | 


cave or convex ſurfaces, nor upon a figure of ſeveral 
faces, much leſs, by reflection or refraction , fo that all 
that has been wrote upon perſpective by the moſt volu- 


minous authors, is no more than what is contained in 


our firſt problem, examples excepted. 
Of LicHT and SHADOWS. 90 
It is not ſufficient to draw well; Plans, Elevations 
and Perſpectives, without they are properly ſhaded, will 
not repreſent the object in an agreeable and natural 
manner. The light is ſuppoſed in general to come from 
the left ſide; in plans, the ſides to the left of hills, trees 
and other high objects, is kept as light as can be, and 


the oppoſite ſide is ſhaded dark; on the contrary, the 


left fide of hollows, and banks of ditches, rivers, is 
ſhaded dark, and the oppoſite {ide light. In elevations 
and perſpectives, the fame rules are obſerved, and the 
ſhadows which the picture caſts on the ground, are ge- 
nerally determined by paralle] lines drawn from the 
angles of the ſhady ſides, to the ground Pas except- 
ing when the light is ſuppoſed ta come from a candle, 
which is ſeldom done. The ſhades or colours of figures 
muſt diminiſh in proportion as they recede from the fore 
ground; for as objects far off appear leſs diftinct, and 
their natural colour diminiſhes in proportion to the 
diſtance, and the quantity of air between the eye and 
the object: If the keeping, as it is called, is not rightly 
preſerved, the picture will never have the deſired effect ; 
many printed landicapes are defective in this reſpect, 
altho' very well drawn and executed. > £7 
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When the eye is too near the picture, the hind parts 
appear too much contracted in regard to the fore one, 
and the perſpective appears diſtorted ; and when the 
eye is too far from the object, the parts become too 
ſmall and indiſtinct ; as it appears to a ſpectator, when 
he ftands too near a building he cannot fee all the 
parts without turning the eye round, contrary to the 
rules of * perſpective z and when he ſtands too far off, 
he cannot ſee any part diſtinctly. 

If two lines are drawn from the ſpectator's eye to 
the extremity of a building, the angle made by theſe 
lines in the ſpectator's eye ſnould never be leſs than 
60 degrees, nor greater than 9o, according to the 
painters; but in trees or figures it chiefly depends on 
the draughtman's fancy. When the perſpective of a 
building is drawn from its plan, the plan muſt be 
reverſed, otherwiſe the perſpective will be ſo; ſince 
by looking at a building, the right ſide is at the left, 


and the | t at the right of the ſpectator. 
Rut ; 
« | area * 
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